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|. HIYU JACTYP

Kupum

70540101-Magistratura “Matematika” (yo’nalishlar bo’yicha) ta’lim yo‘nalishi bo‘yicha o‘qiyotgan
magstrlarni yuksak malakali, ijodkorlik va tashabbuskorlik gobiliyatiga ega, kelajakda kasbiy va
hayotiy muammolarni mustaqil hal gila oladigan, yangi texnika va texnologiyalardan foydalana
oladigan hamda atrof-muhitdagi jarayonlarini matematik gonun-qoidalar nuqtai nazaridan tahlil gila
oladigan layoqatli kadrlarni tayyorlashda “ Analizning maxsus boblari ” kursi katta o‘rin egallaydi.
Analizning maxsus boblari kursi 70540101- Magistratura ‘“Matematika” (yo’nalishlar bo’yicha)
yo‘nalishi bo‘yicha o‘qiyotgan magistrlarga majburiy fanlar doirasida o‘qitishga mo‘ljallangan
bo‘lib, unda matematik analiz fani dasturida belgilangan mavzularga qo’shimcha ravishda talabalar
tomonidan egallanishi lozim bo‘lgan bilim, ko‘nikma, malaka va kompetentsiyalarni shakllantirishni,
o‘quv jarayonini kompleks loyihalash asosida kafolatlangan natijalarni olishni, mustaqil bilim olish
va o‘rganishni hamda nazoratni amalga oshirishni ta’minlaydigan, talabaning ijodiy qobiliyatlarini
rivojlantirishga yo‘naltirilgan o‘quv — uslubiy manbalar, didaktik vositalar va materiallar, elektron
ta’lim resurslari, o‘qitish texnologiyasi, baholash metodlari va mezonlarini o‘z ichiga oladi.

Mazkur dastur rivojlangan xorijiy davlatlarning oliy ta’lim sohasida erishgan yutuglari hamda
orttirgan tajribalari asosida magistratura “Matematika” (yo’nalishlar bo’yicha) yo’nalishi namunaviy
o’quv reja hamda dastur holda tuzilgan bo’lib, u zamonaviy talablar asosida o’qitish jarayonlarining
mazmunini takomillashtirish hamda oliy ta’lim muassasalari pedagog kadrlarining kasbiy
kompetentligini muntazam oshirib borishni magsad giladi.

Jamiyat taraqqgiyoti nafagat mamlakat iqtisodiy salohiyatining yuksakligi bilan, balki bu
salohiyat har bir insonning kamol topishi va uyg’un rivojlanishiga qanchalik yo’naltirilganligi,
innovatsiyalarni tatbiq etilganligi bilan ham o’lchanadi. Demak, ta’lim tizimi samaradorligini
oshirish, pedagoglarni zamonaviy bilim hamda amaliy ko’nikma va malakalar bilan qurollantirish,
chet el ilg’or tajribalarini o’rganish va ta’lim amaliyotiga tatbiq etish bugungi kunning dolzarb
vazifasidir. “Analizning maxsus boblari” moduli aynan mana shu yo’nalishdagi masalalarni hal
etishga garatilgan.

Oliy ta’lim muassasalari pedagog kadrlarining malakasini oshirish va ularni gayta tayyorlash
bugungi kunning eng dolzarb masalalaridan biri bo’lib kelmogda. Mamlakatimiz ta’lim tizimida
bosgichma-bosqich amalga oshirilayotgan islohotlar bu masalaga yanada mas’uliyat bilan
yondoshishni talab gilmogda.

Ushbu “Analizning maxsus boblari” moduli mutaxassislik fanlari blokidagi asosiy
modullardan biri bo’lib, unda matematik analiz fanining ayrim boblari tanlab o’qitiladi.

MoayaHHMHT MaKcaau Ba Basudanapu
AHanmuM3HUHAT Maxcyc ©000japu MOJYJWHUHT MaKCaJau OJUN  TabJIUM
Myaccacallapd TeJaror KaJpiapyHU KaWTa Talépiail Ba Majlaka OLIMPHUII KypCH
TUHTJOBYMIAPUHUHT OWJIMMIIAPUHM MYyCTaxKamilaill, OJMH MaremaTuka (haHUHUHT
alipuM OynmUMIIapu Ba yJIapHH YKUTUIN OViMda MajlakajJlapuHU OUIMPHIN Ba sSHaja

TaKOMUJITAIITUPUIL.




Monynaunar  Basudacu  TUHIVIOBYWJIApAA  MaTEeMaTHUKAHUHT  3apypuil
MabJIyMOTIapU MakMyacu (TyllyHYajap, TacAUKJIap Ba YJIapHUHT HCOOTH, amaiui
MacaJlaJJapHU €4ull yCyJulapu Ba Oolkaniap) Oyiindya KYHUKMaJapHU HIaKUIaHTHPULI

Ba sTHaJ[a PUBOXKJIAHTUPUIIIAH HOOpaT.

Monays 0yiin4ya TajadajJJapHUHT OMJIMMH, KYHUKMA Ba MaJlaKaJlapura
KYHWIaAUraH tajgadaap
“MaTeMaTUK aHaJM3HUHT Maxcyc 000japu” KypCHUHU Y3IallITUPUII KapaéHuaa
amMaJira OLIMPUIIAIUTaH Macajiajiap JOUPacHuIa:
TunrioBun:
- MareMaTuK aHaliu3 Ba YHUHT OYJIUMIIApH, YHU YKUTHII OYiinya SHTH
TEXHOJIOTHSJIApHU OWJIMIIN;
- MaTeMaTUK AaHaJU3HUHI  MyaMMOJIADU Ba  YHHUHI  PHUBOXJIAHUII
HMCTUKOOJITIApH;
- MareMaTWK aHaju3 Ba YHU YKUTHUII OyiiN4ya sSTHrW Ha3apui OMiImMmJiapra ra
OyuMum;
Tunriaosuu:
- MaTeMaTHUK aHAIM3HUHT aMau€Tra TaTOUKIapH;
- mapameTpiiapra OOFJIMK UHTErpajijiap
- mapameTpiiapra OOFJIMK XocMac HHTerpaiap;
- OupHHYM Ba UKKMHYU Typ MapaMmeTpiapra OOFIMK XOcMac UHTErpaiiapuiaH
doliganaHuI aMaJInil KYHHKMAJAPUHH 3TAJJIAIIN JIO3UM.
Moay/iHM TAIIKKWJI 3THII BA YTKA3WII OyiM4Ya TaBCUsLIap
“MaTeMaTUK aHAJIM3HUHT Maxcyc Oo00mapu” Kypcu Mabpy3a Ba aMalludid
(cemuHap) MaIIFyJI0TIAAp MIAKINA OJIUO OOPUITAIN.
Kypcau Vkutuin sxapaHuia TabJIMMHUHT 3aMOHAaBUN METOJIapu, axOopoT-
KOMMYHUKAIIUS TEXHOJIOTUSIApU KyJUIAaHWINIIN Ha3apia TyTUITaH:
- Mabpy3a Japciapuja 3aMOHABUN KOMIIBIOTEP TEXHOJOTHUSUIApU €pJaMujia

MMPE3CHTAIMOH Ba 3JICKTPOH-IUAAKTHUK TCXHOJOTUSJIapAaH;




- YTKa3WjaguraH aMajud MalfFyJoTIapla TEXHUK BOCUTAIAPIAH, JKCIpPEcC-
CYypoBiap, TECT CYpOBIApH, aKIMM XyXyM, TypyXJu (UKpJaml, KHYUK
rypyxjiap OWiIaH HIIall, KOJUIOKBUYM YTKa3ull Ba OOIIKa HWHTEPAKTHB

TaBJIMM yCYJUIAPUHM KyJUIall Ha3apa TyTUIAIu.

MoayaHuHT YKYB pexaaaru 0omka ¢ganaap OuiaH y3apo 00FJIUKJIUTH Ba
ycJyOuii sKMXaT/AaH y3BUH KeTMa-KeTJIUTH

AHanu3HUHT Maxcyc 000yiapu MOylu anreOpavk TU3UMIIAp, TE€OMETPUSHUHT
3aMOHABUN Macajanapy, COHJM yCyJ/ulap Ba aMajuil CTaTHCTHKa KaOu Momysuiap
OwtaH yamOapyac OOFIUKIUP.

Ymby danHu YKuUTUII KapaCHUAAa YKUTUIIHUHT aHbaHABUW IIaKJUIApUAaH
TalllKapy SHTU TEJaroruk TEeXHOJIOTHsJIapiaH XaMm OeBocuTa ¢oiganaHuIl Hazapaa
TyTUJIaAH.

MoayaHUHT 0JIMH TABJIUMMAATH YPHU

Marematuk aHanu3 ¢aHu pecrnyOiuKa OJud YKyB IOpTiapuja MaTeMaThKa
(daHUHU IOKOPU WIMHUN Ba METOJUK CaBUANlA YKUTHUIIHU TabMUHJIAIIIA, MaTeMaTHKa
dbaHn VKUTYBUWIAPUHUHT IOKOPW CaBUSiard TMejaror Oynunuiapuaa, Keiaxkakia
WJIMUHN U3NIAHUTIUIAP OJTMO OOpHIILIapUaa aCOCUM YPUH TYTaJIH.

By kypchma onuii MareMaTUKaHWUHT aHAJIW3 Kypcura oujl Oyiaumiiapu, yHUHT
acocuil TyIIyHYJIApUHU YKUTHUII METOJUKACU OWJIaH TaHUIITHUPUIN Ky34a TyTHJITaH.
byHnman Tamkapu MateMaTWK aHanu3 (aHWHU YKUTHUINAA 3aMOHAaBUN TIEJaroruk

TEXHOJIOTHsUIapAaH (oi1aJaHUIIHU YPTraTUIL XaM KYy3/1a TYTUJITaH.




“MaTeMaTHMK aHAJM3HUHT Maxcyc 0o0apu” MoayJ 0yiin4a coaTjiap TAKCUMOTH

TasadaHUHT YKYB IOKJIaMacH,
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integrallar
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13 Eyler integrallari 10 4 2 2
14 Stirling formulasi 10 4 2 2
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HA3APU MAIIFYJOTJAP MABMYHHU

Yexau Bapuanusain GyHkuusjIap, yHKUUAHUHT TYJIa BapUaALMACH Ba
YJIApPHUHT X0CCAJIApH.

MatemaTuK aHaJIM3HUHI OHMOMAaTeMaTUKa, MEXaHUKa, OMMAaBHUI XHU3MaT
Ha3apusCH, TeOMEXaHWKa Ba OOIlIKa coxalapiard KEHI KyJlaHwiMimu. MaTtemaTtuk
aHAJIM3HUHT XOPIDK Ba pecryOiimka MHUKECHIArd A0i3ap0 MyamMMoJiapH, €4uMIIapH,
TeHAeHUMsIapu. Yeknu Bapuanusian QyHKUUSHUHT TabpU(H, MUCOJUIAP, XOCCAJIAPH.
Yexnu Bapuanusira sra Oynran Qyskuusnap cundu. TYFpunaHyBuYM YU3HMKIAp Ba

XKopnan Teopemacu. CTHITbEC HHTETPAIIA Ba YHUHT XOCCaJIapy.

I'apmoHuk Ba cyOrapmMoHuKk pyHkumsiap.

Napmonuk  ¢yskumsutap.  Xoccamapu. Ilyaccon dopmynacu. ['apMoHHK
¢yakmusan C*  cuHpra Ttermnumnmmru.  XapHak —Teopemacu. CyOrapMOHHK

dyrkmusnap. C° cundra Ternumm cyOGrapMoHNK (YHKIMSHUHT Jlammac omepaTopu.

V3nykeus 6yamaran cyorapMoHUK QyHKIHsIIAP.

3-maB3y: CyOrapMoHuKk (PyHKUMSIHUHT YPTa KHIIMATJIaApH: m(u, r) Ba n(u,r).
CybrapMoHuk (QYHKIMSHUHT YpTa KAWMAaTIapH m(u, r) Ba n(u, r) nap.

CybOrapMoHuK (QYHKIUSHUHT anmnpokcumarusicd. CyOrapMoHUK — (QyHKIUSHUHT

narutacuanu. Pucc teopemacu.

4-maB3y: YUekJIid Ba YeKCHU3 COHIATH CYOrapMOHUK (PYHKUIMSJIAP CYNPEeMYMHU,
IOKOPH JIMMUTH.
Texuc derapananran cyOrapmMoHuk QyHKusmap owitacu. CyOGrapMoHUK

GyHKIUSIIAp KeTMA-KETIUTUHUHT FOKOPH JIUMUTH. XapTOTC JIEMMAacH.




AMAJIMA MAIIFYJOTJAP MASMYHHU

1 Ba 2 amanmii Mamryaotaap: Yekau papuauusin GyHKOUUsaIap, GyHKIUSHUAHT
TYJ1a BAPUALUACH BA YJIAPHHUHI XOCCAJIAPM.

MareMaTuk aHamU3HUHT OWOMareMaThKa, MeEXaHWKa, OMMAaBUH XU3MaT
HazapuscH, TeOMEeXaHWKa Ba OOIIKa coxajJlapAard KeHr KYJUIAaHWIMIIUHU
TymryHTUpHUIl. Yeknu Bapuanusiii (QyHKIUSHUHT Tabpu(du Ba XoccalapuHHU, Xamjia
CruiiTheC HMHTETpPAJM Ba YHUHI XOCCAJapUHU KEHIPOK VYPraHuil Ba MHUCOJUJIAp

épraMmia TaTOMK ITHIII.

3 Ba 4 amaumii mamryJotriaap: 'apmonnk Ba cyOrapMoHuK (pyHKIUsSLIAP.
["apMoHUK Ba cyOrapMoHMK (PYHKUMSJIAPHUHT 3HT COJJIA, 3apyp XOCCalapuHU
ypranum OujlaH Oup Kartopjaa, yJapHUHT rojioMopd (yHKIusutap OujgaH OOFIIUK

MmacaJanap.

S-amaauid MamryaoT: CyorapMoHuK (YHKIUSTHUHT ypTa KUMMAaT/JIapu m(u, r)
Ba n(u,r) sap.
CybrapMoHuk (GYHKIMSIHUHT YpTa KAWMAaTIapH m(u, r) Ba n(u, r) Jap Ba

YIIApHUHT XOCcalapy Xamaa yjiap opacuaard OOfIaHUIIHNA YpraHul.

6-amanaunii MamFyJa0T: Yekau Ba 4eKCU3 COHIAru cyorapMoHuK (pyHKUUsLJIap
CynpeMyMH, OKOPH JIUMHUTH.

Ymby amanuii MamFysjaoT JaBOMHUJA YEKIM Ba YEKCHU3 COHJIard CyOrapMOHHK
byHKIMAIAp XOoccallapy Ba CYNpeMyMH, TEKHC YerapajiaHraH CyOrapMOHHUK
dbyHKIUsAIAp oujlacura Ba CyOTapMOHMK (DYHKIUSIAD KETMa-KETJIUTHHUHT FOKOPU
JUMUTHUHU XUCOOJaITa JOUP MHCOJUIApHU, XapPTOTC JIEMMACHHUHT TAaTOMKWTA OWJI

MacajaJapHu YpraHuiau.




YKUTHII INAKJUIAPHA

Maskyp moayn Oyitnua Kyiiuaara YKUTUII Mak/Utapuaad Gpoiaananumagm:

- Mabpy3ajap, aMaJIuid MalFyloTiap (MabIyMOTIap Ba TEXHOJIOTHSUIApHU
aHrnad ONuII, aKJIUKA KU3UKHUIIHU PUBOKIAHTHPUIL, Hazapuil OUIMMIIApHU
MyCTaxKamJail);

- Oaxc Ba MyHO3apajap (AIIMTHUII Ba MyaMMoJjap €YUMHUHU TOIHUII

KOOMJIMSTUHU PUBOKIAHTUPHILI).

TALABANING KREDITLARNI TO‘PLASH TARTIBI

Talabalar joriy, oraliq nazorat uchun berilgan vazifa va topshiriglarni oz
vaqtida bajarishi, Yakuniy nazoratni muvaffaqiyatli topshirishi lozim. To‘plangan
reyting ballari asosida talabaning bahosi aniglanadi.

Jami Ma’ruza Amaliy Mustagqil ta’lim
100 ball 50 (40 +10) 15 (10+5) 35 (10+25)

“AHaJu3HUHT Maxcyc 00oapu” fanidan 1 ta oraliq va 1 ta yakuniy nazorat
o‘tkaziladi.

2 ta oraliq nazoart (ON) va yakuniy (YaN) ma’ruza o‘qituvchisi tomonidan
o‘tkaziladi (har bir talaba uchun 0.3 ball nazorat bali beriladi).

JN lar amaliy o‘qituvchi tomonidan o‘tkaziladi (har bir talaba uchun 0.2 ball
beriladi).

Mustaqil ta’lim uchun topshiriglar to‘plamini tuzish, uni talabaga berish, uni
metodik ishlanmasini tayyorlash va bajarilishini nazorat qilish, topshiriglar bo‘yicha
tegishli ballarni ajratish ma’ruza o‘qituvchisi (10 ball) va amaliyot o‘qituvchisi (25
ball) zimmasiga yuklanadi.

“AHagu3HuHr maxcyc 000sapu” fanidan baholash mezoni

Oraliq nazoratlar yozma test va yozma ish tarzida o‘tkazilib, undan 20 ta test yoki 3
ta savolga javob berishi so‘raladi. Har bir test savol 0.25 ballgacha, yozma ish 1.7
ballgacha baholanadi.
2. TMI: “AHaqm3HMHT Maxcyc 006iapu”ning « Ys3rapuim derapaiaHra
¢ynaknusmapy moduli yuzasidan mustaqil ish topshirig‘ini bajarish, amaliy ish
daftariga konspekt qilib kelish va gisqacha og‘zaki hisobot berish (5 ball):

. Topshiriq to‘liq bajarilgan, topshiriq bo‘yicha asosli xulosa chiqarilgan

bo‘lsa— 5 ball

. Toprshiriqg mohiyati ochilgan, natijalar to‘g‘ri, xulosasi bor — 4 ball




o Topshiriq mohiyati yoritilgan, natijalar asosllanmagan, juz’iy
kamchiligi bo‘Isa 3 ball beriladi.
3. TMI: “Ananu3sHuHr Maxcyc Oo0gapu”ning “IlapameTrpra OOFIMK XOcCMac
uHTerpauiap” mavzusini amaliy ish daftariga konspekt qilib kelish va qgisqacha
mazmunini so‘zlab berish (5 ball):

o Topshiriq to‘liq bajarilgan, topshiriq bo‘yicha asosli xulosa chigarilgan
bo‘lsa — 5 ball

o Topshiriq mohiyati ochilgan, natijalar to‘g ri, xulosasi bor — 4 ball

o Tophiriq mohiyati yoritilgan, natijalar asosllanmagan, juz’iy kamchiligi

bo‘lsa — 3 ball beriladi.
4. JN: Amaliyot darsi bo‘yicha berilgan TMI topshiriglarini bajarilishi mazmuni va
sifatiga garab 1- 2 ballgacha beriladi (jami 15-20 ball):

o Topshiriq to‘liq bajarilgan, berilgan topshiriq bo‘yicha asosli xulosa
chigarilgan bo‘lsa — 2 ball

o Topshiriqg mohiyati ochilgan, natijalar to‘g‘ri, xulosasi bor —1- 1.5 ball

o Tophiriq mohiyati yoritilgan, natijalar to‘liq asosllanmagan, ayrim juz’iy

kamchiligi bo‘lsa — 0.5 - 1 ball beriladi.

5. TMI: Talabaning mustaqil ishi berilgan ish natijalari asosida yozma hisobot
tayyorlanadi. Hisobot sifatiga karab baholanadi:

o Berilgan toshiriglar to‘liq bajarilgan, kuzatish olingan natijalar to‘g‘ri,
topshiriq bo‘yicha asosli xulosa chigarilgan bo‘lsa — 5 ball

o Topshiriq mohiyati ochilgan, natijalar to‘g‘ri, xulosasi bor — 4 ball

o Topshirig mohiyati yoritilgan, natijalar asosllanmagan, juz’iy

kamchiligi bo‘lsa —3 ball beriladi.
6. Yakuniy nazoratda talaba 20 ta yozma test savolga javob berishi lozim. Har bir
savolga 2 ball ajratiladi (yozma 3 ta savol x13,3=40 ball ) (Test savollari kamida 200
ta bo‘lishi lozim, jumladan 80 tasi amaliy mashg‘ulotga oid.)
Eslatma: Talabaning umumiy bali hisoblanganda yaxlitlab olinadi.

To‘plan

Baholash mezonlari
gan ball

Baho

Yetarli nazariy bilimga ega. Topshiriglarni mustaqil
yechgan. Berilgan savollarga to‘liq javob beradi.
Masalaning mohiyatiga to‘liq tushunadi. Auditoriyada 90-100
faol. O‘quyv tartib intizomiga to‘liq rioya qiladi.
Topshiriglarni namunali rasmiylashtirgan.

A’lo

Yetarli nazariy bilimga ega. Topshiriglarni yechgan.

Berilgan savollarga yetarli javob beradi. Masalaning

mohiyatini tushunadi. O‘quv tartib intizomiga to‘liq
rioya giladi.

70-89

Yaxshi




Topshiriglarni yechishga harakat giladi. Berilgan

= savollarga javob berishga harakat giladi. Masalaning

g LS ) o . 60-69
S mohiyatini chala tushungan. O‘quv tartib intizomiga

o rioya giladi.

N Talaba amaliy mashg‘ulot darsi mavzusiga nazariy

e tayyorlanib kelmasa, mavzu bo‘yicha masala, misol va 0-59
< -

=

S

o

savollariga javob bera olmasa, darsga sust gatnashsa
bilim darajasi goniqarsiz baholanadi

MYCTAKWJ TABJINM

MyCTaKI/IJI MINHHU TAIKWI STUITHAHT IAKJIM Ba MAa3MYHH:

TUHTIIOBYM MYCTaKWJl MIIHK MyalsiH MOJYJHHMHI XYCYCUSITJIApUHHU XHCOOra

OJITaH X0JIJIa KyWuaaru maxsuiapjan (oigananud Tain€piaiiy TaBCUs dTHUIAIN:

MebEPUI XYyXOKATIIapJiaH, YKyB Ba WIMHI amabuétiapian (ouaanaHuIin
acocuia MOAyJl MaB3yJapyuHHU YPraHMILL;

TapKaTMa Matepuauiap Oyinya Mabpy3ajap KUCMUHU Y3IaIITHPUILL;

Maxcyc ajnabuérnap Oyimua Monyn Oynumiapu €KM MaB3yllapu yCTHIA
UIIUTAILL;

aMaJuil MalFyJIoT/Iapa Oepuiarad TONUPUKIAPHU OakapurIl.




1. MOAYJTHU YKUTHIIIA ®OUTATAHUIAIATAH
MHTEP®AOJ TABJIUM METOLJIAPH

“OPCMY” meToam

TexHomOruAHMHI MaKcaau: Mas3kyp TEXHOJIOTMS UIITUPOKYMIAPAATH YMYMUN
bukprapaan Xycycuii Xynocanap YUKapHill, TaKKOCall, Kuéciaml opKail axO00poTHH
V3MamTUpHIL, XyJIocalall, IYHUHTIEK, MyCTaKuI MKOIUN (PUKpIiail KYHUKMaTapyuHU
IAKJUITAHTUPHUINTa  XWM3MaT  Kuiagu.  Maskyp — TEXHOJOTHMSJaH  Mabpy3a
MalIFyJIoTIapuaa, MycTaxkKamilaiijia, YTWITaH MaB3yHHM cypaiijga, yira Basuda
Oepulllja XamJa amMaJiuii MalIFyJIOT HaTHXAJTApUHU TaxjIwil dTuliga GoiigaiaHuin
TaBCUS DTUJIA]IN.

TexHoOTUAHN aMAJITa OIIUPHUIT TAPTHON:

- KaTHaIlYWiIapra MaB3yra Ouja OynraH sKyHUH Xynoca €KH FOS TakIu

ATWIAIN;
- xap 6up umrtupokyrnra O@CMY TeXHONOTHUSCHHUHT OOCKUYIapu E3WIraH

KOFO3JIapHU TapKATHUIIA]IU:

* GUKPUHTU3HU 0a€H STUHT

* GUKpUHTU3HUHT OaéHura cabad
KYpCaTHUHT

* KypcarraHn cabaOWHTU3HU
ncOOTIIa0 MUCOJ KEITUPHHT

* GUKPUHTU3HU YMYMIIAIITUPUHT

- UIITHUPOKYMUJIAPHUHT MYHOCA0aTJIapu WHIUBHIyan EKU TYpyxXuid TapThuOIa

TAaKIUMOT KWUJINHAIU.




OCMY  Ttaxyiuny  KaTHaIIYWiapaa KacOwif-Ha3apuil OWIMMIIApHH —aMajuii
MaliKiaap Ba MaBXyd TaxpuOanmap acocuaa Te3poK Ba  MyBadhakusITIu

Y3IaTHPUIIUIITUTa acoc OVaau.

“bpuuHr”’ MeToau

“bpudunr’ — (unr. briefing — kucka) Oupop-Oup Macama EKH CaBOJHUHT
MyXOKamacura OaruiniaHTaH KUCKa mpecc-KoH(epeHIus.

Vrrazum 0ocKu4Iapu:

1. TakAMMOT KUCMH.

2. Myxoxama >kapaéHu (CaBOJI-kaBoOJIap acoCHIA).

bpudunrnapnan TpeHUHT SKyHIAPUHUA TaXJIWIT KWIHIIA HONTaIaHUI MyMKHH.
IyHuHTAEK, aManuil YUMHIAPHUHT OMp AKIA cudaTuia KaTHaImguwiIap Ouinad oupra
no3ap0 MaB3y €KM MyaMMO MyxoKaMacura OaruilIaHTaH OpuUHIIIAp TAITKUAI STUII
MyMKUH Oynaau. Tanmabamap €Kku THHTJIOBYWIAp TOMOHHWJAH sIpaTHJIraH MOOWII

WJIOBAJIAPHUHT TAKAUMOTHHH YTKA3uIIa XxaM (oiiAalaHuIl MyMKHH.




I11. HABAPUM MABJYMOTJIAP MATEPUAJLJIAPU

YEKJ/IU BAPUALIUAJIA ®YHKIUAJAP BA YIIAPHUHI
XOCCAJIAPU.

/ PEJKA:

1.1.Yexnu 6apuayusnu @ynxkyusnune mavpugu. Yexnu eapuayusiu
dyukyusiap cungu.

1.2.Yexnu sapuayusinu gyHkyusiaprune xoccaiapu.

1.3.Yexnu 6apuayusnu ykyusiap yuyH 3apypuil 6a emapiu wapmiap.

1.4. Tyepunanysuu uwuzuxnap. Kopoan meopemacu.

1.5.Cmunmvec unmezpanunune mavpugu 6a YHUH2 MABHCYOIUK WUADTNU.

1.6.Cmunmvec unmezpanunune xoccanrapu.

1.7.Cmunmvec unmezpanunu xucoobaau.

1.8.Cmunmvec unmeepanunu baxonau.
\\ 1.9.Cmunmvec unmezpanu beneucu ocmuoa iumumea yYmui. J

Tassnu wubopanap: uekiu e6apuayus, yzeapuwiu Ye2apaianead QyHKYus,

@YHKYUAHUHE MYIUK 8apuayuscu, maxcopanma, Cmuimvec unmezpaiu.

1.1. Yekan Bapuanusiiiv QyHKUUSAHUHT Tabpudu. Yekan Bapuanusim

¢pynkuusiiap cungpu

Aitraitmuk, f(X) ¢yuxmus gexkmm [@;b] opanmukna anukmanran 6yimcuH. By
OpAJIUKHU yIIOY
A=Xy <X <X, <o <X < Xy <. <X, =D
TEHTCU3JINKIAPHU KAHOATIAPTHPYBYM UXTHEPHI HyKTajmap €paamuaa n Ta OpainKKa

OynamMu3 Ba Kyluaaru WUFUHAWHA Ty3aMU3;
n-1
9, =2 |f ()= F(x)] 1)
k=0

1-tabpud. Aeap (1)-tiuzunounap ¥ne N yuyn rwoxkopudan mexuc ueeapananean

oynca, ynoa f(X) @yuxyus [a;b] xecmaoa ueknu eapuauusza sea éxu yzeapuwu




yezapanaunzan Qynkuyua oeiunaou. llly vueunounapuune awmux oxKopu yeeapacuea

(PYHKYUAHUNHZ MYIUK eapuUAUUACU EKU MYAUK Y3eapumiu 0eb amanaou xamoa y

b
V f(X) kabu b6encunanaou:

V(0= sup{9} @

bab3u xomnapaa f(X) QyHKIUSHUHT Yekcu3 opaiukaard (MacajaH, [a,+oo)

OpaliKJard) BapualusIcl TYFpUCHIA XaM Tamupuil MyMKuUH Oymaau. Dapa3s
kunaimk, f(X) gyakous [a,+oo) opanukaa oepuiran oyiacuH. [1]
2-tappud. Aeap f(X) pyukyus V[a, A]c[a,+oo) opanukoa 4exau
A

sapuayusiea sea 6ynuo, \[ f(X) mynux eapuayusnap mexuc uecapanamnean 6ynca,
a

yuoa f(X) ¢pynxyus [a,+oo) opanukoa yekiu sapuayusiea 3ea, 0eb amaiaou xamoa.
+00 A
vf(x)=sup{Vf(x)} 3)
a A>a | a
0e6 kabyn kununaou. [1-3]
H3ox. f(X) @yukyusnune uexnu eapuayusiea ea OyIUWUOA  YHUHE
V3AYKCUZUSU MYMAAKO aXAMUsimed 3ea IMac.
Mucosaap. 1) [a;b] kecmama wxTuépuit uyerapananraH MOHOTOH (YHKI[HS
YEeKJIM BapHaIusra sra Oyiaau.

< a) [a;b] — yexnu 6GyacHH. =

=
4 = Z| f(X.)—f (Xk)| = (¢yHKIUST MOHOTOH OYJITaH! YYyH MOIYJLIAp
k=0

n-1
WUFUHIMCH WHFUHIMHUHT MOJIYJIUTa TCHT Oyaau) = Z[ f(x.,)—f (Xk)] =
k=0

[F00) = F (%) + F06)— FO0)+ F06)— F(x)+.+ F0x)— T )|=] F (%) — F (%)=
| (b) - f(a)|:>\; f(x) = Sup{9}=|f (b) - f (a)|.

0) f(x) byakusa [a,+oo) opanuka oepuirad OViICuH. =




A>a a

\7 f(x):= sup{\} f (x)} :sAup{| f(A) - (@)} =|f (+0) - f(a)],
Oy epna f (+00) = LI_TO f(A).»

2) DHIW Y3IyKCHU3, JICKUH YEKIIM BapHalusra sra OyiMaran (pyHKIHSITa MHCOJ
KeITHpPaMU3.
« Yuiby

xcosi arap x#0 OVyica
f(x) = oy P yacs,

0, arap X=0, Oymuca
¢yukumsaan [0;1] xecmanma kapaiimms. Kyitnmaru:

1 1 1 1
0<—«<
2n 2n-1 3 2

TCHICU3JIMKIAPHA  KaHOATIAHTUpyBuM Hykramap Epmamumma [0;1]  kecmanm
opaiukjiapra axxparamus Ba (1)-HuFUHINHN XUCOOIaiMU3 Xam/Ia Y0y TEHIJIMKKa 3Ta

Oy mammus.

8= |f (%) - f(xk)|=1+%+...+% R

1
Vf(x):sup{Sn}:sup{l+%+...+%}:+oo. >
0 n

Yexin Bapuauusin GyHKuusiiap cuagu.

ABBanru nmyHKTAa Kypramummsaek [@;b] kecmama wxTuépuit yerapananras

MOHOTOH (DYHKIIMSI YeKJIM Bapuanusra sra 0ynamu. by xoccagan ¢oiinananu0, yekiu
Bapuanusui GyHKIHUUIAp CHHOUHA KCHTaUTUPHUIIT MyMKHH.

1-teopema. [a;b] xecmaoa Gepunean f(X) ¢pynkyus wy xecmada 6ynaxmu

MOHOMOH OYCA, ALHU

m-1
[a,b]= I(L:JO[ak,aM], (3, =a, a, =b)
oynuo, f(X) ¢yuxkyua xap oup [a,,a,,] xecmaoa monomon 6ynca, ymoa f(X)
@yuxyus [a,b] kecmaoa uexnu sapuayusea sea 6yraou. (2]

« [a;b] xecmanunr uxTHEPHIA OYITUHUAIINHK OJIHO:




n-1
4 = Z| f(Xe— T (xk)|
k=0

fimFrEm Ty3amu3. By 6ymammra a, (k =0,m) mykramapun kymm6, [a;b] xecmamunr

STHTU OVJIMHUIIMHY 0J1aMu3. SIHTU OYJIMHUIN YUyH:

Fn(my = r:zy f(a,)-f(a)=B

o6ymuo, 9, < Gn(my TEHICH3IMK Oaxapmiani. JleMak, sup{$,}<B = f(X) pynkmus
[a,b] kecMmana yeknu Bapuanusra sra. »

2-teopema. Azap f(X) @yuxyua [a;b] kecmaca Jlunwuy wapmunu
Kanoamaaumupca, AvHU wyHoau L>0 con monuncaxu, uxmuéputi X, X € [a,b]
HYKmManap y4ym.

\f(i)-f(x)\gL-\i—x\ (4)

menecusaux baxcapunca, ynoa f(X) ¢ynxyus [a,b] kecmaoa uexnu sapuayusiniu

@yukyus 6y1a0u 8a:

\;f(x)sL-(b—a)

menecusaux baxcapunaou. [1]

n-1 (4) n-l
< Sn:Z|f(Xk+1)—f(Xk)|SLZ(Xk+1—Xk)=L-(b—a), VneN yuyn =
k=0 k=0

\;f(x)SL-(b—a) >

3-teopema. Acap f(X) ¢yuxyusa [@;b] xecmaoa uecapananzan xocunaza sea
oynca, ynoa f(X) ¢ynxyus [a;b] kecmaoa vexnu sapuayusneca sea 6ynaou. [1-2]
4 Teopema maptura kypa mmyHgaid y3rapmac L >0 CoH Tomwiamukw,
vx e[a,b] yuayn
[f'(x)|<L
TEHICH3IUK Oa)KapyIajn. ‘v’x,)_(e[a,b] aykramap omu6 [X;X] (éxu [X;X]) kecmana

JlarpanXHUHT YeKJIM OpTTUPMAJap XaKuaard TeopeMacujian (hougaranamMms:




\f(i)-f(x)\:

Hemak, f(x) oyuxmus [a;b] xecmama Jlummmip mapTHHA KaHOATIAHTHPAp OKaH.

<L-|(x-x)|.

VYHpaa 2-teopeMara Kypa y 4eKJIM Bapualusra sra oynaau. »

4-teopema. Aeap [a;b] xecmaoa anuxnawean f(X) ¢gynkyusnu wy xecmaoa

yuioy
f(x)=c+ j¢(t)dt (5)

Kypunuwoa ugooanaw mymxun 6ynca, 6y epoa ¢(t) ¢yuxyus [a,b] kecmaoa abconom
unmeepannanysuu @yukyus, y xoroa f(X) @yukyus wy xecmada wexnu sapuayusea

sea 6yauo,

\} f(x)< j |p(t)dt

menecusnuk baxcapunaou [1,3].
<« TeopemanuHr ucb0OTH ymoy:

n-1 Xi 41

<Z j lg(t)]dt < j lp(t)|dt

= Xk

X 41

j (t)dt

n-1

B ILCRERIENEY

TEHTCU3JIMKIaH KeJno uuKagu. P

1.2. Yekan Bapuanusiiid QyHKIUSUIAPHUHT XOCCAJIAPH.

Alraitnuk, dyexknu [a,b] kecMa Gepuiarad OVICHH.
S-TteopeMa. [a,b] xecmadazu uxmuépuii yekIu BapUAYUSAIU DYHKYUSALAD ULY
Kecmaoa wezapaniauvear 0ynaou.

< VX e(a,b] nykra onamus. Yuga waprra kypa:

9, =|f(x)— f(@)|+|f (o)

b
=V f(x) (6)
oynanu. =

= [F()|=|F(x) - f(a)+ f(a)\s\f(x')—f(a)\+|f(a)|(§)\;f(x)+|f(a)|=|v| N




f (X) werapamanran. P

6-teopema. Aecap f(X) sa g(X) pyukyusnap  [a,b] Kecmaoa Yekiu
gapuayusiiu Oyica, yHod:

a) f()£9(x);

0) f(x)-9(x)
GyHKYUATAp Xam ULy KecMaod YeKkiu eapuayusiiu 6ynaou.

7-Teopema. Aeap f(X) sa g(X) ¢pyuxyusnap [a,b] kecmaoa wexnu sapuayusiiu
f(x)
(x

Oynuo, wy xecmaoa |g (X)| > > 06ynca, ynoa Hucoam xam [a,b] xecmaoa uexnu

sapuayusiu 6yiaou.

8-teopema. Aumatinux, f(X) @yuxyus [a,b] kecmada anuknranean éa C < (a,b)
oyncun. Aeap f(X) ¢yuxyus [a,b] 0a uexnu eapuayusnu 6ynca, ynoa y [a,c] ea [c,b]

KecManaprume xap oupuda yexkau sapuayusiiu 6yraou ea akcunya. Illynuneoex,
b c b
VI(x)=Vi(x)+V f(x) (7)

MeH2IUK baxicapuiaou.
<« dapa3z kunaimk f (X) dysknus [a,b] kecMaga Yekin BapHalMsid OYJICHH
[a,c] Ba [c,b] opamukHuHr Xap OupuHuM V ycya OWiaH ajoxuja Kecmasiapra
aXpaTtaMmus:
A=y, <)<y, <.y,=¢ €=1,<2<2,<..7,=Db (8)
Hatwxana, O6yTyH [a,b] kecMa xaM Kucmiiapra axpanaad. [a,c] Ba [c,b] kecManap

YUYyH KyWHJaru MHFUHIUIAPHU Ty3aMU3:
m=1 -1
'91(m) :Z|f(yk+1)_f(yk)|; '92€ :Z|f(zi+1)_f(zi)| -
k=0 i=0
b b
= [a,b] yuyH 4, = Hl(m) +9 OYmamu. = 9™+ 90 =g <V f(x)= Sl(m) <V f(x)

Ba

b
90 <\[ f(x).=




f (X) dynkmus [a,c] Ba [C,b] xkecManapHUHT Xap OMpHIa YESKIN BapHalysara 3ra Ba

KyWHIaru TeHICU3JIUK OaKapuiiajiu:
c b b
V f(x)+V f(x) <V f(x) 9)

Ouau dapas kwriawnuk, f(x) dyaknus [a,c] Ba [c,b] kecmanmapHuHT Xap Oupuga
YeKIW Bapuamusara sra OVicwH. [a,b] KecMaHWHT UXTHEPUN OYIMHUIIUHU OJIAMU3.
Arap ¢ HyKTa OYJIMHUII HyKTaJlapura KupMmaca, yHJia C Hi XaM OVJIMHMII HyKTajlapura

kymamu3. Hatmxkana, &, duruHan ¢akat KaTTajlalldiliyg MyMKUH:
(m , o b
m
4, <9 +G <\ T(x)+V f(x)=
= f(X) dynkmus [a,b] kecMana 4yekiM BapHanusra sra Ba:

V F @<V 7+ () 10

TeHrcu3nuk Oaxapuiaau. (9)- Ba (10)-tenrcusnuknapaad (7)-TEHTCU3IUK KeIud
quKaau. »
by TeopeManan HaTwka cudaTuaa Kyuuaaru xocca Keiaubd Yukaau.

9-teopema. Aeap f(X) @yrkuyusa [a,b] kecmaoa uexnu eapuayusea sea dynca,

VHOQ uxmuépuii X e[a,b] VUVH:

0(x) =\/ /()

MyauK apuayusi X y3eapy8uuHuHe MOHOMOH YCY8YU 64 Ue2apalaHeaH QyKyusacu

oynaou.

1.3. Yekan Bapuanusiiiv GyKIusaIap y4yH 3apypuid Ba eTapiu

mapTrJiap.

Avnitaiinuk, f(X) dynkuus [a,b] opanukna anukinanran 6yiacun. by maparpadaa
ou3 Ocpuiaran f(X) QYHKUMSHUHT YEKJIM Bapualusara sra OVIMIIM ME30HJIapUHU

KEJITUpaMu3.




10-Teopema. f(X) pyukyusanune [a,b] kecmada uexnu eapuayusiea sea O6yiuwu

VUVH Wy KecMaoa MOHOMOH Ycyeuu ea ueeapananean wiynoan F(X) ¢@yuxyusnune
maeoncyo 6ynub uxmuépuii [X',X"] < [a,b] xecmaoa:
| (X")— f(X)| < F(X") - F(x) (11)
meHeCu3IUKHUHe badxcapuruwu 3apyp éa emapau(l,2].
lynmaii xoccara sra Oymran F(X) ¢yuakmmsra  f(X) dyskums — yays
MaKOPaHTa JCHUIIAIN.
11-teopema. f(X) @yukyus [a,b] kecmaoa wexnu eapuayusea sea Oyauwiu yuyH

VHU WY Opalukoa UKKUMAa MOHOMOH YCY8YU 64 Ye2apalaHean @YHKYUSIAPHUHS

avuupmacu KypUHUmUOa ugooanraus MymKuH OyIumy 3apyp 6a emapiiu:
f(x)=g(x) ~h(x) (12)
« 3apypaurn. Auraitmuk, f(X) ¢Qyskuus [a,b] xecmama vexkim Bapumarmsira
ara OyncuH. YHaa 10-reopeMara kypa mryHaaid Maxopanta F(X) Tomwiaguky, YHUHT
yayH (11)- tenrcuzmuk Oaxapwranu. Tysunumura kypa F(X) ¢yHkmus mMoHOTOH
YCyBUM Ba yerapajianrad. Arap:
g(x)=F(x) Ba h(x)=F(x)— f(x)
ne6 Oenrunacax, f(X) =g(x) —h(x) Oynmaam xamaa Kylugarn MyHoca0ar

OarkapuIIain:

(5N
h(x")—h(x) =[F(xX") - F(X)]-[f(x") - f(x)] >0,
x">x Ba X', X €[a,b] = h(x) T Ba uerapanaHraH, 4yHKH:

()| <[F(X)|+|f(X)| <M.

Erapiuauru. ®apas kunaitmuk, g(X) Ba h(X) dynkuusap [a,b] xecmana
MOHOTOH yCyBuH Ba (12)-TeHrcusnmk 0axapuiCcHH.
F(X)=9(x) +h(x)

ne6 oo, yausr f(X) ydyH MaxkopaHTa OYIIHMIIMHA KypcaTaMu3:




+

[ (x") - £ =[9(x") - g ()]~ [h(x") =h(x)] <|g(x") - 9 (X)
+[h(x") =h(x)[=[g(x") = g(x")]+[n(x") =h(x)]=[9(x") + h(x")] -
—[9(x)+h(X)]=F(x") - F(X) = F(X) — maxopanTa.

Vuna 10-teopemara kypa f(X) dynkmus [a,b] kecmana ueknm Bapuaiusra sra

oymanu.

Hatmxka. Aeap f(X) ¢yuxyus [ab]  xecmaoa wexnu eapuayusea sea
oynca,ynoa VX, € [a, b] HYKMAO0a YHUHE YeKau OUp MmoMOHIU TUMUMIAPU MABHCYO:

F-0)= fim f(x);  f(x+0)= fm f(x) (13)

X—>Xg+0
« ll-teopemara kypa mryHmaid ycyBuum Ba uerapaianran ((x) Ba h(x)

byHKIMSIAP TOMUIAANKH,
f(x)=g(x)—h(x)
TEHIVIMK Oaxkapuiaau. MaTeMaTuk aHaldu3 KypCUJaH MabJIyMKH, MOHOTOH

byHKIUSIIAp YUYH YEKIIU:

lim g(x)=g(x, £0) Ba lim h(x) =h(x, +0)
X—Xy+0 X=Xy 10

naap MmaBxkyn = (13). >

1.4. TyrpuaanyBum unsukjaap. ’Kopaan reopemacu.

12-teopema. f(X) ¢ynxyus [a,b] xecmaoa uexnu sapuayusiu gyuxyus 6y,

X, € [a,b] oyncun. Aeap f(X) ynxyus X, myxmaoa yznyxcus o6yiaca, ynoa:
g(x)=V (1)

QyHKYyus xam X, Hykmaoa y3ayKcu3 6y1aou.
4 X,<b ne6 dapaz xkumamuz Ba Q(X) (QyHKIMSAHUHT X, HYKTaaa YHTIaH
Y3IyKCH3 SKaHIMTMHA ncOoTaiiMus. Ve >0 con omub, [Xy;b] kecmann ymoy:
Xg <X <...<X,=Db
TEHICU3JMKHN KAHOATIAHTHPYBYM INyHAAH HyKkramap EpaaMuaa KecMajapra

AXpaTaMHU3KH, HaTHXKaJ1a.




8 =St - FRI>V F O - (14)

TEHTCU3IIUK OaKapHJICHH.

f(x)eC {XO} , OynraHu y4yH, X HYKTaHH X,HyKTara IIyHAail SKWH OJIWII

MyMKHHKH, | f(X)— f (X0)| <¢& OYyncun. YHna (14) ra kypa:

\;f(t)<g+19n:g+nz_1:|f(xk+l)— f(x)|=¢+|f(x)— f(x)+

n-1 n-1 b
A [F () - F )| <+ +V |F (%) — (6] <26 +V |F ()
k=1 k=1 Xy

b b X
oynmamn. demak, \/ f(t)-\/f(t)<2e éxu \/ f(X)<2¢ m™ynocabar ypuxmm. =
Xo X X0

g(x)—9(X,) <2¢. g(X) bynkuus ycyBun OyIraHu yayH —
0<g(% +0)—g(x) <2¢
By TeHrcusinuk Ba £ HUHT UXTUEPUIIUTHIAH QoiiaiaHCcak,
g(% +0)=g(x))

TCHITIMKHU, bHU ((X) (QYHKUMSHUHT X, HyKTaja YHIJIaH Y3JIyKCH3 JKaHJIUTHHH
XOCHJI KUJIaMHU3.

X,>a Oymran xomma Q(X) GyHKUMSHHHT X, HyKTaga dYanfaH Y3JTyKCH3
AKAHJIUTH XaM Iy KaOu Kypcatuiaau.

By Teopemanan Kyiugara HaTm>xa KeJm0 YMKaju.

Hartwka. [a,b] xecmaoacu wexnu eéapuayusinu yznykcuz f(X) @ynxyusnu wy

KecmMaoa uUKKuma y3ayKcus, ycysuu QyHKYuUsHuHe auupmacu KypuHumuoa ugpooanau

MYMKUH:
f(x)=9(x) —h(x).

13-Teopema. Aumaiiiuk, f(x)eC [a,b]6)7ﬂcuH. [a,b] kecmanu ywby

a=X,<X<..<X =b
MEH2CUBTUKAAPHU KAHOAMIAAHMUPY8YU UXMUEPUL HYKMANap €poamuoa KUcmiaped

al)cpamamus 6da.




4 = nz::[ f (X)) — T (X)]

uueuHOUHYU onamus. Yuoa, azcap:

A= krg%(xk+1 - X)

oynca, Ywoy:

b
I/Ii_r)Tg 8,=V f(x) (15)
MmeH2IUK YPUHiu 0yaaou.

<« busra MabIyMKH,
b
V f(x)=sup{3,}

Ba OVIMHMIN HyKTaJlapura HucOaTtaH {19n} 1. Jemak, TeopeMaHH HMCOOTIANI ydyH

ymoy:
sup{J,} =lim3, (16)

A—0

TEHIVIMKHUHT O2)KapWIIMILUHUA KYpcaTUIl Kugosi.

dapa3 KWIANIKK,

Sup{g }=A (12)

OyJicuH. YH/Ia aHUK IOKOPHU YerapaHUHT Tabpudra kypa KyiugarmiapHu XOCUI
KWJIaMu3:

1) VneN yuyn 4 <A

2)Ve >0 con onmmaranga xam 1n, € N tormmaaukuy,

8, > A—¢& TeHICH3IHK OaxapHIIajy.

{91T. = Vn>n, yayn 9, > A—¢ Gynamm.
Jemak , VN >n, ydyH:
A-e<8 <A<A+¢

skaH. = KeTMma-KeTIHK JUMUTHHUHT Tabpudura Kypa:

lim3 =A (18)

A—0

teHrauk ypura. (17) Ba (18) nan = (16). »




Yexnu Bapuanusiau QyHKIHS TYIIYHYACH ATPU YU3UKHUHT TYFPUIAHYBUMIUTH
Macajacuja ¥3 TATOMKWUHY TOITaH.
AWTainmk,

x=¢(t)

y=y (), tet;T] (19)

AUB_(L):{

cojyia arpu YM3uK Oepuiran 6ymuo, ¢(t),w(t) eC [tO;T] oyncun. dapa3 KuIaimuk, t
napametp t, nan 7 ra kapa0O y3rapranja, yHra L arpu unsukna Moc KeiayBuu:

(x,¥) = (4, w(1)
HyKTa A HyKTajaH B HyKrara Kapad y3rapcuH.

[t,;T] KecMmaza ymoy: t, <t <t,<...<t =T TEHI CU3JIUKIIAPHU
KaHOATJIAHTUPYBYM UXTUEPUNA HYKTajmapHu onuO, ymapra (L) srpum umsmkma moc
Kenrad Hykramapau A=A, < A <A, <...< A, =B neb6 Oenrmnaiimuz. by HyKranapuu
KeTMa-KeT TyTramTupuin Hatmwkacuga (L) Srpu 4M3WKKa YM3WiraH CUHUK YU3UKHU

XOCHWJI KUJIaMu3. by CHHUK YM3WKHUHT IEPUMETPHU:

P = 2106~ 90T + W) —w )] 20)
TEHIJIUK €pramMuia udoaaiaHaau.

3-tabpud. Aeap ywoy:
limP, =L (4= max (t,,, —1,))

2—0 k=0,n-1
aumum maexcyo ea uekau oynca, ynoa (L) sepu uuszux — myepunanyeuu uusux
Oeuunaou xamoa iumumuune xuimamu L ea ynune y3ynaueu oed6 amanaou.
14-teopema (Kopoan meopemacu). (19)-sepu  uusuxnune myepunanysuu
Gy yuyn ¢t) ea w(t) @dymyusnapnune [t,;T] opamukda uvexnu sapuayusea sea
oyIuwY 3apyp 6a emapJiu.
Orpu un3uk €in y3yHnuruau L =L(t) ned yHu [to;t] opajvKIa KapaimMu3. YHIa

L) T Oynanu Ba At >0 Oynranga AL = L(t+At)—L(t) ydyH:

t+At t+At

0<AL<V o) +V w(t)




TEHTCHU3IIMKIIAp Oaxapwiagu. = Y3IyKCH3 TYFPWIAHYBYM STpU 4du3uK yuyH L(t)

GyHKIMS t MTapaMEeTPUHUHT y3ITyKCU3 (PYHKIHSICH OYIau.

1.5. CTrniiThbec HHTErpAJTMHUHT TAbPU (U Ba YHUHT MABXKY/IJIMK IIAPTH.

Crunteec MHTErpaii PrMaH WHTETpaIMHUHT TaOWMK yMymutamMacu OViuoO,
KyHujaruva aHukJIaHaan. AWTaiimk, [a,b] kecMana 2 ta yerapananran f(X) Ba g(X)
dyskusuiap Oepuiran 0yiacuH. [a,b] kecMaHu ymoy:

A=X, <X <X, <..<X,, <X, =Db
TCHTCU3JIMKIADHA KAHOATJIAHTUPYBYM HMXTUEpUNA HyKTamap &paammga N Ta

[Xk ; Xk+1], k=0,n—1, kucmiapra axparamms. AX, =X, ,—X, Ba A= max AX, 1ed

Oenrmnaiimusz. V&, € [Xk ; Xk+1] HYKTa 0110, yniOy HUFUHIMHA Ty3aMHU3:

n— n—.

0=Zf(ék)[g(xk+1)—g(xk)]=zf(cfk)Ag(Xk) (21)

(1)-timruaaura CTHITHeCHHHT UHTErpaj HHFUHIACH JCHUITaIu.

1-tabpud. Aeap Lirrgazl Maeodcyo ea yekau Oyaub, yHuwe kutmamu [a,b]

KeCMaHuHe OyIuHuw ycyauea xamoa yHoazu &, HyKmanapuune mauiauumiuea 602nuk

oynmaca, ynoa uty conea T(X) @yuxkuuanune (X) gyuxkuus oyiuva Cmuampec
b
unmezpanu Oetunaou éda (S)I f(X)dg(x) kabu bereunanaoull-3].

Jemaxk,
(9)] 1 (g0 = limar = lim 3" 1 (£)Ag(x,). (22)

Arap (22)-unterpan mapxya 0yiaca, yama f(X) dyakmus [a,b] xkeemama g(X)
(yHkuus 0yiinya MHTErpaLuIaHyB4Yu e atanaiu.
Ounu CTWIThEC HMHTETPAJIMHUHT MaBXKYIUIMK IIAPTUHH aHuKIaiMu3. Dapa3s

Kwiaimmk, g(X) ¢yHKOusS MOHOTOH ycyBum OyicuH. Y Xonmma AX, >0 Oynranma

Ag(x) >0 6ynaau. Kyiingaru OenruiamnuiapHd KUpUTaMU3:




m, = inf ]{f ()}, M, = Sup {f(X)},

X1 Xy 41 [Xerk+1]

(23)

§:nz_1:mkAg(Xk)v §:nz_1MkAg(Xk)-
k=0 k=0
2-tabpud. S sa S uueunounap moc pasuwioa /lapoy — CmunmuoecHunz Kyiu
6a 10Kopu liu2uHouIapu 0eb amaiaou .
Opmuit HapOy Wurunauiapyu Kabu Oy WUFUHIWIAp XaM KyHUJaru xoccajgapra
ara.

1°. Aeap [a,b] xecmanune Gynunuw nykmanapuea smeurapu Kywuica, ynoa S

Gaxam opmuwiu, S 2ca KAMAUUWU MYMKUH.

Jlemak, @T Ba {§} .

0 . o . . .
2" . [Hapboy—Cmunmvechune uxmuépuii Kyuu UuUHOUCU YHUHS UXMUEPULL IOKOPU
uueuHoucuoan kamma 6yaa oamauou (azap y oowka 6yauHuwea Moc Keica xam).

Arap ymoy:
. =Sup{S} sa I"=inf{S}

teHrukiap €paamuna JapOy—CTUNTRECHUHT KyHH Ba HOKOPH HHTErpaJliIapHHU
aHUKJacak, yHaa:

S<L<I"<S
TEHTCU3NUKIap Yypunnu OVmamu. by Ttenrcusnukinap Ba J[lapOy - Cruitbec
wuruHaunapuaan doiganannb, oaauii PuMaH MHTErpanu Xoiaugard KaOu Kyhujaaru
TeopeMa OCOHTMHA UCOOTIaHAIH.

1-Teopema. Cmunmovec unmezpaiuHune Magxicyo 0yaumiu yuyH yuoy:

im(S -S5)=0
eKu:
n-1
IiiLrng:(;a)kAg(xk) =0 (24)

meHenuKHuHe baxcapunuwiu 3apyp éa emapau (o, =M, —m,).




CTuirbec HHTErpaJm MaB:Kyd OyJrad pykuusiiap cuapu
2-Teopema. Aeap f(x)e C[a,b] oyaubd, 9(X) gyuxkyus [a,b] kecmaoda uekiu

sapuayusiea 32a b6yica, y xonoa:
b
()] f (x)dg(x) (25)

Cmunmvec unmezpanu maexcyo oynaou[l,3].

< f(X)eC[a,b] = KanTtop TeopeMacura kypa TeKuc y3aykcuz —= Ve >0

yuyH myHAai o >0 coH Tommnaaukw, [a,b] KecMaHU Y3yHIWKIApH O JaH KAYUK

Oynran Oymakmapra axpatwiranga, f(X) ¢yakuusauar my OYynakimapaaru

TeOpaHUIIM @, Y4YyH ymly: o, < TEHICU3NIUK Oakapunaau. DHIU [a,b]

g
g(b)-g(a)
KECMaH! Y3YHJIIMKJIApU O JlaH KUYHMK OYJIraH KHCcMiapra axparamus. = A<O0 Ba

&

O <————.
g(b)-g(a)

:Zoa)kAg(Xk)<mg[g(xkﬂ)_g(xk)]:
- oo 90 0@=e = ImSaag0)=0 =

(25)-unTerpan mapxy. P

3-teopema. Aeap f(X) ¢ynxyus  [a,b] recmaoa Puman mavHocuoa

unmezpannanysyu 6yaud, §(X) gynxyus Jlunwuy wapmunu KaHOAGMAAGHMUPCA, STbHU:

909 - g(x)|<L-(x—x)

(L =const,a< x<x<bh)

(26)

menecuzux bascapuica, ynoa (3)-Cmunmovec unmezpanu masxcyo oyraoufl,3].

<« a) ABBant xoccanu ((X) dyHkuus (6)-mapTHU OaKapHIIIAH TAIIKAPH

MOHOTOH YCYBUHM OYJIraH X0 Y4yH UCOOTIIaliMHU3.




n—

1 n-1 (6) n-1
DAY (%) <D0 [9(Xe) = I(X) ]S LD @ (X, —X,) =
k=0 k=0 k=0
(27)

n-1

=L- ZkaXk
k=0

f(x) dyakmus [a,b] ma Pumanm mabHOCHIA WHTETpaJUTAHYBUM OVYITaHW YYyH
. oot
L'mkz(;kaXk =0 Ba Mmoc paBumga (27)-TEHICHU3IMKKA Kypa Illirgkz(;a)kAg(Xk) =0
Oymamu. = (25)-uHTerpan MaBxy/i.
0) Ymymuii x0J1. JIUIIIKI] IIAPTHHU KaHOATIIAHTUPYBUU {(X) QyHKIUIHU

KyWHIaru KypuHuIaa €3u0 oJlaMus:

g(x)=L-x—[L-x=g(x)]=9,(x) - g,(x). (28)
(28)-tenrmukmaru g,(X) =L - X dysxums JInnmun mapTuH KAaHOATIAHTHPHIIH OMIIaH

Oup kaTopaa MOHOTOH ycyBum XaMm Oymamu. Uy maptmapau  g,(X) =L-x—g(x)

¢yHkuug xam O6axxkapaau. Jlapxakukar, a < X < x<b YUYH:

0,9 - 9,00 = L(x= ) ~[ 900~ 900 |> L+ (k1) ~ L (x~ ) =0=>
= {g,(0)} T
Ba
9,0 - 0,00] < LGx= ) +[5, ()~ 8, (9 L= 0) + LK) =
=2L(x - X).
a) xonra kypa g,(x) Ba g,(X) map yuyn (24) mapt 6axxapunaan = (24)-mapt g(X)
GyHKIUS yayH XaM Oaxapuiagu — (25)-uHTerpan MaBxya. P

4-teopema. Aeap fT(X) ¢ynuxkyus [ab] xecmaoa Puman mavnocuoa

unmeepannanysuu 6ynuo, g(X) ¢yukyuanu yuoy:
g(x) =c+ [(t)dt, (29)

0y epoa ¢(x)—[a,b] Kecmaoa abconom UHmMeSpaiIaHysduu @YHKYus, KypuHumuod

ughooanaw mymxun 6ynca, ynoa (25)-unmeepan massxncyo 6ynaou.




1.6. CTUiIThEC HHTEIPAJMHMHI X0CCAJIAPH.

CTuntbec MHTETPANMHUHT TabpUPHUIaH TYFPUIAH TYFPU KyHHIara xoccanap

KeJIu0 YUKAIu:

1°. (S)[dg(x) =g(b) - g(a).
2°. (8)[[ 1,09 % £,00Hg() =(8) | ,()dg(x) +(S) | £,(x)dg(x).
3. (9)[ 00d[9,(0) £ 9,(0]=(S)] F(x)dg,(x) £(S) | f ()dg, ().

4. (S)[ k- £00d (- g(x) =(S)k ¢ F (x)dg(x).

o1
[S)

()] F(0dg () =(8)[ f (x)dg(x) +(S)| f (X)dg(x) (a<c<b)

MmucoJ. [-1;1] xecmana Oepuiras yuioy:

£(%) _{O, arap —1<x<0 06¥ica, 0, arap —1<x<0 6¥ica,

1, arap 0<x<1 6ynca

Ba g(x):{

1, arap 0<x<1 Gynca
0 1

byHKumsIapan onamms. Yuma  (S) j f(x)dg(x) Ba (S) j f(x)dg(x) wmHTErpamap
-1 0

MaBXKyJl Ba HOJra TEHT OyJianu, YyHKH MKKajga xoiaa xam CTuithbec WMFUHAMCHUAA

1

KatHamran xammap 0 ra TeHr. OHau (S)j f(x)dg(X) wWHTErpadTHUHT MaBXY/T
-1

AMACIUTUHU KypcaTtamu3. byHuHr yuyn [-1;1] kecmMaHUHT mIyHAal OYJIMHUIIWHU

onamu3ku, 0 HyKTa OYyIMHMII HyKTacu OynMacuH. MHTerpan WUFMHAMHU Ty3aMMH3:

n-1
o = Z f (& )A9(X,) =((aitraitink, O0e[x,X%.,,] Oymcur = X <0<x, =
k=0

HurnHauaard k-uu KymmayBunaaH OOIIKa XaMMacH HOJIra TeHr OViaau, uyHku | # K

na




Ag(xi) = g(xi+1) - g(xi) =0))=f (§k)'[g(xk+1) - g(xk)] = f (ék) -(1-0)=

0, aeap & <0 o6ynca,

:f(gk):{ :>€ima—3ﬂ:>(8)j'f(x)dg(x)—£

1, gqeap £<0 o6ynca A-0
1.7. CTriiThec HHTErpaJu Y4yH Oy/aakiaad uaterpasiam gpopmysacu.

5-Tteopema. Aecap (S)i f(x)dg(x) ea (S)jl g(x)df (x)  Cmunmvec

UHmMe2paIIapuoan oupu masxcyo 0yaca, YHOA UKKUHYUCU XaM Maexicyod 0yiaou ea

Yoy 6ynaxnad unmespaniaul Qopmyracu YpuHiu.:

()] (690 = T (09| —(S) [ 900 (%) (30)

CTmiTbec MHTErpaJIMHM XHUCO0JIAIITa JOUP MUCOJLIAP.
ABBaJITY MyHKTJA KYpPraHUMU3ACK, MabJIyM Inaptiaap Oaxapuiranaa CTUiIbTeC

MHTETPaJIMHU XUCOOJIalll yuyH Kyduaaru ¢hopmynanap YypuHiu Oyiaau:

(S)[ £00dg () = (R)| f ()g(x)dx, (31)
($)[ 00dg () = (R)[ f(x)g'(x)dx, (32)

Ba

(8)] f()dg(x) = (R)[ f (x)g'(x)dx+ f (a)-[g(a+0)—g(a)] +

(33)

+§‘,f(ck)-[g(ck +0) - g(c, —0)]+ f (b)-[g(b) - g(b-0)]

[y dopmynanapaan ¢oitnanannbd MUCOIIIAp €4aMu3.

1-mucoa. Kytiuoaeu Cmunmvec unmezpaniiapu XUcoOIancuu.

T

a)(S)ideEn(1+ X); 6) (S)_Z[xd sinx; 8) (S)jxdarctgx.




<) (S)j.xzd In(L+x) =(( (12) - popmynanan doiinananamus))

‘ X° X2 2
=(R) (x 1+—)dx: =| =-x+In|x+1 || =2-2+In3=In3.
o X+1 X+1 2 0
: 2 u=X du = dx
0) (S)Ideian (R)J'xcosxdx=(( — _ D:
0 0 dv = cos xdx V =sinX

T

. 2
= XSINX| —
0

O eV | N
NN

sinxdx:£+cosx :£+O—1:£—1.
2 o 2 2

)(S)j' darct (R)_l[ X dx=Lin(x? 1)‘1 0>
B Xd arcigx = X=—IN(X" + =
° x4l 2 -1

2-MUC0J. Kytiuoaeu Cmunmvec unmezpaiiapu XUcoOIaHCum:
3

a) (S) j xdg (X), 6y epoa
-1

0, aeap x=-1 o6ynrca,
g(x)=<1, aeap -1l<x<2 6yrca,
-1, aeap 2<x<3 o0yuca,

ea

) (S) j x2dg(x), 6y epoa

-1, aeap 0<x< % oynca,

0, aeap lS)c<§ oynca,
9(x)= 2 2

2, aeap xZE oynca,

-2, aeap g<x£2 oynca.




43a) g(X) byHKusHUHT X =—1 HyKTajaru cakpammu lra, X =2 HyKTaJIaru
cakpary —2 ra TeHr xamaa X #—1;2 muykraigapaa g'(X) =0. Yuaa (13)-dhopmynara

Kypa Kyiujarura sra 0yinaMus:

(S)T xdg(x) = -1-(1-0)+2(-1-1) =—1—-4=-5

3
0) g(X) QyHKUMSHHHT X ZE HyKTaJaru cakpammu lra, X ZE HYKTaJaru

cakpamu -2Ta TEHr Ba X # %,g oynranga g (x)=0. Marerpansu (13) —

dbopmynanan QoiinasaHud xucoodaanmMus:

2

(s)EXng(x):(%jz.(0+1)+@ (201 B 1T,

3-MucoJ. Cmurmvec uHmezpaiiapu XUcoOIaHCUH:

@) (S) [ xdg(x), 8 (S) [ x*dg(x), 8) (S) [ (¢* +1)dg (x).
by epoa

X+2, aeap -2<x<-1 6ynca,
g(x)=-+ 2, acap -1<x<0 6yuca,
X*+3, aeap 0<x<2 6uca.

<« g(X) dynkuusauar X =—1 Ba X =0 HyKTamapumaru cakpamu 1 ra TeHr
Xama:

1, aeap -2<x<-1 6ynca,
9'(x)=10, aeap -1<x<0 6yuca,
2X, acap 0<x<2 oyuca.

a)(S)J%xdg(x): J'lxdx+ix-2xdx+(—1)-(2—1)+O-(3—2):

2
RN e
0 2 3 6

X“t 2,
+—=X
212 3

2 (24)-1 2
6) (S) j x2dg(x) = j x2dx + j x22xdx + (-1)% -1+
-2 -2 0




31
+0-1:X— +X—
32 2]

4

2
+1:—l+§+8+1:111.
3 3 3

B) (S)j;(x3+1)dg( )(24).f(x +1 dx+.|. x +1)2xdx+

-2

2

3 2 (x -1 X x° B
+[(-1) +1]1+(0 +1)-1—(Z+xj_2+2(€+?j F0+1=
a4 ®ia5t
4 5 20

1.8. Ctuiarsec HHTErpaJIMHU 0axoJ1alll.

CTwibTeC UMHTETpaIMHU YypraHuiml sxapaéHuaa amanuértna f(X) ¢yHkous
y3nyken3 Ba §(X) GyHKIUS YEKJIM BapHaIsaTra ora OyiraH X0JI MyXUM axaMHsITra 3ra.

bynnait xonmga CTunTeec MHTETpaIMHU Kyluaarnda 6axoJia MyMKHH.

6-Teopema. Acap f (X) e C[a,b] sa g(X) uwexnu sapuayusiu ¢ynxyus 6yica,

VHOA:
b
‘(S) [ 1(0dg() <M -V (34)
MeH2CUBTUK YPUHIU OVIIAOU.
by epoa:
M = glxagﬂ f(x), V Vg(x)
<« CrunThec MMFUHAUCUHU Ty3UO0, YHH 0axoJyiaiiMu3:
|O'| Z f (égk)Ag (Xk Z| f (ék)| |Ag(xk )|
(35)

n-1 b
<MY |90 - 9| <MV g(x) =M -V =
k=0 a




11-teopema. f(x)eCla,b], g(xX) - wexiu esapuayusiu @ynxkyus e6a

b
| = (S).[ f (X)dg(x) 6yacun. Yuoa Ve >0 yuyn 36 >0: A< byneanoa:

o—1]<&\/ g(x) (36)

oynaou.

1.9. Ctuarbec HHTErpau 0eJrucu OCTUAA JUMHUTIA YTHIIL.

7-Teopema. @apas3 kuratinuk, [a,b] kecmaoa {f (X)} (n=1,2,...) dyuxyuonan
Kemma-Kemauk bepunean 6yuo, !]m f.(x)=f(x)
oyncun. Aeap:

1) f.(x)eC[a,b],

2) n—>o da f (x)_ f(x),

3) 9(X) -uexnu eapuayusinu ynxyus 6yica, y Xo10a:

lim(S)] f,(x)dg(x) = () lim ,(x)dg(x) = ()] f (x)dg(¥) (37)

o6ynaou.
4 n—>oo ga f (x)2f(x), 0ynrann yayn Ve >0 onuHranma xam mryHgan
n, € N con tormnamuku, Vn>n, Ba 6apua X €[a,b] nap yuyn
1f.(x)— f(x)|<e
TEHrcU3MMK Oaxapwnanu. YHAa 15-nyHkrgarm (29)-TeHrcmsimkka Kypa N> N,

Oynranna KydWuaaru MyHOCa0aTHH XOCHJT KHJIAMH3;

‘(S) [ £,09dg (0 —(8)] f (x)dg(x)

(38)

:‘(S)J'[ f(x)- f(x)]dg(x) sg-\;g(x)fj0




8-teopema. Papas kunaiuk, [a,b] xecmaoa (X)) @yuxyus 8a

{9,(X)} (n=12,...) ¢@yukyuonan kremma-xemaux Oepunean OYIUO, KyUuudacu

wapmaap 6axicapuicuu:
1) £(x) eCla,b],

2)9,(x) (n=12,...)-uexnu eapuayusniu hynkyusanap,
b

Vg, (x)<V (n=12,.),

4) limg, () =9(9).

Y xonoa:

lim(S)] f (x)dg, (x) = (S)[ f (xdg(x) (39)

oynaou.

Ha3sopar caBoJiapu:

. Ueknu Bapuauusian QyHKUMsIIAp TabpUPH.
. OyHKIMSHUHT TYJIUK BapUALUACA HUMA?
. Uexnu Bapuanmsuid QyHKusiap cuadu.

. Ueknu Bapuauusuiv GyKUMsuiap yuyyH 3apypuil mapriap.

1
2
3
4
5. Yeknu Bapralusuid QyKuusiap yayH eTapiv mapriap.
6. CTunTbec MHTErPATUHUHT TAbPUPUHU KEJITUPHHT.

7. CTUAThEC UHTETPATMHUHT MaBXY/JIUK [IAPTH.

8

. CTUNThEC MHTETPATMHUHT XOCCAIAPUHU KEITUPHHT.

DoiigaJaHIITAH a1a0uéTIIap:

1. Tyituues T.T., Tuma6aes XK.K., Kyrnumyparos A.P., Kapumon JK.2K.
JlonoHuTeNHbIE TN1aBbl aHanu3a, T. “Yuusepcuret”. 2015.

2. Brian S. Tomson Theory of integral. Simon. Fraser University Classical Real
Analysis.com, 2012.




HHAPAMETPI'A BOTJVIMK XOCMAC UHTEI'PAJIJIAP

(C N

PEJKA:
2.1. I'apmonuk ynkyusnap ea yrapHume Xoccaiapu.
2.2. Xapnax meopemac.
2.3. Cybeapmonux ¢hynkyusiap 8a yiapHuHe Xoccaiapu.
2.4. Makcumymnap npunyunu.

\\ 2.5. C*-cunghea meeuwnu cybeapmonux Gynxyusnune Jlaniac onepamopu.

/

Tasnu wubopanap: ecapmonux @ynxyuaiap, cyoeapMoHuK ynKyusiap,

MOHOMOH KamMaroedu, meKuc AKUHIAULY YU, MAKCUMYMIAAPD NPURYUNU .

2.2. XapHaK TeopeMacu

B) Teopema 1 (Xapnak). ['apMOHUK (PYHKIIUSITAPHUHT MOHOTOH KETMa-KETJIUTH

D coxa wmumma €KkM o0 TEKHUC SKUHJIAMAIN,EKH OUpPOp TapMOHHMK (PYKIUATa TEKHC
skuHTamanu| 1-2].
2

n) [ U0° koMmmeke TEKUCIWruga TrapMOHUK GYHKIOUsIap TrojoMopd

byHKUMsUIap OWIIaH y3BUN OOFIUKIUP. Jlarmac onepaTtopuHUHT KOMIUIEKC KYPUHUIIIH-

= 0 + 0 =4 a_, OyHma z=X+ix, €ll, gzl(i—ii),
ox’ ox. 0207 0z 20X  OX
0 10

=—(—+ii). bynman oaca, feO (D) ronomopd dyHKIMA yUyH

tenrmukiapaad ARe f =0, Almf =0 kenu6 uukamy.

lynunr yays, f roizomopd GyHKIMSHUHT XaKMKAK Ba MAaBXyM KHCMIJIAPH TapMOHHK

bykumsmap O6ymaau. Axcunda,arap U(z) e h(D) 6ynca, y xonma uxtuépuit z° € D




Hykta Ba yHuHr B(z°,r) c D arpodwu yuyn yuna rojgomopd f (Z) byHKIUS MaBXy[

oymmo, Re f(z)=u(z), ze B(z’,r) 6ynamu [1].

2.3. Cyorapmonuk GpyHkuusJiap.

dapa3 kunainuk, D <1 "coxana U: D —[—o0,0) dhyHKIMA Oepuiran OYICHH.
Tabpud. Arap u(x) ¢yHKuMS KyiHHIaru UKKY MAapTHA KaHOATIAHTUPCA!
1) u(x) roxopuman sspuMy3nyKcus, sbau VX' € D yuyn:
@u(x) <u(x)
TEHICU3JIUK YPUHIN
(bynman, D coOXaHUHTI UXTHEPHA KOMIIAKT KUCMHUAA (YHKIMS FOKOPHIaH

ucrapaJaHraHJINIu Kenno LII/IKELZ[I/I);

2) wmxtuépuii X' €D mykra yuyn r(X°)>0 coH Tommiacakd Xap KaHzaii

r<r(x’) yays:

u) s—— [ u(do 4)
or

n sedn)
TEHTCH3JIMK YpHuHIU Oyica, U(X) dynkuus D coxama cyOrapMoHuK nedwmamud. D
coxana cyorapmonuk (yHkuusiap cuapuau sh(D) kabu Oenruaaimms.

Kenrycuma kymaimuk ydyH Ou3 TpuBHan U(x)=-oo ¢yHKImsacH xam D na
sh(D) ra rerunum, nped kKapaimMu3. OHAM CyOrapMOHUK (OYHKIMSUTAPHUHT
XOCCAJIAPUHU KEJITUPAMU3:

a) cyOrapMoHUK GYHKIOUSJIAPHUHT MycOaT KOd(POHUIUCHTIM  YU3UKIH

KOMOUHAIMsICH CyOrapMOHUK GyHKIus O0yimanu [1]:
u (x)esh(D), a eR (k=12,..,m) =
= au,(x)+au,(x)+...+au_(x)esh(D);
0) 4eKJIM COHAAru CyOTapMOHUK (YHKIUSJIAPHUHT MAKCUMyMHU CyOrapMOHUK

bynkuus 6ynanu[1]:




u,(x),u,(x),...,u_(x) esh(D) =
= max{u,(x),u,(X),...u,(x) } esh(D);

6) MOHOTOH KaMaroBUU CyOrapMOHHK (DYHKIHSIAP KETMA — KETITUTUHHHT
JUMHTH cyOrapMOoHHK (QyHKIUs Oymaam [1]:
u(x)esh(D) , u()zu,(x) (j=12.)=
:>|Lr!} u,(x) e sh(D) ;

2) TEKUC SKUHJIANIYBYH CyOTapMOHHMK (QYHKIOUsIAp KeTMa — KETJIHMIH
CyOrapMOHHMK (DYHKITHSATA sSKHHJIammauy [1]:

u,(x) esh(D), (j=12,...), u,(x)3 u(x) = u(x)esh(D);

2.4. MakcuMymJIap NPUHIUIIN.

0) Maxcumymnap npunyunu [1-2]. Arap u(x) e sh(D) ¢ynkius oupop X" €D
HYKTa/1a Y3UHUHT MAaKCUMyMUTa SpUIIICA, SIbHU:
u(x") =sxut|)ou(x) (5)
Oyica, y xoiaa U(X)=const 6ymamm.
<« Yuboy:
M ={xeD:u(x)=u(x’)}
TYIJIaMHA Kapaiink. U(X) (YHKIUSHUHT IOKOPUIAH SPUMY3JIYKCH3 OYJITraHIMrUaaH

Ba (8) maptnan M TymuiamauHr D 1@ ENUKIMTY Keaub YuKaiu.

WNkxuHun ToMoH1aH, uxtuépui p € M yuyH (7) popmynara kypa:

u(x’) =u(p) < 1] u(x)do <u(x’), r<r(p),

n S(p.r)

oynanu. By myHocabatman U

«on=U(X"), apam p mmur B(p,r(p)) arpoduua
u(x) =u(x’) oymumuHM kypamus. by sca M Tymiamauar D 1a OYMK SKaHIMTUHH
kypcaranu. [lemak, M =D. »

YpuHiIM 6ynaau.

<« By xoccaHuHT HCOOTH FOKOPHIATH 0) XOCCaaaH KeIuo duKam P ;




€) — X0occaJiaH KyHuaara MyxuM xyJiocara keinamu3. dapa3 KuIaiiik,
3(x) esh(D)(NC(D) e) Arap 3(x) esh(D), u(x)eh(D) dyakuusmap yayu

S(x°,r) cc D chepana:

oyica, y xomma B(x°,r) mapnaa $(X) <u(X) TEHrcU3IUK

oepuiran 6ymu6, B(x°,r) cc D 6yncun. Ymoy:

u) = [ SPy)do(y),  xeB(X,r).

sOn)
Myaccon nnrerpammn xapaimk. U(X) € N(B) , ul,= 9|, 6§16, ¢) - xoccara
xypa B=B(X°,r) ma 3(X)<U(X) 6ymamu. Vanykems ¢yskimsmap yaym
ncGornanran 6y xocca uxtuépuit & € SN(D) yuyn xam ypurmmp:  F(X) < U(X)
Ba mespmu Gapua X € S map yuyn F(X) =U(X) ypurmammp;

CyOrapMoHuK (pyHKUMsUIap CHH(pUAA TAPMOHHUK (PYHKIMS SKCTpeMan(MaKkcuMa)

xoccara ora: arap D c[l"coxa uerapacuma ysmykcus ¢(&),EedD, dyHknus
Oepwiaran Oyica y xoija [I={vesh(D)NC(D):V|p= go} cuH(pIa TrapMOHHK
u(x):ulo=¢ dyHKuMs Makcuman 6¥namu,apau U(X)2V(X), W ell

2.5. C* cun¢ra ternuuia cyorapMoHuk GpyHkuusiHuHr Jlamiac

omepaTopu.

Teopema. Nkku kappa cmuuk, U(X) € C* ( D) ¢ynkmus D coxanma cyOrapMoOHHUK

Oymumu yayH yHuHT Jlammac omepatopu AU >0 TEHICU3IMKHU KaHOATJIAHTPHIIN

3apyp Ba etapiu [1-2].

Ha3sopar caBoJuiapu:

1. F'apMOHUK PYHKIUSHUHT TabpUDHU.
2. l'apmoHUK GYHKIUSHUHT aCOCUI XOCCATApUHU KEITHPHWHT.

3. 'apmonuk ¢yHK1Ms Ba roioMopd PyHKIUsIIap opacuaaru OOFIaHUIII.




4. CyObrapMOHUK (pyHKUIMSIIAP TabpUPH.
5. CyObrapMoHUK (PYHKITUSUTAPHUHT XOCCaJIapH.

6. CyorapMonuk QyHkIussHuHT Jlacmacuanu.

doigaIaHIITaH agaduéTaap:

1. CanymraeB A., Teopus nmopunomenyuana. Ilpumenenus. Palmarium
Akademic Publishing, 2012.

2. Klimek M. Pluripotential theory. Clarendon Press., 1991.

3. Tien Tien-Cuong Dinh and Nessim Sibony, Dynamics of holomorphic maps,
p. 2.1.1 Subharmonic and quasi-subharmonic functions . Introductory

Lectures (Master), Paris-2011, available at: http://www.math.jussieu.fr/~dinh




3-map3y: CYBIAPMOHUMK ®YHKIASIHUHT YPTA
KUUMATJIAAPH m(u,r) Ba n(u,r) JAP

4 PERA N

3.1. Cybeapmonux gpyHkyuanune ypma Kuumamiapu m(u,r) 8a n(u,r)

aap.
3.2. Cybeapmonux @yHKYUAHUHS ANNPOKCUMAYUACU.
3.3. Cybeapmonux yHKYUsHUHS T1ANIACUAHU.

\ 3.4. Pucc meopemacu. /

Tasinu ubopanap: cybeapmonux yHKyus, 10Kal UHMePaiIaHy8du, MOHOMOH

mynaamaap, Pucc meopemacu.

3.1. CyérapMoHuKk GyHKIUSHHHT YpTa KuiimaTiaapu m(u,r) Ba n(u,r)

Jap

u(x) e Sh(D) ¢yukuus Ba X° € D nykra 6epunran 6yiacud. Yuioy:

" [ ude

O s(x°,r)

m(x°,r) =

Ba

n(x°,r) =\% j u(x)dv

ntooB(x°r)
oyama V. r" muxmop B(X°,r)HuHT Xaxmu, wHTerpauiapud (Ypra KUMaTIApHN)
KapaiiuK.
2-T1eopewma[l-2]. dapas kunaitmuk, U(x) € Sh(D) Ba u(x) #—o OGyncun.
V xonma nxtuépuii X° € D yuyH:

u(x®) <n(x°,r) <m(x°,r), n(x°,r)>—-wo , 0<r< p(x°,éD),




TEHICU3NUKIAp YpuHnu Oynaau. ByHnan Tamkapu, arap I' MOHOTOH KaMailnO HoJra

(o] 0 v (%) (V) 0
uaTHiaca, yHaa N(x°,r) sa m(x°,r) ypra KuiimMariap MOHOTOH KamainO, U(X’) ra
UHTUIIA]IH.

2 — TeopeMasian ymly MyXuM HaTkxkara sra 0yimamus: D c R" coxama cyOrapMoHuk

U(x) # —oco ¢ynkmus D ga mokanm mHTErpautaHyBUMaMp, SbHU uxtuépuii B cc D

y4yH .f|u(x)|dV uHTEeTrpasl MaBxXynaup.byHnan Tamkapu arap ukkmra U(X) Ba V(X)
B

cyorapmonnk ¢yaknusmiap D coxama mespau yctMma-ycT Tymica y xosga yaap D
coxaja aitHan TeHr Oymamu. Uu(x)=v(x), xeD.

3.2. CyorapmMoHuK pyHKIUSAHUHT aNIPOKCUMAIMSICH

Cybrapmonuk QyHKIus y3mykcu3 OyVnumum mapT 3mac.Y D coxanunr xap Oup
HYKTacH/a y3WJIHIIra sra OVIuiy MyMKUH. AWHY nailTaa, Kydujaard TeopeMa YpuHiu
Oynanu.

3—T1eopemall-2]. Arap u(x)eSh(D) 6ynca, y Xoiaa IyHIaii MOHOTOH

YCYBUYH OUYHK TYyILJIaMJIAP:

chD

j+1

b, |Jb,=D
j=1

KEeTMa — KeTJIUTH Ba IIyHAail MOHOTOH KaMatoBYH (PYHKIUSIIAP:

u(x)eSh(D,)NC*(D,),  j=123..

KCTMa — KCTJIUTHU MAaBXKY/IKH,

u(x):!ilpouj(x) (xe D)

Oymau.
« Yuioy:

1
K (x)=1ce
0, arap |X|>1 Oynca

, arap |X|Sl oynca




yskusnu Kapaitik. by dynkinus C*(R") cundra Terumum 6Yimb, yHUHT CAIMOFH
suppK(x) =B(0,2) mup. Duaun K(X) HHHT ndomacwmaru y3rapMac C HH IIyHIad

TaHIa0 OJIAMHU3KH,

j K(x)dV =1
Rl’l
oyicuH. U(X) #—o0 11e0, Oy sapo EpaaMuaa yioy:
1 y—X
uﬁ(x)_ﬁ j u(y)K( 5 ]dv, 5>0 (6)

ly-x|<8
MHTETpATHU Kapaliuk. U, (X) QyHKIuscu:
D, ={xeD: p(x,0D) <&}

OUMK TYIUIaMJa aHUKJIaHraH 0ynuo, X € D; na:
1 —X
u,(0 == [ u(y)K (y—)dv = [ u(x+8y)K(y)av
o o an

Oynamu. Keiimarn teHrmukaarn Oupuaum wuuTerpan C”(D;) cunbra, uxkuHYn

unTterpain 3ca Sh(D;) cundra terumumm 6ynanu. bunobapus,
us(x) € Sh(D;) N C”(Dy).
U(X) HMHT cyOrapMoHMK (YHKIMS SKaHIUTUAAH, U; HUHT O L0 nma, MonoTOH

KaMaroBuM OYJIMIUINTY Ba:

[ K(gdv =1

Rn

TEHINUKAaH, Ug(X) HEHT U(X) Ta MHTWIMIIMHYA TOTIaMu3. P>

3.3. CyOrapMoHuKk QyHKIMSIHUHT JIATJIACHAHU

F(D) - cung. R" dasoma D coxa (DcR") om6, 6y coxamaru C”
cuHpra Tterunuid Ba (UHUT QYHKUUATIAP TYIMIIAMUHU (CUH(UHN) F(D) neo

Oenrmnanagu. Jemak, @ € F(D) Oynca, y xonga ¢€C°O(D) O0ynau0, yHUHT

CaJIMOTHu




suppg={xeD: ¢(x)#0}c=D
Ooynmanm.
BHI[I/I F (D) Ada AKAHJIAIIWI TYINYHYaCUHA KUPUTAMH3.

Arap
supp o, < D, cc D (k=123,..)
0yuo, 0y @, (X) KeTMa — KETJIMK (D(X) ra Y3UHUHT UXTHEPUN XYCYCHUH XOCHJIacu
OWJIaH TEKHC sIKWHJIAIIca, YHAA
K—>o© ma ¢ > ¢

neitunamy. ByHpmail sKMHIammMm MabHOCHIA (D) TOTIOJIOTUK YU3HUKJIH (Ha30up.

F(D) TONoJIOTUK (hazora acocuti yukyusnap ¢aszocu (cuHpu) aermIuo,
MOTeHUHAIAp Hasapusicupa (D) Ja aHWKJIAHTaH YU3HKIH, Y3IyKCHU3
GyHKIMOHAIAp MyXUM axaMUsITra drajup.

Vmymnawean gynxyusnap. Ymuxm F (D) dhazona ymoy
f: F(D) >R

aKCIAHTUPUII aHMUKJIAHTaH OYyicuH. by akciantupum Kylugaru mapTiiapHu
KaHOATJIaHTUPCHH:

) f - ansukmm, spEN uxTuépuii O, Y € F a UXTUEPUI A, HE R YYyH

f(Ao+uy)=211(p)+ufy).

6) T - ysnykens, sonun nxtnépuit @, € F a2 lim ¢, = @ xerma — ket
k—w0

Y4yH
iim (,) = f(9)
V xomma T akcnamrupmm F Qasoma ammknmawram uwusukau  ysaykcus

@ yHKYUOHAN NEUUITIaIN.

Aditaitmuk, | ¢ynximas D coxana anmknanran 6y1u6, y MHTErpaaiaHyB4H

OyicuH: fe Ll(D). By ¢byuxmus F (D) YU3UKIN (pa3ofa y3JIyKCU3 Ba YM3HKIN

Oynran ymoy




f(p)=]fpdV, @eF(D) (2)

GYHKIIMOHATHN aHWKIaan. AWHM TalTaa, F(D) dazona (2) kypuHuITa 3ra
OynmaraH 4n3uKIN (PyHKIHOHAIIAp XaM MaBxya. byHaail GpyHkumonanra Kyiuaaru
f(@)=p(x°), ¢eF([D), XD

dyHKIHOHAN Mucon 6Yna onaau (JIMpakHUHT O - QYHKIUACH).
WuterpammanyBun  QyHKOWsIap  CHHOUHM — KEHTAWTHPUII — MaKcaauaa

yMyMJiamrad QyHKUMsUIap TyIIyHYacu KUPUTHIIAIN.

2 —mavpud F(D) ¢dazona aHMKJIAHTaH YM3UKIM Ba Y3JIYKCHU3
¢ynxumonan D coxana anukmanran ymymiawean (ynkyus neiunaim.

Arap (D(X) >0 yuyn f((D) >0 6ynca, ymymmamran [  ¢ynximsra

mycoam hynkyus nedunaiu.

MacanaHn, ymoy
f(o)=pdu 3)

(ynxmonan mycbar Qpyukuus 6ynamu, 6yrma 4 D amuknanran mxtuépuii Bopen
ymuamu.  AKcCuHYa, Xap KaHjail mycOat dyHkuuronai (3) kypunuiiga udogaiananm

Aiiraimnk, f (X) dynkuus D na mudpepenumannanysun GpyHkius GyicuH:
f (X) S Cl(D). Arap ymoOy
f(p)=]fpdV , ¢@cF(D)

dopmyna épaamuna upomananran | Hu QyHKuHOHAN (YMymmamraH GyHKIus) ne6

KapauJIurad 6}7nca1<, YHUHT XyCYCHUM XOCWJIaCU Kyruaaru

(40) I—codV , @<k<n),

TEHIJIUK OpKajiu Ooiika Oup QyHKIIMOHATHY aHUKJIAIIMHU KYpamMu3. by TeHTTUKHUHT

VHI' TOMOHUAArd UHTErPATHU 65’1J1a1<na6 MHTerpajial OuiaH

oQ
—opdV =—-|f——2dV
I qp J O X




TEeHTJIMKKA Keiramu3. Hatmxkana

o f op
—(p)=—| f —dV 4
8xk( ) I 0 X, “

oynaau. bynmaru

1§94y
OX,

uaTerpan uxtuépuii f QyHKumonan yuyH axmkmadran Gymu6, Oy xomar F(D)

dazona aHUKIAHTaH WXTUEPUN f (GYHKITMOHATHUHT XOCHJIACMHU KyHujaruda

AHUKJIAIIIHU TaKO30 2TaJu.

3—mauvpudg. Yudy

o
F(p)=—-f| =%
(@) ox.

of
OX

Kaou

byHKIIMOHA f wuwar Xy Oyiuua XyCycMH XOCWJIACH ICHWIIaJM Ba

OenruwiaHaau.
LIlyHuHT IEK, f wumr IOKOpY TapTHOJIM XYCyCUM XOocujajapura xam Tabpud

Oepuill MyMKHH:
k _ K| k
D"f(p)=(-1)" f(D"p),
OyHma

. o
D¥ =
Kk, Ay ks K,
OX[*OX,” .. X,

C k=K, K,k ).

Hemak, uxtuépuit  ymymnamrad (yHKUus (QyHKIMOHAI) HHUHT HCTajlraH

TapTUOJaru XyCyCUi XOCUIaCH MaBKy/Jl Ba y XaM yMymJiairad QpyHkius OViaau.

Cobones ¢pazocu. Qc R" ounk tymmam Ba 1< p<oco OGyucum.




A—mavpudg. Arap fel’(Q) O6ynub, yHHHr yMymiamraH XOCHIapH

of el”(Q) 6ynca, feW"P(Q) Cobones

XxaM xap KaHgaih K=1..n yuyH
K

dazora termmum geiimus. Xap kaupaih f eW'P(Q) yuyn VI =(V,f,..,V )
oenrunaimms.

WP(Q) 6anax ¢aso 6ymub (p=2 ma I'mnbept $aso), yHmarn Hopma

by =011+ SV 25 p<e,

[ 1L+ 2L, =

W (Q)  daso 1<p<ow yuyn cemapaben Ba 1< p<oo yuyH
pebnexcus. W™P(QQ) ¢daszora Termmmm OYmMII  ydyH eTapad  MIApTIAPHHU
KEITHPaMHU3.

4 —teopema. QcR" ounk tymmam 6ymcun, {f } — W"?(Q) dasonaru
KeTMa-KeTuk 6yiam0, 6upop f e L’ ¢ynknusara saxummanicus. Y xonga Kyiumparu

TaCAUKJIAp YPHUHIIU:

(@) Arap 1<p<o Ba xapkaumaii Ked{l,..,n} yuyn mynmaii g, €L’

TOMWICAKU YIIOy "k 'm

f eW™P(Q)

IAPTHU KAHOATJIAHTUPYBYM YXOJIIa

V. f >0,

Ba oymaau.

(8) Arap l<p<oo Ba xapkanmaii Kke{l..,n} yuyH Vifo  kerma-

f eW"P(Q) Xap KaHjai

KETJIMK 4erapajaHraH Oyica, y XxoJja

ke{l,..,n} yuyn V. 1., — Vi

Ba

oynanm.

5—teopema. Papas kumaiimuk f Ba ¢ dynxumanap L (Q) dasora

terunmm  0ymm6, K e{l,...,n} Oyncun. Y xonnma g=V, f Oymumm yuyn




f,>f Ba V f —0 maprnapun kanoartnantupyBun {f }cC”(QQ) xerma-

KETIIMKHUHT MaXXya OYJIWIM 3apyp Ba eTapiIugup.

Cy6rapMoHUK  (yHKIMsIap ymymuii xomma C?  cuHdra Terumum
oynmacnurunan, AU - Jlarutac omepaTopuHu ¢akaT ymymitamran GyHknus cudaruga

Kaparr MyMKuH Oyiamu[ 1-2]:
Au(g) = [uag, ¢ € F(D).
6 —Teopema. Xap kangait cyorapmonuk pynkmus U(X) € Sh(D), u#—oo,
y4yH yMmMymiamrad MabHoga AU >0 Oynaau, sean uxtuépuit ¢ € F(D), ¢ >0 yuyn

I UA¢ >0 myHocabaT ypuHIHIUD.

Kymnanas, u(x) ¢gyskuus C* cundra terumm 6ynu6, y cybrapMoHuk Oyrca,

) o%u o%u
ueSh(D)NC*(D), yxomma Au=—+...+— >0 mup.
X OX;
FOKopuia KelTHpUIITaH TEOPEMAHWHI aKCH XaM YPHHIIM: arap yMyMJaliraH
GyHKUMA U yUyH:
Au(g) = [urg=0, $eF(D), ¢>0,

MyHOca0aT 6axapuica, y Xojijga U cyorapMoHuk GyHKIUs Oyinaau;

3.4. Pucc Teopemacu

@.Pucc meopemacu. Xap xangaii U(X) € Sh(D), U#—oco, pyHKIHS ONMHTaHAA
xaM D coxana mryHnait Myc6at ymuam 4 Masxynku, uxtuépuit D° cc D coxa yuys:

() = | K(x=y)du, +dg (x) (7

DO

6ynamu, 6ynna @, (x) € H (D°) Ba:




i|n|x|, arap n =2 Oyica
2r

K(X):< 1

- (n _ Z)Gn ) |X|n—2 1

arap N> 2 6ynca.

bynna, K(X) o¢yHkumscn Jlammac TeHrimamMacHHUHT —(QyHIaMEHTal CYHUMHIUD:
AK(X) =06(x) ©0ymmb, Oy epma O(X) - JupakHuHT ymymmtamrad (yHKIUSICH,
0og(X)=¢(0), pcF(R"). o ra maccacu Xx=0 ma Oyiran Oupiauk yirgam (3apsn)

MOC K€JIaau.

Ha3zopar caBoJuiapu:

1. CyObrapMoHUK (PYHKIUSHUHT YpTa KHAMaTiIapu m(u, r) Ba n(u, r) JapH.
2. CybrapMoHuK (QyHKUUSHUHT YpTa KUMatiaapu m(u, r) Ba n(u, r) Jap opacuaaru
OoFIaHUIILIA.

3. CyOGrapMOHUK (PyHKIUSHUHT allllPOKCUMALUSCH.

4. CyOrapMoHHK ()YHKUHUSHHUHT JarulaCHaHu. ¥ MyMUH XOJI.

doiigajaHWITaH axaduériap:

1. CamynnaeB A., Teopus mmopunoteHiuaia. [lpumenenns. Palmarium Akademic
Publishing, 2012.

2. Klimek M., Pluripotential theory.Clarendon Press.,1991.

3. L. Ambrosio, N. Fusco, D. Pallara Functions of bounded variations and free

discontinuity problems, GB, 2000.




4-man3y: UEKJIN BA YEKCU3 COHIAI'Y CYBI'APMOHUK
OYHKUUAJIAP CYIIPEMYMU, OKOPHU JIMMUTU.

PEJKA:
4.1. Texuc uecapananeatn cyocapmoHuK GYHKYUsIAp OUIACU.
4.2. CybeapmoHuk (hyHKyuaiap Kemma-KemiueuHuHe oKopu TUMUMU.
4.3. Xapmoec nemmacu.

Tasinu ubopanap: cybeapmonux hynkyusiap, mexkuc 4e2apaianeat, Kopu

Jaumum, J1OKajl yecapajilansaH, Xapmoec ACMMACU.

4.1. Texkuc yerapajJanrad cyorapMoHuK QyHKIUsJIap OMJIACH

CyOrapMoHUK QyHKIUsIAp HazapusacHaa IOKOPUIaH JOKaI TEKUC YerapalaHraH
QyHKIMANap cUHGUM MYXUM poib yiHaimm: arap xap omp X’ €D HykTa ydyH
urynnait atpod B(X°,r) c— D Ba mynnait M konctanTa Tonmncaku, {u_ }c Sh(D)
cuH(bIaH OJIMHTaH Xap oup U (X) dyHKIUs yayH ymoy:

u,(x)<M (xeB(x°r)
TeHrcu3nuK Oakapwica, {U } cundra D nma roxopudan nokan mexuc yecapananean
cyOrapMoHUK QyHKOmsiap cuHbHM Aevinmnanu. PaBmanku, Kapamaérran {U,} cuH(
YUYH:
u(x) =sup, u, (x)
byaknus Mapxyn Ba y D mam onmmnaran xap Oup xommakt K cc D nma roxopumax

yerapajaHranaup. Arap Oy (QyHKUMS  IOKOpHIAH SpuUM Y3IyKCU3 OVyica, yHUHT

CyOrapMOHHK OYJIMIIUIMTHHHA UCOOTIAM KUHUH dMac. U(X) (YHKIUS FOKOpHUIAH SPUM

y3IyKcu3 Oynmaca, yH7a, ofaT/aa KyWniara peryJisipiaall onepauscy Kapaiaau, ShHU

u'(x)=lim sup u(y) :ﬁu(y) .

=0 yeB(x.r)




Byama U (X) oymkmus U(X) HEHT peeyrapianearn (QYHKIMACH IEHUIAIN.
Perynapnanrad U (X) ¢yHKIMS FOKOPHAAH APUM Y3TyKcu3 Oymam.

Honap mynnamnap. AWTANNINK, D coxaBa yHAaru 6upop E TYTUIaM Oepuiiran
oyncun: £ < D.

Arap wynnait u(X) € Sh(D) 6a u(X) £ —co bynkums masxyn Gyicaky,
VX € E na u(x) = —o Tenrnuk Oaxkapuica, E wymmam D coxama noasp mynaam
JNEUNITIaIN.

[Monsip TyTIamiap KyiHuaaru xoccauapra sra 0ynaau:

a) uxtuépuii D < R" coxaza mossp tymiam 6yryr R " na xam nomsp Tymiam

Oynanu, SbHU
u(x) e Sh(D), u(X)#—0, ul|.=—0wo
6yuca, y xonga mysnait JH(X) € Sh(R") dbyrkuus Tormmanuky,
F(X)#—0 6a I|.=—©
oynanu;

0) CaHOKJIM COHJArd TMOJSIp TYIUlamjap HUFUHAUCHU TOJSp TYIuiaMm OVyiaju:
E,,E,... momsip Tymuiamiap 6yica, g = [jjl E, Xam rosnsp TyTuIam Oynanu;
5-T1Teopema [1-2]. IOkopuaan JOKaJ YerapajaHraH CyOrapMOHHUK
(GYHKIMSTAPHUHT UXTHEPHUI CHH(H {Ua} yayn U (X) =3Sup_u, (X) oyacuH
VY xompa
u*(x) € Sh(D)

6ym6, N ={X eD: u(X) < u*(X)} tymram D 1a monsp tymnam 6ymamm.




4.2. CyorapMoHuK (pyHKIMAJIAP KeTMA-KeTIMTUHUHT IOKOPH JJUMHUTH

6—-Teopema. dapas3 KUIaNIUK,
u;(x) e Sh(D) , j=12,3,...
IOKOPHIaH JIOKaJd derapajaHraH CyOrapMOHMK (YHKUUSIAp KeTMa-KeTJIUTU

6ym6,  u(x)=limu ;(X) OyncuH. Y xonja, u” (x) e Sh(D) oynwuo,
J—>x©

N={xeD: u(x)<u (x)} tymnam D na nomsp Tymiam 6ymamm.

4.3. XapTorc JjeMMacu

Xapmozc nemmacu. Dapas kunaimik, D e R" coxana rokopuman JIoKal TEKUC
JyerapajiaHTaH:
uj(x), j=123,...,
cyOrapMoHuK GyHKIHUSJIAp KeTMa — KeTJIMTU Oepuiran 0ynu0, Xap Oup TallmHIaHTaH
X € D nykrana:

limu;(x) < 4

] >
oyncun. Y xonga Ve >0 Ba Kcc D xomnakT y4uyH myHgaid j, € N Tommnaauky,
Vj>j,, xeK na:

u(x)<A+e

TEHrcU3IMK Oaxkapunaau|1-2].

4 Yy K ccGcc D mynocabarna 6ynran G coxama {U;(X)} xerma —

KCTJIMKHM IOKOpHMAAH JIOKAJl TCKUC 4YerapajlaHraHJIMIruaaH, IHYHI[aﬁ C =const

magxkyaky, U;(X) <C (xe€G) renrcusnuk 6axapunamu. U; napHuHr Yphura U; —C

KeTMa — KeTJIMKHU Kapao, ou3z G ga U j (X) <0 neb xapalIMMu3 MyMKHH.

1
Arap O<r< gp(K,éG) conu oauHca, yuaa uxtuépuii X° € K ga B(X°,r) =G

o6ynu6, daty Teopemacura Kypa:




lim AV < [ limu;()dv < AV,rT
J—x ]
B(X°,r) B(x°,r)

oynanu. bynnan Ve >0 coH onuHranja xawm, mWyHaai j, tonmwimod, j > j, Oynraxaa,
ymioy :
8 n
I u,QdVv < | A+— \Vr
2
B(x°,r)
TEHTCH3JIMKHUHT YPUHIIA OYJIUIIN KSITUO UMK,

Oumu 0< 6 < mapTHU KaHOATJIAHTUPYBYM O COHHHHU TaluHiIab, Yy € B(X°,5)

HYKTaJapHU KapaMus.

l-yusma.

2 —teopemaBa U;(X)<0 (xeG, [j=12,..) maptunan poiinananud, j > j, na:

— uj(x)dVS;nj u, (x)dv <
Vn(r+5) B(y.r+0) Vn(r+5) B(:,r)

V,(r+5) 2

OyMIIMHYU TonlaMu3. PaBIaHKky, eTapiinya KHIUK O Jap yYyH:

u;(y) <

u(Y)<A+e, j2j,, YyeB(x°09),

TEHrcu3jaK Oakapuiaaau.




Jemak, xomnakt K ra terumwm xap oup X° mykra (X° € K) onunranma xam, Oy
nykrara Oormuk  wnydmaii  j(x°)  Ba  S(X°)>0 commap  TOmMIAIMKH,
j>j(x°), yeB(x’,8(x")) 6ynranna:
u;(y)<d+e

oynaau. Yuoy:
U B(X,6(x)

x’eK
fimFnamn (mapnap mruaaucn) K xommakTHE Tyna xommaiimn. Jemak, B(X°,5(x%))
MIApJapHUHT YeKIW coHjaarucu Xam K Hu komraiau. ByHman sca myHmaid |,
tommmo, j>j,, YyeK na:
u;(y)<d+e
Oynuiny kenud yukagu. »

N 3 o x. Xaprorc neMmacu KyWuJard BapuaHTAa xam VpuHiuaup: (apas
xunaiimnk, D c R" coxama roxopuman nokan Tekuc verapananrad {u ;(X)} = Sh(D)
ketma — keTauk Ba A(X) € C(D) dynkius 6epunran 6ynmmb, Xxap Oup TalHHIAHTaH
XeD pa:

!i_)_rgu ;(x) < A(x)
oymcun. Y xomma Ve>0 Ba VKccD yuyn 3Jj,: Vj>], xeK na
U; (X) < A(X) + & Tenrcusnuk Gaxapunaim.

<« By TacaMKKa MIIOHY XOCHII KHJIMII ydyH XapTorc JeMmacu ucbotumaru ¢
. .o &
COHMHHM IIyHJall TaHnam 3apypku, uxtuépnii X,y € B(X°,r) yuyn |A(x) - A(y) < 3

oyncuH. Y xona:

joow
B(xo, r) B(XO, r)

lim u,(x) dV < j A(x) dV < Vr" [A(xo) +§}




o o & .y
o6ymu0, A coHu ypHura A(X°)+§ WIITAPOK Kuiaau. byHIaH tamkapu, UXTuépuu

y e B(x°,8) yayn | A(x°)— A(») |<§ avrugad 6us B(x°,5) na u;(y) am j= Jo (X%)

napnaa okopugan A(Y)+& OwiaH TEKMC YerapajaHTaHJIMTMHA Ba HUXOAT, OyTyH K

xommaktaa U;(X) < A(X)+¢&, J= ], , XeK,okanmruau ucbornai onamus.[1] P

Ha3sopar caBoJuiapu:

1. Yerapananran cyOGrapMoHHUK (yHKUIMsUIAp OMJIACHHUHT aHUK FOKOPU YETapacH.

2. CyOrapMOHUK (YHKUHUSHHUHT PETYIH3ALUSACH.

3. CyOrapMOHUK (QYHKIMsUIAp KETMa-KETIIMTUHUHI aHUK IOKOpU dYerapacu Ba
FOKOPH JIUMUTH.

4. Xaprorc 1eMMacH.

doiiaaHUIraH agaduéraap

1. Canynnaes  A., Teopuss tmmopunorenuuana. I[lpumenenus. Palmarium
Akademic Publishing, 2012.
2. Klimek M., Pluripotential theory. Clarendon Press., 1991.




IV. AMAJJUHNA MAIIFYJOT MATEPUAJJAPHU
I- Ba 2— aMaJIMi MalIFryJjgoTjgap: Yekau Bapuauusaau
pyHkuusagap, pyHKUMAHUHI TYJia BaApDHALUACH Ba

YJIAPHHUHT X0ccajgapu

HNmpan makcaa: MaremaTuk aHaJIU3HUHT OMOMaTeMaTHKa, MEXaHUKa, OMMaBHI
XU3MaT Ha3apusIcH, TeOMEXaHWKa Ba OOIIKa coxajapjard KEeHT KYJUIaHWIMIIAHU
TymryHTUpHUIl. Yeknu Bapuanusiii (QyHKIUSHUHT Tabpu(u Ba XoccalapuHHU, Xamja
CTunTbeC HUHTETPpAIM Ba YHHMHI XOCCAJJApUHM KEHIPOK YpraHUIl Ba MHUCOJIIAP

épraMuia TaTOMK ATHIII.
NHm 0askapuil y4yH HaMyHa:

1-MucoJ. Yuoy:

-

. T .
x? sin—, azap x#0 oOynca,
X

f(X) =5
0, acap x=0, 6yrca

Gyuryus uxmuépuii yvexnu [a,b] xecmaoa vexnu sapuayusea sea.

> with(plots) :

X -sin(lj 0<x£2.

b

> 0 x=0

xzsin(lj O0<xand x<2
f= X

0 x=0
S -

> smartplot( );




2n 3n o-on o on O}l m om 3m 2m
2 2 2 2

plot(£,x=0.2,-5 .5, color=red, thickness = 2, discont = [ usefdiscont= | bins
=35]], grid=1100, 100]);

4
7
0 —— N 77—
051 13 )
X
_3
_;I_-




]—COS[%)TE O0<xand x<2

[\

=

w2

z
VR
= |a

0 x=0

plot(g,x=0..2,-5..5, color=red, thickness = 2, discont = |usefdiscont = [ bins
= 3511, grid=[100, 100]);

<«43-Teopemanan dorgananud KypcaTaMus:
T
X

x#0ma  f'(x)=2xSin%-zCosZ  pa
X

x=0xa f'(0)=rim =10 _ KimAxSinizo

AX—0 AX AX—0

Oynranu yuyH uxtuépuii yekiu [a,b] kecmana yioy:
(0| <2- o]+ 7 =L

TEHTCU3IMK YpuHIU O0Vmaau. Yuaa 3-reopemara kypa f(X) ¢ynkums [a,b] na gexmm

Bapuauusra sra.p»




2-MucoJa. Kytiuoaeu Cmunmvec unmezpanu XucoOiaHCum.:

(S)szdfn(1+-xx

< (S)j x*d/n(1+ x) =(( (12) - popmynanan doiinananamus))

2
[é;—x+£dx+ﬂ]

2

2
=(R) [~ dx= jx 1+ o —2-2+/n3=/n3.
o X+1 x+1

3-Muco. Kyiuoaeu Cmunmvec unmespaiu XucoOiaHCum:
3
()] xdg (),
—1

0y epoa:
0, aeap x=-1 o6ynca,
g(x)=<91, aeap -l<x<2 6yica,
-1, aeap 2<x<3 oyrca,

<« g(X) pyHKIEsIHAHT X = —1 HyKTaJarud cakpaind -1ra, X = 2 HyKTagard cakparim —2
ra Tenr xamaa X #—1;,2 mykramapaa g'(X) =0. Yunga (13)-popmynara kypa

KyHlnaarura sra 0yiaMms:

(S)ixdg(x) = 1.(1-0)+2(-1-1) =-1-4=-5

> Mmucoa 9

> with( plots) :




-1 1
0<x<—
> y(x) =1 In(x) 2 fjm 2
x—0 x
0 x=0
v =x—piecewise| 0 <x and x < E— x=0,0
— 27 In(x)’ ’
undefined
> plot(v(x),x= 0.. %, color = [red]);
1.4
12
1_
02 -
06 -
0.4
02
I:I 1 1 I 1 1
i 01 0.2 03 0.4 0.3
>
> Mucoua 10
s f(x) = sin(x) . x>m




> plot( );

> with( plots) :
> plot( f(x),x= Pi..20- Pi, color=[green]);




i

| .{\/\/\./\/\M\f\
S \7 \7 7 e o W G

-0.14

02 J

> lim, f (x);




> plot(g(x),x= -10-Pi.. 10- Pi, color=[green]);

1.1 -

ANND LA A A
1 24 \@fc v v 0] EnvdﬂVﬁEUEEMDE

-03 4

0.4 - v
>

>Pi=x0<xI=3Pi1/2 <x2=2P1<...<x2n-1=nPi-P1
/2 < x2n=nPi

>

Pi=x0<x1=3 Pi/2<x2=2 Pi<...<x2n-1

> f(m);
0
RN/
> f(T),
2




Sm
>f(7),

2
Sn
> with( plots) :
> 4 1
> = —| |
) = 2 (5= )
n
4
vi=n—
i—2m(2i—1)

>
> plot(v(n),n= 2..10, color = green]);

1.4
131
131
11
.
05-
031
07-
06-

0.5

13 4 3 6 7T 8 9 10
H

> plot(v(n),n= 2..20, color=[green]);




1.8+

1.6

1.4+

1.2

1.0+

024

0.6 4

w:=n—>zL2
=T

>

>

> plot(w(n),n= 2..20, color=[red]);




1.5
1.50
1.45-5
1.40
1.35-5
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> MmucoJ 14

> u :=x—>piecewise(0 <xand x < 1,x2,x= 1,2, 1 <x
and x < 2, 3);

u :=x—>piecewise(0 <xand x <1, xz, x=1,2,1<x

andx£2,3)

> W= x—)piecewise(O <xandx <1, 2-x2, I <xandx
<2,2);

w :=x—>piecewise(0 <xand x <, 2x2, ] <xand x

<2,2)




> p = x—>piecewise(0 <xand x < 1,—x2,x= 1,0,1 <x

andx < 2, 1);
p :=x—>piecewise(0 <xand x <1, —x2,x= 1,0, 1 <x
and x < 2, 1)

> plot(p(x),x=0.2,-1..3, color = green, thickness =2,
discont = true);

3

1.5 2

-14

> plot(u(x),x=0.2,-1..3, color = blue, thickness =2,
discont = true);




-1

> plot(w(x),x=0.2,-1..3, color = red, thickness =2,
discont = true);

e




> plot([u(x), w(x), p(x)],x=0.2,-1..3, color = | blue,
red, green, thickness =3, discont = true, grid
=1100, 100]);

3_

1.5 2

>

Mmucou 15

> g = x—>piecewise(0 <xandx < 1,x2,x= 1,51 <x
andx£2,x+3);

g :=x—>piecewise(0 <xandx <], x2, x=1,51<x

andx£2,x+3)

> plot(g(x),x=0.2,-1..6, color =red, thickness =2,
discont = true);




54 ¢/
4

0.5 1 1.5 2
x

-1 4
> fl = x—>piecewise(0 <xandx < l,xz,x= 1,51 <x
andeZ,x—I—S)
f1 :=x—>piecewise(0 <xand x < 1,x2,x= 1,51 <x
andx£2,x—|—5)

> plot(f1(x),x=0.2,-1..8, color = blue, thickness =3,
discont = true);




0.3 1 1.5 2
x

-1
> f2 := x—piecewise(0 <xandx < 1,0, 1 <xandx < 2,
2);
12 :=x—piecewise(0 <x and x < 1,0, 1 <x and x
<2,2)

> plot(f2(x),x=0.2,-1..5, color = green, thickness =3,
discont = true);




1.5 2

—_

0.3

B

> plot([g(x), fl1(x),f2(x)], x=0.2,-1..8, color = | red,
blue, green, thickness =3, discont = true);

8_
'F_

A -

i _——
/

0.5 1 1.3 2
x




MycTrakuj e4ul Y4yH MUCOJLIap:

1-mucoa. Kytiuoaeu Cmunmovec unmezpaiiapu XucoOaaHcum.

T

a) (S)i xdsinx;  0) (S)j xdarctgx .

2-MUCcoJ. Kytiuoaeu Cmunmuvec unmezpaniapu XucoOaaucum:

()] x*dg(x),

0y epoa:

-

-1, aeap 0<x< % oynca,

0, aeap %£x<g oynca,
g(x) =

2, aeap x=§ oynca,

-2, aeap g <x<2 oyica.

3-MucoJa. Cmuimvec unmespaiiapu YUcOOIAHCUH.
2 2 2
@) (8)[xdg(x), @) (S)[x*dg(), ) (S)[( +1)dg(x).
-2 -2 -2
4. lnterpanHu XUcOOJIAHT.

1) jsin xde”
0




2) | xdcosx

O =y N

1
3) I x“darctgx
-1

, -1, aeap x=-2
4) J'xd¢(x) oy epna @(X)=10, geap 2<x<1
-2
-1, ageap 1<x<?2
(X2—2, acap —3<x<-2
0, aeap —-2<x<-1
2
5) J'(x—l)d¢(x) 6y epra o(X) ={2Xx+1, aeap -1l<x<l1
-3

X, aeap 1<x<2

3, acap x=2

(2, azap x=-3
X+2, acap —-3<x<-1

3
6) j xdg0) Byepma p()=1, L. 4. g

x? -1, acap 0<x<3

X, aeap 0£x<%

7) _[Sinxdgﬁ(x) oyepma @(X)=<2, aeap x=—,x=7x
0

NN

V4 /4
X——, aeap —<Xx<71
2 2

8) T (x+2)d(e* sgnsin x)

9) T(x —1)d(cos xsgn x)




[ ¢ +1dg(x)

Oy epma

X+2, aeap —-2<x<-1

P(X)=<2, aeap -1<x<0

X% +3, acap 0<x<2




3 Ba 4 — amaJguil mamryJjoraap: lapmonuk Ba

cCyOrapmMoHMK pyHKUIHSAJAP

HMmpan makcan: bus Kyitnna rapMOHUK Ba CyOrapMOHUK (YHKIHSJIAPHUHT HT
cola, 3apyp XOccajJapuHU YpraHuml OwiaH Oup KaTopjaa, yJapHHHT TOJIOMOp(d

dbyHKuMsIIap OusiaH OOFINK MacajalapuHu KYypud YnKamus.

NiHu 6a:kapuin y4yyH HaMyHa:

1. U(X,y) =Xy dyHKIHS rapMOHUK GYHKIHS OYi1a oa uMu?
> U= X)),
U=xy

s plot3d(u,x=-4 .4,y =-4 .4, color=red, thickness =2, grid =100, 100 ]);

Jlannac Tenrinamacu 0yindya QyHKIMSIHY TAPMOHUKIIMKIa TEKIIUPAMU3, STbHU:




2 2 2
M_y 9U_g U, 2U_pi0-0
OX OX oxX~ oy

Hemak, U QyHKIUs rapMOHUK OViaiu.
2. u(x,y)=x*—y*+x dyHKuHs rapMOHUK QYHKIHS GYI1a OagiMu?

Jlanumac Tenrnamacu Oyiinda (yHKIMSHA TAPMOHUKIIMKIA TEKITUPAMU3, STHHU:
o° 0

A=—+
ox> oy’

0

8_u:2X+1 a—u=—2y
OX oy

2 2
Fu_, du_,
OX oy

A=2-2=0

Tyt

Hemak, U QyHKIMs rapMOHUK OViaau.
L r=m(y 2 )7 );
f:Z% ln(x2 + yz)

splot3d (f,x=-3.3,y=-3..3, color =green, grid =100, 100]);
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z—In(|lz — 1] |z + 4|)

g.

> g(z) =In(lz — 1|-|z + 4]);



MycTakui e4yMin y4yH MUCOJLIIAp:

1. Arap f(x) ¢yuxkmus DcR" coxama roxopuman spum y3iykcus 63yiica, y
xonga uxtuépuit M € R conu yuyn ymoy {XeD: f(X) <M} tynnamuunr ouwmk
TYIUTAMIIATY UCOOTIIAHCHUH.

2. Dc R" coxana 6epunran uxtuépuii @(x) GyHKUUsACH yuyH ymioy:

@, (y) =lim sup o(x) ,
r—0 B(y,r)

@,(y) =Tim ()
(GyHKOUSITapHE Kapaliik. @, Ba @,apHd D 1a 10KopuaaH SpuM Y3TyKCH3JIHTH
UCOOTJIAHCHH. @, = @, XaKWJla HUMa JIeHUII MyMKUH?
3. S(x°,r) cdepana uxTuépuii 6open ymuamu  Gepuiaran OymcuH. Y Xonda

ymoy U(X) = J. P(X,y)du - Ilyaccon wHTErpaid Xakuaa HAMa ACHHII MyMKHH?
s(x°,r)

Wurerpanauar B(X°,r) 1a rapMOHMKIMTM MCOOTIAHCHH, YerapaBHil KHHMAaTIapH
AHHUKJIAHCHH.
4. DcR® coxama uXTHEpHii Ue Sh(D) yukius  yuyn myHgai

u;(x) € Sh(D)NC~(D) xerma — keTMK MaBkKyaKH, U, (X) du(x), j— oo. UxTuépnii

D cR" yuyn 6y tacauk ypunmumu?

5. u(x) e Sh(D) 6y1u6, 0< o <2 Taiinnmanran coH 6yncuH. Y xomma Ve >0

U,)<e 6ym6, u(x)eLip®,(D\U))

a

yuyH myHgaii U, < D wmaexyaku, H

2n—2+a
Oynmamu.  ByHman coxanza myHmaii  @(X) e Lip”,(D)  maBxynkw,

o(X)=u(x), xeD\U oskanmuru xenu6 umkagu. Kyiingarn MyaMMo Xakuga HHMa

loc
o

neimm mymiun? lyamgain @(X) € Sh(D) (M Lip, 5, (D) maexynmuku, xe D\U na

@(X) =u(X) 6¥acun.

! 10J1Ty34a OmitaH Mypakka0 €Ky Xxo3uprava Xaji KWIHHMaral Macajianap OeiruiaHraH.




6. F(D) cundra termnum ynkuusra mucon kenrtupunr. F(D) nma oumk
TYI1aM, aTpod TYIUIyHYaCHHU OCPUHT.

7. bup Hykrara, auckper Hykramapra, [a,b] xecmara, S(0,1) cdepara, B(0,1)
Iapra TeKUC JKOMIamran Oupiuk 3apsa (Yadam)aapra Moc yMyMIIaiirad QyHKIHsIiap

XyCyCUSITIapu YPraHWICHH. YJap y4yH XyCYCHUW Xocwiiajap XUCOOIaHCHH. XyCycui

xocuiayiap yidam Oyna ojlaguMu?




§ —aMaJM#il MAWIFYJOT:
CyOrapMoHUK pYHKUMSAHUHI yPTAa KUNMATJAapH m(u,r) Ba n(u,r)

Jap

Nmpan makcaa: CyOrapMoHUK (QYHKIMSHUHT YpTa KHMaTiIapu m(u, r) Ba n(u, r)

Jap Ba YJapHHUHI XOcCcajapu, Xamja yjiap opacujard OOFJIaHUIIHU YpraHUIIIaH

uoopar.

Nam 0askapuil y4yH HaMyHa:

MOHOTOH KamMarOBYH CY6FapMOHI/IK Q)YHKHI/IHJIap KCTMa-KCTIIMTTMHUHI JINMHWTH

CcyOrapMoOHUK OYJIUIIMHA UCOOTIIAHT.

u;(x)esh(D), u;(x)=u;,,(x) (j=12..,) =limu;(x)eSh(D)

J joo
Hcobor:
uj(x)esh(D)  uj,(x)<u;(x)

(i=12..) =limu,(x)esh(D) vx,,

joo 1

fimu, () <u, ()

X—=>Xp

lim limu, (x) < limu, (x,)

jo X%, joo0

limlimu, (x)<u; (x)<u(x,)

X=Xy j—oo

limu(x) <u(x,) -

X—>Xp




MycTakui e4yMin y4yH MUCOJLIIAp:

1) CyOrapmoHMK (QYHKOUSUIAD YYyH JIOKQT MaKCHMyM TIPUHIWIHA  YPHHIH
SMACIUTUHM KYPCATHHT, SBHH, CybrapMoHMK (yHKmus X €D Hykrama nokan
MaKCHMyMI'a OJpHINUIIUAAH YHUHT KOHCTaHTa OYIWIIM KenuO YuKMaian. AWHU
naitaa, rapMOHUK (DYHKIMSUIAp yIyH 3ca Oy IPHUHITUT YPUHITH.

2) Kyiugarn Xaprorc JeMMacHHHMHT yMymiaimmmacuau ucoorianr: Dc" coxana
FOKOPUJIaH TEKUC derapananran U;(X), j=1,2,... cybrapmonuk ¢yHKuusnap xerma-

KeTnuru Oepwiran OyicuH. Arap Xap Oup Qukcupimanran Xe D  Hykrama

@u (X)<9g(x) tenrcusmuk Gaxapunca, 6y epaa g(x)eC(D), ynna mxuépuii

KP D kommakr Ba mxtuépuii &>0 coH yuyH myHail J,€N COH Tonmmimamukw,

Oapua j = j,, X€ K nap yuyH

u,(x)<g(x)+e
TEHTCU3JIUK YPUHIIU OYaju.
3) Arap g(x) dakatriHa SpUM y3IyKcu3 (QYHKIUA Oyica y3IyKCu3 g(x)

¢yHKUMsTIap YyuyyH XapTorc JEMMACHHUHI YMyMJaliMacu TYFpH OYJIMAacIUTUHU

HUCOOTIIaHT.

4) 1, perynsap HyKTajap TymiamMuHH F_ THUNpaard TYiuiaM SKaHJIWTH, STHH YHH
CaHOKJIM COHJIarl €MUK TYTUIaMiiap WMFUHIUCH YKAHIUTH UCOOTIIAaHCHH.

5) Arap K < D, D, 6ymu6, X° € K mykra K c D, ra nucbatan perynsap 6yica, y

xonnay K < D, raHucbatan xam perynsp 6yiaanumu? Mucosuiap KeITUPHUHT.

Kaiicu xonna perynapauk tymyHdacu K HuM ¥3 yumra onran coxara OOFJIMK

amMac.

6) Arap umxtuépuii B(x°,&) arpod yuyn (s>0), K NB(x° &) xommakr X
HyKTaja peryusp Oyuca, X' ra soxan peeyiap nykma pneimnama. Arap R"/K -
Gornanran Oyica, y xonga X° € K HUHT perymsip 6NN ya4yH YHHUHT JOKaT PeryJsp

GYIIMIIN 3apyp Ba €TAPIIH IKAHIHTHHA HCOOTIIAHT.




7) Uxrtuépuii nomsp 6ynmaran komnakt K < R" yayn K, < K - perymsip kommaxr
MaBxkyaMu? K HU wuugaH peryissp KOMIAKTIap OWilaH SKWHJIAIITHPUIIT MyMKAHMU?
K;cK,,, K; - perymap (j=12,..) xommaktmap MaBXyAMHKH, |—>00 J1a
o(x,K;,D) T w(x,K,D) 6¥ncun.

8) VYMywmnamran ¢yHKOUsIap KeTMa — KETJIUTH {fﬂ; Rpﬁﬂraﬂ O0ynu0, uXTUEpUiA
¢ € F(D) yuyn !m f; ()= f(#) O6Yncun. ¥ xomna f; ketma — ketmux f ra (xyucus)
AKUHIQUYe4Y JedWIand Ba Kabu Oenrwnanamu. f HM  ymywmnamran  (QyHKOAS
9KAHJIUTHHU UCOOTIIAHT.

9) Arap f(X) ¢pynxkmus D cR" coxama rokopuman spum ysiykcus Oyica, y Xomaa
pxtuépuii. M eR  coun yuyn ymby {XeD:f(X)<M} rymmamauar o4uk

TS'/HJIaMJII/IFPI UCOOTIIAHCHH.

10) S(x°,r) cdepana uxTuépuit 6open ymuamu 4 Gepunrad 6yncuH. Y Xonma ymoy

u(x) = j P(x,y)du - Ilyaccon wuHTerpaid Xakuga HHMa ICHHII MYyMKHH?
S(x%,r)

Wurerpanauar B(X°,r) 1a rapMOHMKIMIM MCOOTIAHCHH, YerapaBHil KHHMAaTIapH
AQHUKJIAaHCHUH.

11) DcR® coxama  uxtuépmii uUe Sh(D) pyakius  yuyn  myHgai
u;(x) € Sh(D)(1C”(D) xeTma — KeTJIMK MaBkKyaKH, U; (X) du(x), j— oo. UxTuépnii

D cR" yuyn 6y tacauk ypunmumu?




6 — amanamii MamryJaoT: Yekau Ba YeKCH3 COHIAru CyOrapMOHUK

pyHKUuUsIap cCynpeMyMHu, OKOPH JIMMHUTH.

Nmpan makcaa: Ymly amanuidi MalFyiaoT 1aBOMUAA YEKJIU Ba YEKCU3 COHJATU
cyOrapMoHHK (yHKUMATAp XOccaJapu Ba CYNPEMyMH, TEKUC 4YerapajaHra
cyOrapmMoHMK (QyHKUMSUIap OWJlacMra Ba  CyOrapMOHUK (QYHKIUSAJIApD KeTMa-
KETJIUTUHUHT OKOPH JUMHUTHHM XHCOOJAIra JOMp MHCOJUIAPHH, Xaprorc

JIEMMAaCUHMHT TaTOMKWTa OWJ] MacajlalapHU ypraHaMus.
Nam 0askapuil y4yH HaMyHa:

IOkopunan nokan Tekuc uerapananran {U;(x)} < Sh(D) ketma — kermmk
VxeD na !L_r?oui(x) < A(X) maprau 6axapcun. Arap A(X) € C(D) 6¥aca, Xaprorc
nemmacura kypa U, (X) < A(X) + & TeHrcusznmuk D cOXaHMHT MYM/IA TEKUC YPUHIMMD.
by nemma siHa kanmaii A(x) map yuyH Ypunnu? HOkopuman €ku KyiumaH spum
y3nykeu3 A(x) GyHKIUAIAp YAyH YHHHT YPUHIN SMACIUTHHA KYPCATHHT.

K ¥ p cartwma. ®apas kunaiinuk, U(X) € Sh (R") ¢yuxuuscu x =0 nykraga

yswmamira sra 6ymran, limu(x) <u(0), dyukums 6ymu6, u;(x) e Sh(R")C*(R")

x—0

MOHOTOH KamaioBud, U(X) ra MHTWIYBYM KeTMa — KETIMK OYncuH: U;(X) Jux). v
xonma {u;(X)} Ba A(X)=u(X) ydyn Xaprorc semmacu ypuHiu smac. By epra
A(X) = u(Xx) yzmykcu3 6ymmacaaH, pakat IOKOpHIAH SPUM Y3ITYKCH3.

DHIIM KyWHJIaH SIpUM Y3JyKcU3 (QyHKLIHS YUYyH XaM XapTorc JIEMMAacH YPUHIH
Z - —

1
s, )

Joupanap WMFUHIMCUHY IIYHJIal TaHJIall KePaKKH, V*(Z, E)|Z=0=1 oyncun. Y xomnna

6ynmaciurunan kypcatum yuyn C=R® Ttexmcnmukma E :Uljk :U{
k=1 k=1




m
E, =UUk ned, z,€E Hykramapuu Ba «, >0  COHJapHM UIyHJAll TaHJAII
k=1

MYMKHWHKH,

u (z)=V (z,E,)+ max{iln|z| , O}
(04

m

1
CyOrapMOHUK (yHKIMsJIAp KETMa — KETIUrH yuyH U_(z ) > > Oaxxapunaau. Jlemaxk,

0 _
2z ek yuyH limu_(0)=0 nurunan, Oy kKeTMa — KETIMK Y4yH XaM XapTorc

nemMmacw ypuriau smac. byamna A(z) =V (z, E U{0}).

MycTakui edyuiln y4yH MUCOJLIAP:

1)  Ajfraiimuk, u, (x)esh(D)NC(D) Ba I_i_muj (X)S 0 Oyncun. Y Xonga miyHgai
J—o®

Xed Kaepaa 3ud 0yiamaran S < D tyrutam tormnu6, D\S na {uj (X)} KeTMa-KEeTIIUK

JIOKaJT IOKOPHJIaH TEKUC derapaiadrad oymumuHu ucootnanr. lynnai kumubd, D\'S
na XapTorc JIEeMMacy YpHUHIIH.

1 , arap x = P panuoHal COH
2) [l ma anukia"ran U (X) =4 C q byHKIUA

—1, arap x — UppALOHAI COH
Kyinmarn xoccara ora: U(X)#0, ammo u*(x)=0. Xamma epaa u(x)<u’(x)
TEHICU3IMKHE KaHOATIAHTUDPYBYH, KyHHaH SpuM y3iykcus Oymran U(X) ¢yHkums

MaBXYJIMH?
3) Jespaum xamMma epla KaHAaWaup CcyOrapMOHHMK (yHKIUS OWIaH yCcTMa-ycT
TYIIyBYH FOKOpUIAH SpUM Yy3IykKcu3 (GYHKIUS y OWIaH xXamMma epja yCTMa-ycT

TYIIMIIAHA UCOOTIIAHT.

4)  dapas kunaitnux, U, (x) e Sh(D)(NC(D) 63mu6, limu ;(X) <0 6yncun. Y xonna
J—00

myHaail 6ym 6yamaran B < D arpod maBxynku, B na Xaprorc nemmacu ypuniu




OymummHY, SpHU UXTUEPUN ¢ >0 y4dyH mIyHIail |, HUHT MaBXy[ OYyaumwHU, | > ],

napza U;(X) <& OYnmumHn ucOOTIaHT.

5  Arap f(x) ¢pynxmuas D cR" coxana rokopuman spuM y3aykcu3 0yica, y Xoaa
uxtuépuii. M eR  comn yuyn ymoy {xeD:f(X)<M} tymaamHuHr OYMK
TYIUIAMJIMTH UCOOTIIAHCHH.

6) S(x°,r) cdepana nuxtuépuit 6open ymaamu 4 Gepuras 6yncuH. Y Xonaa ymoy

u(x) = j P(x,y)du - Ilyaccom wuHTerpaiud Xakuga HHMa ICHHIIT MYyMKHH?
S(x%,r)

Nurerpamamar B(x°,r) 1a rapMOHMKIMTH WMCOOTIAHCHH, derapaBHil KHiiMaTiapu
AHWKJIAHCHH.

7) DcR® coxama wuxTHépHil uUe Sh(D) yukiuss  yuyH  myHgai
u;(x) € Sh(D)NC”(D) xerma — keTMK MaBxkKyaKH, U;(X) du(x), j— oo. Uxtnépuii
D cR" yuyn 0y tacauk ypuraumu?

8) D={0< |Z| <1} c C rtemmk moumpanma rapmonuk U(z)=In |Z| (GYHKIHACH YIyH
f(z) e Sh(D) , Re f(z) =u(z) maBxynm sMacIUruHU KYPCATHHT.

9)  (Jlenom). Arap U(z) dbyHKImsicH Xap OUp apryMeHTH Oyiindya rapMOHUK OyJca, y
N - FapMOHMKAUP, SHHH Xap OUp apryMeHTH OYitnda rapmMonukaurugad yauar C2 (D)

cuH(ra TerunTuInTu Keauo6 unkaau. Mcbotnanr.




V. KEUCJIAP BAHKH

Case 1. OyHKIMSHUA YEKJIW Bapualysra 3ra OYJIMIUIMK OWjaH YHHHT YEKJIU
JUMUTTA 3ra OYIUIUIMK Opacuaard MyHocaOaTHU aHWKJIAHT.

dapa3 kunaiuk  f(X)  ¢ysakuusa [a,too] opanMKaa aHUKIaHTaH 0yau0,xap

t

KaHI[aﬁ [a,t], (t>a) KEeCMada YCKIIN BapI/IaIII/IHFa ara 65'/J]CI/IH. Arap Iim Vf
t—ow a

JIMMUT MaB)Ky,Z[ 657.]103 5 Iimf(X) MaB}Ky,I[J'II/IFI/IHI/I I/IC6OTJIaHF.TeCKapI/ICI/I

X—>+20
YpuniauMmu? Mucoiuiap KEITHPHUHT.

Case 2. Jlunmuil mapTUHU KaHOATJIAaHTUPYBYH (PYHKIMS YEKITU BapHalusra sra
[2-Teopema, 1-Mabpy3a]. YOy TaCIUKHUHT TeCKapHCH YpuHImMHu? Mucoiuiap
KEJITUPHHL.

Case 3. Maple mactypu épaamuna GyHKIUSHA TYJIHK BapUAITUSICHHA

XHUCOOJIaHT.
f(x) =C0s? X dbyukmusau [0, 1] opaiMKaa MKKUTA YCyBUM (GYHKIUSAIAp aWnpMacu

aKJInaa upoaaianr.

s with( plots) :
> f(x) = cos”(x);

f:=x—>cos(x)2

s plot( f(x),x= 0..Pi, color=[black]);
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1 1
h :=x—>piecewise(0 <xand x < o 1 -2 cos(x)z, P

<Xx andxén,lj

1 1
x—>piecewise(0 <x and x < P 1 -2 cos(x)z, P <X

and x < T, 1]

s plot(h(x),x= 0..Pi, color=[blue]);
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1 1
g = x—>piecewise[0 <xand x < PRL 1 — cos(x)z, P
<xand x <m 1+ cos(x)z)
: : 1 2 1
x—piecewise| 0 < x and x < PRL 1 — cos(x)7, o <X

and x <m, 1+ cos(x)z)

s plot(g(x),x= 0..Pi, color=[red]);

24

plot([h(x),g(x), f(x)],x=0.Pi, -2 ..4, color = [ blue, red,
black]);
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Case 4. Ctuntbec HHTETpauaa aJAUTUBIMK X0CCaCH Kalcu Xonaa YpuHin?

Case 5. Cruntbec unterpanu mapxyn oymaauran f(X), g(X) dyakuusuiap yayH
MUHUMAaJ CUH(HU aHUKJIAHT.

Case 6. 'omomopd QyHKIMSIHU YHUHT XaKUKUI €KX MaBXyM KUCMHU EpAamMuaa

KaHJal ycyiiap OuiiaH THKIA MyMKHH?




VI. MYCTAKWJI TABJIUM TONIIINPUKJIAPHU

1. Yuly:

XCOSE arap X # 0 6yica
f(x) = oy P Y
0, arap x=0 6¥ynca

(GYHKIUSIHUHT UXTHEPHUN KeCcMajla YeKITH BapHalusra 3ra OYIuIg KypCaTUICHH.
b c b

2.V f(x)=V f(x)+V f(x), a>c>Db renrnuk ucbornaHcus.
a a c

3. f(X) pynukuus [a,b] ma yeknu Bapuanusra sra 6yica, yuaa

9()=V f(t)
¢dyukuusauar [@,0] na Ycysum Ba yerapananrad GYMIIM KCOOTIAHCHH.

4. TyrpunanyB4M OYIMaran 4u3uKKa MUCOJ KEITHUPUIICUH.

5. Kylinnarn GpyHKUMATApHUHT TYJIUK BapUAUsCUHU XUCOOJIaHT:
1) f)=vX,  xe[t4]
2) f(x)=arctgx , xe[-L1]

3) f(x)=[x] . xe[-13]
4) f(x)=x?, x e[-2;3]
5) f(x)=sinx, x e[0;27]

6. OyHKUMSHUHT TYJIUK BapHALUACUHN XUCOOJIAHT:
0, x=0
f(x)=<1-x, O0<x<l1
5, x=1

{. OYHKUUSHUHT TYJIWK BapHALMSICUHU XUCOOJIAHT:




x-1 x<1
f(x)=410, x=1

X2, 1<x<?2
8. Ymily:
x2cosZ, x£0
f(x) = X
0, x=0

¢yukusan [0,1] kecMaaa YeKiIu Bapualusra sra SKaHJIUTMHA UCOOTIIaHT.

9. Yuoy:

1
Xsin—, X#0
f(x)= X
0, x=0

byukuusau [0,2/m] kecMaia YeKIM BapHalysra sra SMacJIuruHu UCOOTIIAHT.

b b
10. Arap \/ f(x) = A 6¥ynca,y xonna \/ (kf (x)+m)

11. Arap f(X) ¢ynxkmma D R" coxama roxopuman spuM y3inykcus Oyica, y
xonga uxtuépuiit M € R conn yuyn ymoy {XeD: f(X) <M} TymiaMauar o4mk
TYIUTAMIIMTH UCOOTIIAHCHH.

12. D = R" coxana Gepunran uxtuépuii @(x) QyHKuMsICH yayH ymoy:

@ (y)=lim BS(up) o(X) ,
y,r

@,(y) = limo(x)
(GyHKUMSIIApHY KapaillinK. @, Ba @, dapHu D &a FOKOpUaaH SpuM Y3ITyKCH3IUTH
UCOOTJIAHCHH. @, = @, XaKWJla HUMa JIeHUII MyMKUH?
13. F(D) cundra terunum ¢ynkmusra mucon kentupunr. F(D) na ouuk
TVIu1aM, aTpod TYIIyHYaCUHU OEPUHT.
14. bup HykTara, guckper Hykramapra, [a,b] xecmara, S(0,1) cdepara, B(0,1)

mapra TeKHC >KOWamran Oupiuk 3apsy (Yiagam)inapra Moc yMymiiamrad QpyHKiusiap




XYCYCUSTIApH YPTaHWICHH. YJap YYyH XyCYCHU XOCHIajap XUCOOIMaHCHH. XyCyCcuit

xocuiianap yiadam Oyna omagumu?
15. Ymymnamran ¢pynkuusiap kerma—keraura {f;} Oepunran 6ymm6, nxru€puit
¢ € F(D) yuyn lim f,(¢) = f(#) 6yncun. ¥V xonna f; ketma — kermux f ra (xyucus)
J—>x©

Kyucus

aAKuHaauiyeyu nevinnand Ba f j — 0" 5 f kabum OenrmwnaHagu. f Hu yMmymiamirad

(byHKIUS SKaHJIUTUHA UCOOTIIAHT.

16. Uxtuépuit 6open ymuamMu g ydyH HIyHAAH TUCKPET (IUCKPET HyKTajapra
JKOWIAIITaH) yadamiap KeTMa—KCTIMIH [f; MaBKyAKH, p;— > 4 Oymanu.
NcGoTnanr.

17, S(x°,r) cdepana uxtuépuit 6Gopen ymuamu 4 Gepuras 6yncuH. Y Xomaa

ymoy u(x) = .[ P(x,y)du - Ilyaccon mHTErpaaM Xakuaa HAMA JCHHUIIT MyMKHH?
s(x%,r)

Wurerpanauar B(X°,r) 1a rapMOHMKIMTM MCOOTIAHCHH, YerapaBHil KHHMAaTIapH
AHMKJIAHCHH.

18. DcR? coxama wuXTHEpHil Ue Sh(D) pyukiust  yuyH myHgaii
u;(x) € Sh(D)NC”(D) xerma — keTMK MaBxkKyaKH, U, (X) du(x), j— oo. UxTuépnii

D cR" yuyn 6y tacauk ypunmumu?




VII. TJTIOCCAPUM

Tepmun V36ex THINIATH MAPXH WHIIu3 THIMIATH TIAPXH
Yexkiau . . h
= or every n € N the sums
BapHANUSLIH 9= | F (%) = F (%)) .
k=0 —
PyHKuus 4, = Z| f(X0)— f (Xk)|
k=0

Function of finite

variation

nurunaunap vne N yuayH

IOKOPHU/IaH TCKUC YCTrapalaHTaH

upper uniformly bounded

Tynauk Bapuauust
Combined

variation

\; f(x) = Sup{3 }

\; f(x) = Sup{3 }

byaakiu MOHOTOH
Piecewise

monotone

(ynxums xap 6up [3,,8, ]

KecMaJla MOHOTOH

If function monotone on every

[ak ' a'k+1]

Jlunmmun maprTu

Lipschits condition

myHjaai L>0 con ronuicaku,

HXTHEHUIL X, X € [a,b] HykTamap

yayH \f(i)—f(x)\gl_-\i—x\

For any x,x [a,b] there exists
L>0 such that
\f(i)— f(x)\s L-\i—x\

Cruarbec
n-1 n-1
ALELTET DL o= f (gk)[g(xkﬂ) 9(X, )] = | 0= f(&) [g(xk+l) 9(X, )] =
WHFMHIUCH . 0 . =0
The sum of = Z f (gk)Ag(Xk) = Z f (gk)Ag(Xk)
k=0 k=0
Stieltjes integral
/imo =1 wmaexynBauekmu | /imo =1 exists and finite, and

Cruarnec
HHTErpau

Stieltjes integral

A—0
O0ynu0, yHUHT KUiMaTH [a,b]
KECMaHUHT OYJIMHUII YCYJIHTa

xamza yHjaaru &,

HYKTAJIAPHUHI TaHJIaHUIINUTa

250
its value isn’t depending on
partition of [a,b] and selection
of the points
&, on [a,b]




OoFruK OVimaca.

AapOy —
CTHITbEeCHMHT
KYiH Ba OKOpHU
WUFUHAWIAPU
Upper and lower
sums Darbu-

Stieltjes

=it {100}

(X X

m,
M, = Sup {f ()},

(% Xs1]

=it {100}

Xic 1 Xk 41

m,
M, = Sup {f(x)},

[Xk 'Xk+1]

AapOy —
CTUIATbECHUHT
KYilH Ba WKOpHU
HHTerpauiapu
Upper and lower

integrals Darbu-

. =Sup{S} sa I" =inf{S}

l.=Sup{S} and I*:inf{g}

Stieltjes
D cR" coxana 6epunran ueC?(D) function defined on
I'apmonnxk ueC?(D) dyuxums ymoy an open set D c R" if it
by satisfies the Laplace equation:

_ @ o%u o°u

) ) Au +—+..+—=0
Harmonic function 8xf 6x22 9X§ 2u  &u 22U
TCHIJIMKHH KaHOATJIaHTHUPCa X12 axzz axr?
Jlamiac oneparopu 0> 0° 0? ot & ol
A=—+—+..+— A=—+—+..+—

Laplace operator

D coxana rapmoHuk Oynran

Set of all harmonic functions on

h(D)
Oapua GyHKIMSIIAP TYTIIAMU an open set D
R" dazonaru Gupiuk _
Ohn The square of unit sphere on R"
chepaHUHT 103acH
Ilyaccon

rz—‘x—x02 rz—‘x—x02

¢opmynacu P(x,y) = ; P(x,y)= ;
o, r|x—y| o, r|x—y|

Poisson formula




Jdupuxie
Macajaacu

Dirichlet problem

Au =0, u|6D = p(X)

Au =0, u|6D = p(X)

YexkcHus CHIIIINK

o ueC”(D) ueC”(D)
Infinitely smooth
Toaomopd T(2) gymcms 2o €€ Function f(z) C-differentiable
at the any neighborhood of the
T HYKTaHUHI OUpOp U(z,.¢) Y el
' oint
Holomorphic atpoduia C- P
function z,€C
nuddepeHnanIanyBIu
U(X) dbyHKIHS KyHUIard KK
IapTHU KaHOATJIAHTHUPpAOAM:
Function u(x) satisfies
1) u(x) roxopuman
following conditions:
ApUMY3TyKcH3,a6H VX° € D i .
L 1) u(x) — upper semicontinuous
limu(x) < u(x’ : L
yH XLXOU(X) u(x) function: for vx° € D satisfying
CyoOrapmonuk

PA— TEHICU3JIMK YPUHIIN @u(x) <u(x°)

Subharmonic

2) nxtuépuit X° € D HyKTa

yayn r(x°) >0 con

2) For every x° e D exists

function r(x’) >0, forany r <r(x°)

TONUJIAIUKH, Xap KaHaan o ]
following inequality holds

r <r(x°) yayn 1

. u()<s—— [ u(do

u(x’) < ——3 I u(x)do Tnl e

n S(x°.r)
TEHTCU3JIUK YPUHIIU.
D coxama cybrapmMoHUK Family of subharmonic
sh(D) xaa eybrap Y

byHK1IIHAIAp CUHPT

functions on an open set D




Makcumymuiiap
NPpUHIAIIHA
Principles of

maximums

Arap u(x) € Sh(D) dyukums

oupop X° € D nykrana
Y3UHUHI MAKCUMYMHUTa DPHIIICA,

SABbHU

u(x°®) =supu(x)

xeD

oyica, y xomaa U (X) =const

Oymanm.

If function u(x) € Sh(D)
reaches its maximum at the any
pointof x°eD ,i.e.if

u(x®) =supu(x) then

xeD

u (x) = const
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