CHAPTER 9

Eigenvalues,
Diagonalization,
and Special
Matrices

9.1 Eigenvalues and Eigenvectors

In this chapter, the term number refers to a real or complex number. Let A be an n x n matrix of
numbers. A number A is an eigenvalue of A if there is a nonzero n x 1 matrix E such that

AE=AE. (9.2)
We call E an eigenvector associated with the eigenvalue A.

We may think of an n x 1 matrix of numbers as an n-vector, with real and/or complex
components. If we consider A as a linear transformation mapping an n-vector X to an n-vector
AX, then equation (9.1) holds when A moves E to a parallel vector AE. This is the geometric
significance of an eigenvector.

If ¢ is a nonzero number and AE = AE, then

A(CE) =cAE =cAE =A(CcE).

This means that nonzero constant multiples of eigenvectors are eigenvectors (with the same
eigenvalue).

EXAMPLE 9.1
Let

a2 9)
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268 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

(o o)()=(0)=0(3)

then 0 is an eigenvalue of A with eigenvector

- ()
(«)

is also an eigenvector. Zero can be an eigenvalue, but an eigenvector must be a nonzero vector
(at least one nonzero component).

Because

For any nonzero number «,

EXAMPLE 9.2
Let
1 -1 0
A=|0 1 1
0 0 -1
Then
6 6
Al0]=]0
0 0
Therefore 1 is an eigenvalue with eigenvector
6
0
0
or any nonzero constant times this matrix. Similarly,
1 -1 1
Al 2 |=|-2]=-D| 2
—4 4 —4
Therefore —1 is an eigenvalue with eigenvector
1
2 ’
—4

or any nonzero multiple of this vector.

We would like to be able to find all of the eigenvalues of a matrix. We will have AE = AE,
for some number A and n x 1 matrix E, exactly when

AE—AE=0.
This is equivalent to
1, —A)E=0,
and this occurs exactly when the system
A, —AX=0
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9.1 Eigenvalues and Eigenvectors 269

has a nontrivial solution E. The condition for this is that the coefficient matrix be singular
(determinant zero), hence that

A1, —A] =0.

If expanded, the determinant on the left is a polynomial of degree n in the unknown A, and
is called the characteristic polynomial of A. Thus

Pa(d) = A1, — Al

This polynomial has n roots for A (perhaps some repeated, perhaps some or all complex).
These n numbers, counting multiplicities, are all of the eigenvalues of A. Corresponding to each
eigenvalue 2, a nontrivial solution of
Al —AX=0
is an eigenvector.
We can summarize this discussion as follows.

—— THEOREM 9.1 Eigenvalues and Eigenvectors of A

Let A be an n x n matrix of numbers. Then

1. X is an eigenvalue of A if and only if A is a root of the characteristic polynomial of A.
This occurs exactly when

pa(d) = Al —Al=0.

Since pa(A) has degree n, A has n eigenvalues, counting each eigenvalue as many times
as it appears as a root of pa(1).

2. If 1 is an eigenvalue of A, then any nontrivial solution E of
Al —AX=0
is an eigenvector of A associated with A.

3. If E is an eigenvector associated with the eigenvalue A, then so is cE for any nonzero
number c.

EXAMPLE 9.3
Let
1 -1 0
A=|0 1 1],
0 0 -1

as in Example 9.2. The characteristic polynomial is

r—1 1 0
paM) =l —Al=| 0 A-1 -1 |=0Q-D*A+1).
0 0 A+1

This polynomial has roots 1, 1, —1 and these are the eigenvalues of A. The root 1 has multiplicity
2 and must be listed twice as an eigenvalue of A. A has three eigenvalues.
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270 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

To find an eigenvector associated with the eigenvalue 1, put A =1 in (2) of the theorem and
solve the system

01 0 X1 0
(DL —-AX=]0 0 -1]|x|=|{0
0 0 2 X3 0
This system of three equations in three unknowns has the general solution
o

0
0

and this is an eigenvector associated with 1 for any « £ 0.
For eigenvectors associated with —1, put A = —1 in (2) of the theorem and solve
-2 1 0
(-Dl;—AX=| 0 -2 -1]X=0.
0 0 O

This system has the general solution

p
2B
—48
and this is an eigenvector associated with —1 for any g #0.

EXAMPLE 9.4
Let

The characteristic polynomial is
A0 1 -2 A=1 2
IOA()»)=|M2—A|=‘<O )»)_(2 0>‘=‘ ) A‘:AZ—A+4,

1+ +/15i 1-—/15i
5 and >

with roots

and these are the eigenvalues of A.
For an eigenvector corresponding to (1 + +/15i)/2 solve (((1 + +/15i)/2)l, — A)X =0,

which is
[1+V15i (1 0y (1 —2
L8 9 (¢ sco

This is the system

-1+ V15i

2 s |()6)
2

This 2 x 2 system has general solution

1
* ((1 - «/Ei)/4> '
This is an eigenvector associated with (1 4 +/15i)/2 for any « # 0.
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9.1 Eigenvalues and Eigenvectors 271

For eigenvectors associated with (1 — +/15i)/2, solve the 2 x 2 system
(1 =~/15i)/2)l, — A)X =0

to obtain

8 1
(1++/15i)/4)"
This is an eigenvector associated with (1 — +/15i)/2 for any 8 #0.

If A has real numbers as elements and A =« + i is an eigenvalue, then the conjugate A =
a — 1B is also an eigenvalue. This is because the characteristic polynomial of A has real coeffi-
cients in this case, so complex roots (eigenvalues of A) occur in conjugate pairs. Furthermore, if
E is an eigenvector corresponding to A, then E is an eigenvector corresponding to z, where we
take the conjugate of a matrix by taking the conjugate of each of its elements. This can be seen
by taking the conjugate of AE = AE to obtain

AE=21E.
Because A has real elements, A= A so
AE=\E.

This observation can be seen in Example 9.4.
There is a general expression for the eigenvalues of a matrix that will be used soon to draw
conclusions about eigenvalues of matrices having special properties.

— LEMMA 9.1

Let A be an n x n matrix of numbers. Let A be an eigenvalue of A, with eigenvector E. Then
—t
E AE
A=——. (9.2)
EE

Before giving the one line proof of this expression, examine what the right side means. Let

€
€,
E=] .
€n
Then
dyig dyp -+ QA €1
i dy; Ay - A €;
EAE=(e; e - e)]| . .
dny 8n2 v+ @ €n

This is a product of a 1 x n matrix with an n x n matrix, then an n x 1 matrix, henceisa 1 x 1
matrix, which we think of as a number. If we carry out this matrix product we obtain the number

EAE= Xn: Xn:aije_iej.
i=1 j=1

For the denominator of equation (9.2) we have a 1 x n matrix multiplied by an n x 1 matrix,
which is also a 1 x 1 matrix, or number. Specifically,
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272 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

€

EE=( & - &)| . [=D &ge=) Ik
: j=1 j=1
€n

Therefore the conclusion of Lemma 9.1 can be written
. Y i aEe '
D leyl?
Proof of Lemma 9.1  Since AE = AE, then
EAE=1EE,
yielding the conclusion of the lemma.

When we discuss diagonalization, we will need to know if the eigenvectors of a matrix
are linearly independent. The following theorem answers this question for the special case
that the n eigenvalues of A are distinct (the characteristic polynomial has no repeated
roots).

— THEOREM 9.2

Suppose the n x n matrix A has n distinct eigenvalues. Then A has n linearly independent
eigenvectors.

To illustrate, in Example 9.4, A was 2 x 2 and had two distinct eigenvalues. The eigenvectors
produced for each eigenvalue were linearly independent.

Proof We will show by induction that any k distinct eigenvalues have associated with them k
linearly independent eigenvectors. For k = 1 there is nothing to show. Thus suppose k > 2 and
the conclusion of the theorem is valid for any k — 1 distinct eigenvalues. This means that any
k — 1 distinct eigenvalues have associated with them k — 1 distinct eigenvectors. Suppose A has

k distinct eigenvalues A4, - - - , A, With corresponding eigenvectors Vg, - - - , V. We want to show
that these eigenvectors are linearly independent.

If they were linearly dependent, then there would be numbers ¢4, - - -, ¢, not all zero, such
that

C1V1 +CzV2 + e —i—Cka = O

By relabeling if necessary, we may assume for convenience that ¢; # 0. Multiply this equation

by Al — A:
O=Wl,—A)(C Vi+CVo+-- -+ Vi)
=c (Ml = AV +CMl, — AV,
+ el — AV
=C1 (A1 V1 — V1) +C(AMV2 — A, Vs)
+ -+ (A Vie— AV
=Co(A1 —A)Vi+ -+ C (A1 — L) Vi
Now V., -- -, V, are linearly independent by the inductive hypothesis, so these coefficients are all
zero. But A, # 4 for j=2, .-, k by the assumptions that the eigenvalues are distinct. Therefore

C2:"':Ck:O.
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9.1 Eigenvalues and Eigenvectors 273

But then c;V; = O. Since an eigenvalue cannot be the zero vector, this means that ¢, = 0 also.
Therefore V4, ..., V are linearly independent. By induction, this proves the theorem.

In Example 9.3, the 3 x 3 matrix A had only two distinct eigenvalues, and only two lin-
early independent eigenvectors. However, the matrix of the next example has three linearly
independent eigenvectors even though it has only two distinct eigenvalues. When eigenvalues
are repeated, a matrix may or may not have n linearly independent eigenvectors.

EXAMPLE 9.5
Let
5 —4 4
A=|12 -11 12
4 -4 5

The eigenvalues of A are —3,1,1, with 1 a repeated root of the characteristic polynomial.
Corresponding to —3, we find an eigenvector

1
3
1

Now look for an eigenvector corresponding to 1. We must solve the system
-4 4 -4 X1 0

(DI, —AX=|-12 12 —-12]|x|=]0
—4 4 —4) \x 0
This system has the general solution
1 0
al 0 |+811},
-1 1

in which « and g are any numbers. With « =1 and 8 =0, and then with« =0 and g =1, we
obtain two linearly independent eigenvectors associated with eigenvalue 1:

1 0
0 Jand |1
-1 1

For this matrix A, we can produce three linearly independent eigenvectors, even though the
eigenvalues are not distinct.

Eigenvalues and eigenvectors of special classes of matrices may exhibit special properties.
Symmetric matrices form one such class. A= [a;;] is symmetric if &; =a;; whenever i # j. This
means that A= A', hence that each off-diagonal element is equal to its reflection across this main
diagonal. For example,

-7 -2—-i 1 14
—2—Ii 2 -9 47i
1 -9 -4 7
14 47i T 22
is symmetric.
It is a significant property of symmetric matrices that those with real elements have all real
eigenvalues.
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274 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

—— THEOREM 9.3 Eigenvalues of Real Symmetric Matrices

The eigenvalues of a real symmetric matrix are real.

Proof By Lemma 9.1 (equation (9.2)), for any eigenvalue A of A, with eigenvector E =
(elﬂ oo b en)l

_EAE
EE
As noted previously, the denominator is

n

—t

EE=) lef
j=1

and this is real. All we have to do is show that the numerator real, which we will do by showing

that E AE equals its complex conjugate. First, because elements of A are real, each equals its
own conjugate, so A = A. Further, because A is symmetric, A' = A. Therefore

EAE=E AE—E AE = E'AE.
But the last quantity is a 1 x 1 matrix, which equals its own transpose. Thus, continuing the last
equation,
E'AE = (E'AE)! = (E)A(E")' = E AE.

The last two equations together show that E AE is its own conjugate, hence is real, proving the
theorem.

If the eigenvalues of a real matrix are all real, then associated eigenvectors will have real
elements as well. In the case that A is also symmetric, we claim that eigenvectors associated
with distinct eigenvalues must be orthogonal.

—— THEOREM 9.4 Orthogonality of Eigenvectors
Let A be a real symmetric matrix. Then eigenvectors associated with distinct eigenvalues are
orthogonal.

Proof We can derive this result by a useful interplay between matrix and vector notation. Let
A and u be distinct eigenvalues of A, with eigenvectors, respectively,

€1 01

€, 2
E=] .| andG=

€n On

We have seen that
E-G=e,0,+6€0,+ - +¢€,0,=E'G.
Now use the facts that AE = AE, AG = uG, and A = A' to write
AE'G = (AE)'G = (E'AYG
=(E'A)G=E"(AG) =E'(uG) = uE'G.
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9.1 Eigenvalues and Eigenvectors 275

But then
(A —p)E'G=0.
Since A # u, then E'G=E -G =0.
EXAMPLE 9.6
3 0 -2
A=l 0 2 0
-2 0 0

is a 3 x 3 symmetric matrix. The eigenvalues are 2, —1, and 4, with associated eigenvectors

0 1 2
11,10},and | O
0 2 -1

These eigenvectors are mutually orthogonal.

Finding eigenvalues of a matrix may be difficult because finding the roots of a polynomial
can be difficult. In MAPLE, the command

eigenvals(h);
will list the eigenvalues of A, if n is not too large. The command
eigenvects(A);

will list each eigenvalue, its multiplicity, and, for each eigenvalue, as many linearly inde-
pendent eigenvectors as are associated with that eigenvalue. We can also find the characteristic

polynomial of A by
charpoly(A,t);

in which the variable of the polynomial is called t, but could be given any designation.
There is a method due to Gershgorin that enables us to place the eigenvalues inside disks in
the complex plane. This is sometimes useful to get some idea of how the eigenvalues of a matrix

are distributed.

—— THEOREM 9.5 Gershgorin

Let A be an n x n matrix of numbers. Fork=1,2,--.,n let
n
Ne= Z la ]
j=Lj#k

Let C, be the circle of radius r, centered at (e, 8c), Where a, = o + B¢i. Then each eigen-
value of A, when plotted as a point in the complex plane, lies on or within one of the circles

Cla"'aCI‘l'
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276 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

C, is the circle centered at the kth diagonal element a,, of A, having radius equal to the
sum of the magnitudes of the elements across row k, excluding the diagonal element occurring

in that row.
EXAMPLE 9.7
Let
12i 1 3
A= 2 -6 2+i
3 1 5

The characteristic polynomial of A is
pa(h) =A%+ (1 —12i)A?
— (43 +13i)A — 68 + 381..
The Gershgorin circles have centers and radii:
C::(0,12),r;,=1+3=4,
C,:(—6,0),r,=2++/5
C3 . (5, 0),I’3=3+1=4

Figure 9.1 shows these Gershgorin circles. The eigenvalues are in the disks determined by these
circles.

Gershgorin’s theorem is not a way of approximating eigenvalues, since some of the disks
may have large radii. However, sometimes important information that is revealed by these disks
can be useful. For example, in studies of the stability of fluid flow it is important to know whether
eigenvalues occur in the right half-plane.

¢ (0,12)

(-6,0) (5,0)

FIGURE 9.1 Gerschgorin circles in Example 9.7.
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SECTION 9.1 PROBLEMS

In each of Problems 1 through 16, find the eigenvalues
of the matrix. For each eigenvalue, find an eigenvector.
Sketch the Gershgorin circles for the matrix and locate the
eigenvalues as points in the plane.

y

2

{
{
X
{
{

10.
11.
12.

13.

9.2

1 3
2 1
-2 0
1 4
-5 0

2

-3 4

: 2)

N (o)) =
~ |
N
N———

o o
o -
N——

o N

o -
POPFPr OWwWeeRr
|
HOO
SN———

-3 1
0 0
0 0
0 0 -1

0 0 1

2 0 0
-14 1 0
0 2 0
1 0 2
0

Diagonalization

92 Diagonalization 277

-2 1 0 0
1 0 0 1
14 0 0 0 O
0 0 0 O
-4 1 0 1
0 1 0 0
15 0 0 2 0
1 0 0 3
51 09
01 0 9
16. 0 0 0 9
0 0 0O

In each of Problems 17 through 22, find the eigenval-
ues and associated eigenvectors of the matrix. Verify
that eigenvectors associated with distinct eigenvalues are
orthogonal.

v (4 7)
s (30)
(

19.
-13 1
= (1)
0 1 0
2. |1 -2 O
0 0 3
01 1
2. 11 2 0
1 0 2

23. Suppose A is an eigenvalue of A with eigenvector
E. Let k be a positive integer. Show that A¥ is an
eigenvalue of A* with eigenvector E.

24. Let A be an n x n matrix of numbers. Show that the
constant term in the characteristic polynomial of A is
(=1)"|A|. Use this to show that any singular matrix
must have 0 as an eigenvalue.

Recall that the elements a;; of a matrix make up its main diagonal. All other matrix elements are

called off-diagonal elements.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



278 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

A square matrix is called a diagonal matrix if all the off-diagonal elements are zero. A
diagonal matrix has the appearance

dd 0 0 --- 0 0
0 d 0 - 00
p_|0 0 d -~ 0 0
0 0 0 0 d,

Diagonal matrices have many pleasant properties. Let A and B be n x n diagonal matrices
with diagonal elements, respectively, a; and b;;.
1. A+ B isdiagonal with diagonal elements a;; + b;;.
2. AB is diagonal with diagonal elements a;;b;;.
3.
|Al =a1182 - - - @,
the product of the diagonal elements.

4. From (3), A is nonsingular exactly when each diagonal element is nonzero (so A has
nonzero determinant). In this event, A=t is the diagonal matrix having diagonal elements
1/a;.

5. The eigenvalues of A are its diagonal elements.

o

0
with all zero elements except for 1 in the i, 1 place, is an eigenvector corresponding to
the eigenvalue a;;.

Most matrices are not diagonal. However, sometimes it is possible to transform a matrix to
a diagonal one. This will enable us to transform some problems to simpler ones.

An n x n matrix A is diagonalizable if there is an n x n matrix P such that P~*AP is a
diagonal matrix. In this case we say that P diagonalizes A.

We will see that not every matrix is diagonalizable. The following result not only tells us
exactly when A is diagonalizable, but also how to choose P to diagonalize A, and what P*AP
must look like.
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92 Diagonalization 279

—— THEOREM 9.6 Diagonalization of a Matrix

Let A ben x n. Then Ais diagonalizable if and only if A has n linearly independent eigenvectors.
Furthermore, if P is the n x n matrix having these eigenvectors as columns, then P~*AP is the
n x n diagonal matrix having the eigenvalues of A down its main diagonal, in the order in which
the eigenvectors were chosen as columns of P.

In addition, if Q is any matrix that diagonalizes A, then necessarily the diagonal matrix
Q7'AQ has the eigenvalues of A along its main diagonal, and the columns of Q must be
eigenvectors of A, in the order in which the eigenvalues appear on the main diagonal of

Q'AQ.

We will prove the theorem after looking at three examples.

EXAMPLE 9.8
Let

A:<—01 ;‘)

A has eigenvalues —1, 3 and corresponding linearly independent eigenvectors

(o) e (2)

Form
Determine

A simple computation shows that

A (10
PAP= ( 0 3
a diagonal matrix with the eigenvalues of A on the main diagonal, in the order in which the

eigenvectors were used to form the columns of
If we reverse the order of these eigenvectors as columns and define

1 1
Q=(1 0>,

QAQ= ((3) —01>

with the eigenvalues along the main diagonal, but now in the order reflecting the order of the
eigenvectors used in forming the columns of Q.

then
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EXAMPLE 9.9
Let
-1 1 3
A=| 2 1 4
1 0 -2

The eigenvalues are —1, (—1 + +/29)/2 and (—1 — +/29) /2, and corresponding eigenvectors are

1 3+4/29 3—./29
-3],110+2v29],]10—2v29].
1 2 2

These are linearly independent because the eigenvalues are distinct. Use these eigenvectors as
columns of P to form

1 3+429 3-429
P=[-3 10+2+29 10-229].

1 2 2
We find that
N 232/4/29  —116/4/29  232/4/29
F>-1=m 16-2v29 —1+429 -19+5¢29
—-16-2v29 1++/29  19+529
and
-1 0 0
PIAP=[ 0 (-1++29)/2 0 ,
0 0 (—1—4/29)/2
with the eigenvalues down the main diagonal in the order of the eigenvalues listed for
columns of P.

In this example, P~ is an unpleasant matrix. One of the values of Theorem 9.6 is that it
tells us what P~*AP looks like, without actually having to determine P~! and carry out this
product.

Although n distinct eigenvalues guarantee that A is diagonalizable, an n x n matrix with

fewer than n distinct eigenvalues may still be diagonalizable. This will occur if we are able to
find n linearly independent eigenvectors.

EXAMPLE 9.10

Let
5 -4 4

A=|12 -11 12

4 -4 5

as in Example 9.5. We found the eigenvalues —3, 1, 1, with a repeated eigenvalue. Nevertheless,
we were able to find three linearly independent eigenvectors. Use these as columns to form

1 1 0
P=|3 0 1
1 -1 1
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92 Diagonalization 281

Then P diagonalizes A:

-3 00
P'AP=[ 0 1 0
0 01

Again, we know this from Theorem 9.6, without explicitly computing the product P~AP.

If A has fewer than n linearly independent eigenvectors, then A is not diagonalizable.
We will now prove Theorem 9.6.

Proof Let the eigenvalues of A be A, A,, -- -, A, (not necessarily distinct). Suppose first that
these eigenvalues have corresponding linearly independent eigenvectors Vi, Vs, - -+, V,,. These
form the columns of P, which we indicate by writing

P=(vi Vv, .-V,

P is nonsingular because its columns are linearly independent.
Let D be the n x n diagonal matrix having the eigenvalues of A, in the given order, down the
main diagonal. We want to prove that

P*AP=D.
We will prove this by showing by direct computation that
AP =PD.
First, recall that the product AP has as columns the product of A with the columns of P. Thus
column j of AP = A(column j of P)
=ANV)) =1;V;.

Now compute PD. As a convenience in understanding the computation, write

U1j
Vj = ij
Upj
Then
Vg V12 -+ Vip &M 0 - 0
U1 VU2 -+ Upp 0 x» -+ 0
PD =
Unt Un2 -+ Unp 0 0 - A
AV AUy -o ApUpg
AVa1 AUy -+ ApUpy
Alvnl )\2U2n e )"n Unn
== )\.1V1 )\,2V2 e )»nVn == AP,

since column j of this matrix is A;V;.
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282 CHAPTER 9  Eigenvalues, Diagonalization, and Special Matrices

Thus far we have proved that, if A has n linearly independent eigenvectors, then A is diag-
onalizable and P~tAP is the diagonal matrix having the eigenvalues down the main diagonal, in
the order in which the eigenvectors are seen as columns of P.

To prove the converse, now suppose that A is diagonalizable. We want to show that A has
n linearly independent eigenvectors (regardless of whether the eigenvalues are distinct). Further,
we want to show that, if Q~*AQ is a diagonal matrix, then the diagonal elements of this matrix
are the eigenvalues of A, and the columns of Q are corresponding eigenvectors. Thus suppose

that
d 0 ... 0
0 d --- 0
Q'AQ=|. . . . |=D
0 0 - d,

Let V; be column j of Q. These columns are linearly independent because Q is nonsingular. We
will show that d; is an eigenvalue of A with eigenvector V.

From Q-*AQ =D, we have AQ =QD. Compute both sides of this equation separately. First,
since the columns of Q are the V; s, then

dl o ... 0
N 0 d --- 0
QD= Vi V, -V, . . . .
| | | . . .
o ... dn
= dlvl d2V2 ngn s

which is a matrix having d;V; as column j. Now compute

| | | |- |
AQ=A|V: V, -+ V|=|AV; A/, -+ AV, ],

which is a matrix having AV; as column j. Since these matrices are equal, then

AV, =d,V,

and this makes d; an eigenvalue of A with eigenvector V;.
Not every matrix is diagonalizable. We know from the theorem that a n x n matrix with
fewer than n linearly independent eigenvectors is not diagonalizable.

EXAMPLE 9.11

Let
1 -1
B— (O ) ) .
B has eigenvalues 1, 1, and all eigenvectors are constant multiples of
1
o)

Therefore B has as eigenvectors only nonzero multiples of one vector, and does not have two
linearly independent eigenvectors. By the theorem, B is not diagonalizable.
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Notice that, if P diagonalized A, then P would have to have eigenvectors of B as columns.
Then P would have to have the form
_(* B
)

for some nonzero « and B. But this matrix is singular, with no inverse, because |P| = 0.

The key to diagonalizing A is the existence of n linearly independent eigenvectors.
By Theorem 9.2, one circumstance in which this always happens is that A has n distinct
eigenvalues.

— COROLLARY 9.1

An n x n matrix with n distinct eigenvalues must be diagonalizable.

EXAMPLE 9.12

Let
-2 00 5
1 30 0
A=l0o 4 4 o
2 00 -3

A has eigenvalues 3, 4, (=5 + +/41)/2 and (—5 — +/41)/2. Because these are distinct, A has 4
linearly independent eigenvectors and therefore is diagonalizable. There is a matrix Psuch that

30 0 0
0 4 0 0

-1 _

PPAP=10 0 (=5+v40),2 0
00 0 (=5 —+/41)/2

We do not have to actually write down P (this would require finding eigenvectors) or compute
P~1 to draw this conclusion.

SECTION 9.2 PROBLEMS

In each of Problems 1 through 10, produce a matrix P that 5 0 0

diagonalizes the given matrix, or show that the matrix is 511 0 3

not diagonalizable. Determine P~LAP. Hint: Keep in mind 0 0 -2

that it is not necessary to compute P to know this product

matrix. 00 0)
6. [1 0 2

N
N
» O
w |

[N
N——

o

-

w

w
/—\/l—\/—\
o &7
o
~——
oo
o oN
N O
N - O
\/
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10 0 O In each of Problems 12 through 15, use the idea of

9 [0 4 1 O Problem 11 to compute the indicated power of the matrix.
10 0 -3 1
0o 0 1 =2 _ _
12. A:( 3 3);A16

2 0 0 0 -2 4

-4 -2 0 0
Vlo o —2 o 13. Az(_ll _05);A18

0 0 0o =2

11. Let A have eigenvalues A4, - - -, A,, and suppose that P 14. A= (‘2 3 ) - A3

diagonalizes A. Show that, for any positive integer k, 3 4
)Ji 0o ... 0 (0 2\ .
VN 15. A_(l 0>,A
A=P| . . . . |P - . .
: : : : 16. Suppose A? is diagonalizable. Prove that A is diago-
0 0 ..o K nalizable.
9.3 Some Special Types of Matrices

In this section, we will discuss several types of matrices having special properties.

9.3.1 Orthogonal Matrices

Ann x n matrix is orthogonal if its transpose is its inverse:
Al=A"
In this event,

AA'=A'A=1,.

For example, it is routine to check that

0 1/v/5 2/4/5
A=|1 o 0
0 2v5 —-1/5

is orthogonal. Just multiply this matrix by its transpose to obtain I5.
Because (AY)! = A, a matrix is orthogonal exactly when its transpose is orthogonal.
It is also easy to verify that an orthogonal matrix must have determinant 1 or —1.

—— THEOREM 9.7

If A'is orthogonal, then |A| = +£1.

Proof Because a matrix and its transpose have the same determinant,

Il =1=|AAT = |AA"| = |A|IA' = AL

The name “orthogonal matrix” derives from the following property.
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—— THEOREM 9.8

Let A be an n x n matrix of real numbers. Then

1. Ajis orthogonal if and only the row vectors are mutually orthogonal unit vectors in R".
2. A is orthogonal if and only if the column vectors are mutually orthogonal unit vectors
in R".
We say that the row vectors of an orthogonal matrix form an orthonormal set of vectors in
R". The column vectors also form an orthonormal set.

Proof The i, j element of AA" is the dot product of row i of A with column j of A, and this
is the dot product of row i of A with row j of A.

If i #£ j, then this dot product is zero, because the i, j— element of |, is zero. And if i =
j, then this dot product is 1 because the i,i— element of I, is 1. This proves that, if A is an
orthogonal matrix, then its rows form an orthonormal set of vectors in R".

Conversely, suppose the rows are mutually orthogonal unit vectors in R". Then the i, j
elementof AA'isQifi £ jand 1ifi=j,so AA'=I,.

By applying this argument to A', this transpose is orthogonal if and only if its rows are
orthogonal unit vectors, and these rows are the columns of A.

We now know a lot about orthogonal matrices. We will use this information to determine all
2 x 2 real orthogonal matrices. Suppose

a b
°=(¢ o)
is orthogonal. What does this tell us about a, b, ¢ and d? Because the row (column) vectors are
mutually orthogonal unit vectors,

ac+hbd=0
ab+cd=0
a’+h2=1
c?+d*=1

Furthermore, |Q| = =1, so
ad —bc=1orad —bc=-1.

By analyzing these equations in all cases, we find that there must be some 6 in [0, 27r) such that
a=cos(#) and b =sin(0), and Q must have one of the two forms:

cos(9)  sin(@) or cos(9)  sin(@)
—sin(®) cos(9) sin(@) —cos@®) )/’

depending on whether the determinant is 1 or —1. For example, with 6 = /6, we obtain the
orthogonal 2 x 2 matrices

<J§/2 1/2)0r («/5/2 1/2 )
—1/2 /3)2 172 —/3/2)°

If we put Theorems 9.4 and 9.8 together, we obtain an interesting conclusion. Suppose S is
a real, symmetric n x n matrix with n distinct eigenvalues. Then the associated eigenvectors are
orthogonal. These may not be unit vectors. However, a scalar multiple of an eigenvector is still
an eigenvector. Divide each eigenvector by its length and use these unit eigenvectors as columns
of an orthogonal matrix Q that diagonalizes S. This proves the following.
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—— THEOREM 9.9

An n x n real symmetric matrix with distinct eigenvalues can be diagonalized by an orthogonal
matrix.

EXAMPLE 9.13

Let
3 0 =2
S=10 2 O
-2 0 0
This real, symmetric matrix has eigenvalues 2, —1, 4, with corresponding eigenvectors
0 1 2
11,10} and | O
0 2 -1

The matrix having these eigenvectors as columns will diagonalize S, but is not an orthogonal
matrix because these eigenvectors do not all have length 1. Normalize the second and third eigen-
vectors by dividing them by their lengths, and then use these unit eigenvectors as columns of an

orthogonal matrix Q:
0 1/v/5 2//5
Q=1 0 0 .
0 2/v/5 —1/4/5

This orthogonal matrix also diagonalizes S.

9.3.2 Unitary Matrices

We will use the following fact. If W is any matrix, then the operations of taking the transpose
and the complex conjugate can be performed in either order:

(W5 = (W)".
This is verified by a routine calculation.
Itis also straightforward to verify that the operations of taking a matrix inverse, and of taking

its complex conjugate, can be performed in either order.
Now let U be an n x n matrix with complex elements.

We say that U is unitary if the inverse is the conjugate of the transpose (which is the same
as the transpose of the conjugate):

ut=U.
This means that
UU=UU) =I,.

EXAMPLE 9.14

(45 1)

It is routine to check that U is unitary.
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If U is a unitary matrix with real elements, then U = U and the condition of being unitary
becomes U~ = Ut. Therefore a real unitary matrix is orthogonal. In this sense unitary matrices
are the extension of orthogonal matrices to allow complex matrix elements.

Since the rows (and columns) of an orthogonal matrix are mutually orthogonal unit vectors,

we would expect a complex analogue of this condition for unitary matrices. If (x,---, X,) and
(Y1, -+, Ya) are vectors in R", we can write
X1 Y1
X2
X=].|ladY=
Xn Yn

and obtain the dot product X - Y as the matrix product X'Y, which is the 1 x 1 matrix (or number)
X1Y1 + XoYs 4 - - - 4+ X, Ya. In particular, the square of the length of X is

XX=x24+Xx5 4 +x2.

To generalize this to the complex case, suppose we have complex n— vectors (z,, z,, - - - , Z,) and
(wla Wa, * -, wn)- Let
Z; wy
z Wy
Z= andW=| .
Zp Wp

and define the dot product Z - W by
Z-W=ZW.
Then
Z-W=7Z;w, +Z,w, + - - - + Z,w,.

In this way,

Z-Z=T,+ G0+ + Tz =y |z
j=1

a real number, consistent with the interpretation of the dot product of a vector with itself as
the square of the length. With this as background, we now define the complex analogue of an
orthonormal set of vectors in R". We will say that complex n— vectors Fy, - - - , F, form a unitary
system if F; - F, =0 if j #k, and each F; has length 1 (that is, F; - F; = 1).

A unitary system is an orthonormal set of vectors when each of the vectors has real
components. With this background, we can state the unitary version of Theorem 9.8.

— THEOREM 9.10

A complex matrix U is unitary if and only its row (column) vectors form a unitary system.

We claim that the eigenvalues of a unitary matrix must have magnitude 1.

—— THEOREM 9.11

Let A be an eigenvalue of a unitary matrix U. Then |A| = 1.
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This means that the eigenvalues of U lie on the unit circle about the origin in the complex
plane. Since a real orthogonal matrix is also unitary, this also holds for real orthogonal matrices.

Proof Let A be an eigenvalue of U with eigenvector E. We know that UE = AE. Then UE = AE.
Therefore,

(UE)' =A(E)".

Then,

E)U) =%E)"
But U is unitary, so U =U. The last equation becomes

(E)!'Ut=x(E).
Multiply both sides of this equation on the right by UE:

(E)'U'UE = 2(E)'UE = A(E)'AE = "AE E.

Now E E is the dot product of an eigenvector with itself, and so is a positive number. Dividing
the last equation by EE yields the conclusion that A1 = 1. Then |1|? =1, proving the theorem.

9.3.3 Hermitian and Skew-Hermitian Matrices

An n x n complex matrix H is hermitian if H=H.

That is, a matrix is hermitian if its conjugate equals its transpose. If a hermitian matrix has
real elements, then it must be symmetric, because then the matrix equals its conjugate, which
equals its transpose.

An n x n complex matrix S is skew-hermitian if S = —S.

Thus, S is skew-hermitian if its conjugate equals the negative of its transpose.

EXAMPLE 9.15

The matrix
15 8i 6 — 2i
H=| -8i 0 —4+i
6+2i —4-—i -3
is hermitian because
. 15 —8i 6+ 2i
H= 8i 0 —4—i|=H.
6—2i —4-+i -3
The matrix
0 8i 2i
S=18 0 A4i
2i 4 0
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is skew-hermitian because

(0 -8 -2
S=(-8 0 —4i|=-s"
—2i —4i 0

We want to derive a result about eigenvalues of hermitian and skew-hermitian matrices.
For this we need the following conclusions about the numerator of the general expression for
eigenvalues in Lemma 9.1.

— LEMMA 9.2
Let

Z;

Z;

Z=1 .

Zp

be a complex n x 1 matrix. Then
1. If His n x n hermitian, then Z' HZ is real.

2. If Siis n x n skew-hermitian, then ZHZis pure imaginary.

Proof of Lemma 9.3  For condition (1), suppose H is hermitian, so that H =H. Then

(Z'HZ) = (Z))HAZ = Z'HZ.

But ZHZ isa 1 x 1 matrix and so equals its own transpose. Continuing from the last equation,
we have

ZHZ=(Z'HZ)'=ZH (2 =Z HZ.
This shows that
(ZHZ)=Z HZ.

Since Z HZ equals its own conjugate, this quantity is real.
To prove condition (2), suppose S is skew-hermitian, so S—_s. By an argument like that
in the proof of condition (1), we find that

(Z'SZ)=-ZSZ
If we write Z SZ =a + ib, then the last equation means that
a—ib=—-a—ib.

But then a = —a so a =0 and Z SZ is pure imaginary. This includes the possibility of a zero
eigenvalue.

This lemma absorbs most of the work we need for the following result, giving us information
about eigenvalues.
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—— THEOREM 9.12

1. The eigenvalues of a hermitian matrix are real.
2. The eigenvalues of a skew-hermitian are pure imaginary.

Proof By Lemma 9.1, an eigenvalue A of any n x n matrix A, with corresponding eigenvector
E, satisfies
—t
E AE
A= ——.
EE

We know that the denominator of this quotient is a positive number. Now use Lemma 9.2. If A
is hermitian, the numerator is real, so A is real. If A is skew-hermitian then the numerator is pure
imaginary, so A is pure imaginary.

Figure 9.2 shows a graphical representation of these conclusions about eigenvalues of matri-
ces. When plotted as points in the complex plane, eigenvalues of a unitary (or orthogonal)
matrix lie on the unit circle about the origin, eigenvalues of a hermitian matrix lie on the hor-
izontal (real) axis, and eigenvalues of a skew-hermitian matrix are on the vertical (imaginary)
axis.

9.3.4 Quadratic Forms

A quadratic form is an expression
n n
> S
j=1 k=1

in which the a;, s and the z; 's are complex numbers. If these quantities are all real, we say
that we have a real quadratic form.

Imaginary axis
1 Skew-hermitian
i eigenvalues
1
RReal axis
Hermitian
/ eigenvalues
Unitary
eigenvaues

FIGURE 9.2 Eigenvalues of unitary,
hermitian, and skew-hermitian matrices.
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For n =2, the quadratic form is

2 2
Z Z AjkZjZy = AuZ1Zy + AZ1Z, + AnZ1Z; + ApZyZ;.
j=1 k=1

The two middle terms are called mixed product terms, involving z; and z, with j k.
If the quadratic form is real, then all of the numbers involved are real. In this case the
conjugates play no role and this quadratic form can be written

2 2

Z Z QXX = A1 X1 X1 + @12 X1 Xo + @21 X1 Xo + 822X X
=1 k=1

2 2
=a1X; + (A2 + 821) X1 X2 + 80X

As we have seen previously (in the discussion immediately preceding Lemma 9.1), we can let
. . =t
A =[aj] and write the complex quadratic form as Z AZ, where

If all the quantities are real, we usually write this as X'AX. In fact, any real quadratic form can
be written in this way, with A a real symmetric matrix. We will illustrate this process.

EXAMPLE 9.16

Consider the real quadratic form

1 4\ (x
(X1 %) (3 2> (Xi> = X2+ 3X; Xy + 4XoXy + 22

= X2+ TX; X, + 2%2.

We can write the same quadratic form as
1 7/2\ (%
(X1 X (7/2 > ) (Xz) = X2+ TX1 X, + 2X5
in which A is a symmetric matrix.

This is important in developing a standard change of variables that is used to simplify
quadratic forms by eliminating cross product terms.

—— THEOREM 9.13 Principal Axis Theorem

Let A be a real symmetric matrix with distinct eigenvalues A, - - - A,. Then there is an orthog-
onal matrix Q such that the change of variables X = QY transforms the quadratic form

D1 e &Xix; to

n
ijyf.
j=1
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Proof Let Q be an orthogonal matrix that diagonalizes A. Then

Xn:iaijxixj =X'AX

j=1 k=1

=(QY)'AQY = (Y'QHAQY

=Y'(Q'AQY

=Y (Q'AQY
M 0 oo 0 Vi
0 Ay o-- 0 Yo

= ¥ W) SR :
0 o ... An Yn

=AY+ haY; + - Ay

The expression Z'}:l A ,—yj? is called the standard form of X'AX.

EXAMPLE 9.17

Consider the quadratic form

X2 — TX X2 + X3.

1 =72
72 1 )

ax? + bx;x, +cx?

This is X!AX, where

In general, the real quadratic form

can always be written as X'AX, with A the real symmetric matrix

_(a Db)2
A_<b/2 c)'

In this example, the eigenvalues of A are —5/2, 9/2 with corresponding eigenvectors

(1) = (3)

Divide each eigenvector by its length to obtain columns of an orthogonal matrix Q that
diagonalizes A:

o=(iz w7)

The change of variables X = QY is equivalent to setting

1

X1 = E()ﬁ - Y2)
1
V2

X = (Y1 +Y2).
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This transforms the given quadratic form to its standard form
5 9
MY: + Ay = _EYf + Eyﬁ,

in which there are no cross product y, y, terms.

SECTION 9.3 PROBLEMS

In each of Problems 1 through 12, find the eigenvalues 5 0 0 0
and associated eigenvectors. Check that the eigenvectors 1 [0 0 -1 0
associated with distinct eigenvalues are orthogonal. Find 0 -1 0 0

0 0 0 0

an orthogonal matrix that diagonalizes the matrix. Note
Problems 17-22, Section 9.1.
In each of Problems 13 through 21, determine whether
the matrix is unitary, hermitian, skew-hermitian, or none

1 ( 4 —2> of these. Find the eigenvalues and associated eigenvec-
"\-2 1 tors. If the matrix is diagonalizable, write a matrix that
diagonalizes it. In Problems 5 and 7, eigenvalues must be
2. (_3 5) approximated, so only “approximate eigenvectors" can be
> 4 found. It is instructive to try to diagonalize a matrix using
6 1 approximate eigenvectors.
> (7 3)
0 2i
4 (—13 1) 13. <2i 4)
1 4
3 4
0 1 0) 14. <4i —5)
5 11 -2 0
0 0 3 0 1 0
15. | -1 0 1—i
011 0 -1-i 0
6. [1 2 0
0 0 3 1/v/2 i/v2 0
16. | -1/v2 i/v/2 0
7.10 0 O
2 00

3 2 0
17. |2 0 i
2 -4 0) 0 —i 0

0 0 0 -1 0 3—i
8|0 1 o0
0 0 0 34+i 0 o)
9. |1 1 -2
0 -2 0 i 1 0
19. [-1 0 2i
130 0 2 o)
10. {3 01
011 3i 0 0)
2. [-1 0 0
0 0 0 0 i 0 0
0 1 20
1. o -2 1 o0 8 -1 i
0 -3 0 0 2. [-1 0 o
00 0 0 -i 0 0
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In each of Problems 22 through 28, determine a matrix A 28. —2X;X + 2x2
. N )

so that the quadratl_c form is X'AX, and find the standard 29. Suppose A is hermitian. Show that

form of the quadratic form.

AAD) =AA,
22. —5X2 4 4X; X, + 32 (AAD
23. 4x2 — 12X, %, + X2 30. Prove that the main diagonal elements of a hermitian

matrix are real.
24, —3xZ 44X X + TX2
25. 4x% — 4%, X, + X2

26. —6X1X, +4x2 32

31. Prove that each main diagonal element of a skew-
hermitian matrix is zero or pure imaginary.

. Prove that the product of two unitary matrices is
27. 5xZ +4%:X, + 2X3 unitary.
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