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A.l1.Eshniyozov. Oliy matematikadan mustaqil ishlar. Amaliy
mashg’ulotlar uchun o’quv go’llanma — Guliston., 2022, 252 bet
O‘quv go‘llanmada analitik geometriya, limitlar nazariyasi, bir o‘zgaruvchi
funksiyalarning differensial va integral hisobi va ularning tatbiglari bo‘limlari
garalgan. Har bir mavzu uchun gisgacha nazariy ma’lumotlar, namunaviy misol va
masalalar to‘lig echimi bilan keltirilgan, mustagil o‘zlashtirish uchun berilgan misol
va masalalarning javoblari berilgan.
Oliy o‘quv yurtlari talabalari uchun mo*ljallangan.
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SO’Z BOSHI

Hozirgi zamon ilmiy — texnika taragqiyoti sharoitida Oliy o’quv yurtlarida
yugori malakali mutaxassislar tayyorlash borasida fizika — matematika fanlariga katta
e’tibor berilayapti.

Oliy matematika kursi bo’yicha chuqur va har tomonlama bilim egallash uchun
fagat asosiy nazariy materialning o’zi yetarli bo’Imasdan, maxsus tanlangan misol va
masalalarni yetarlicha yechish ham zarur bo’ladi.

Bunda masala va misollarning anig matematik ko’yilishi, yechimlarning
asoslanganligi va to’laligi, javoblarning to’g’riligi katta ahamiyatga egadir.

E’tiboringizga havola gilinayotgan mazkur go’llanma Oliy o’quv yurtlarining
bakalavr yo’nalishidagi Oliy matematika dasturiga moslab tuzilgan.

Qo’llanmaning har gaysi bobida gisgacha nazariy ma’lumot bayon qilinib, tipik
masalalar to’lig yechimlari berilgan. Bulardan tashqgari, har gaysi paragraf oxirida
mustaqil yechish uchun masalalar va ulaning javoblari keltirilgan. Ana shu misol va
masalalarni yechish bilangina — cheklanib golish yaramaydi, zero ushbu qo’llanma
tegishli to’plamlarning o’rnini bosishga da’vo — gilmaydi.

Qo’llanma oliy o’quv yurtlarining barcha bakalar yo’nalishidagi talabalari
uchun mo’ljallangan.

Muallif gimmatli metodik maslahatlari uchun UzMU, mexanika — matematika
fakulteti professori, fizika — matematika fanlari doktori R.N.G’anixo’jayevga, GulDU
fizika — matematika fakulteti “Umumiy matematika” kafedrasi dotsenti, fizika —
matematika fanlari nomzodi K.Jomuratovga, hamda “Umumiy matematika” kafedrasi
mudiri dotsent, fizika — matematika fanlari nomzodi X. Norjigitovga o’zining chuqur
minnatdorchiligini bildiradi.

Muallif.



| BOB. Analitik geometriya

Analitik geometriya bobida siz analitik geometriyaning har xil
masalalari: to’g’ri chizig, tekislik tenglamalari va ularga oid masalalar,
vektorlar ustida amallar, vektorlarning skalyar, vektor va aralash
ko’paytmalari, geometrik masalalarga ularning tatbiglari o’rganib olasiz.

Vektorni bazis bo’yicha yoyilmasi
Uchta chizigli bog’ligmas vektorlar sistemasi p, q, r berlgan bo’lib,
agar ixtiyoriy x vektorni ularning chizigli kombinatsiya, ya’ni
X=arp+brq+grr
shaklida ifodalash mumkin bo’lsa, u holda berilgan sistema bazis deyiladi.
Bu tenglik x vektorning p, g, r bazis bo’yicha yoyilmasi deyiladi.
x vektorning yoyilmasi quyidagi ko’rinishda izlanadi:
X=axp+bxq+grr,

Bu tenglama a, b,g larga nisbatan vektor tenglama bo’lib, uch
0’zgaruvchili uchta chizigli tenglamalar sistemasi yordamida quyidagicha
yoziladi:

jaxp +bxg +gxn=x
_:’_ax P2t DX0y g%, =X,
Tatps+ brdg +gxr = x
Tenglamalar sistemasini yechib a, b,g larni topib,
X=arp+brq+grr
vektorni ko’rinishini topamiz.

1-masala. x vektorni p, g, r vektorlar orgali yoyilmasini yozing.



x ={-13, 2, 18},

p={1 1 4},
q={-3,0, 2},
r={1, 2, -1}.

Echim:
x vektorni p, g, r vektorlar orgali yoyilmasi: x=a«p+ bxq+g:xr.
yoki sistama ko’rinishida
iaxp +brg tgxn=x
:'ax Pr + b0, 911, =X,
Taxpy+ brds +gxry = X

Natijada
ia-3b+g=-13
rla+2g=2, x=2

l4a+2b-9=18

ia-3b+g=-13
[-a+6g=28
t4a+2b-g=18
Uchinchi satrga birinchi satrni qo’shib:
ia-3b+g=-13,
t-a+6g=28
15a-b=5

ia-3b+g=-13,
+t-a+6g=28
15a-b=5 |46



ia-3b+g=-13
4294 =58,
15a-b=5

ia-3b+g=-13
fa=2,

15a-b=5

ia-3b+g=-13

i-3b+g=-15
fa=2
6 =5

i-3x5+g =-15,
1a=2,
b =5

ia=2,
ib=5
19 =0.
Izlanayotgan yoyilma: x=2p+5g  ko’rinishida bo’lar ekan.

1-masala. x vektorni p, g, r vektorlar orgali yoyilmasini yozing.



x={-2, 4, T},
p=10,1 2},

“q={1 0, 1,
r={-1, 2, 4}.

x ={-9, 5, 5},
p=4{4,1,1},
"q={2,0,-3},
r={-1,2,1}.

x={-19, -1, 7},

p={0,1,1},
"q={-2,0,13,
r ={3,1, 0}.

x={-1,7, - 4},
p={-121}

' q={2,03},
r={1,1,-1}

x ={5,15, 0},

p={1,0,5},
Y q={-132},

r ={0, -1,1}.

x ={8, 0, 5},
p={201}
©q={1,1,0},
r={4,1, 2}.

x ={6,12, - 13,

p={1,3,0},
“q={2, -1,1},

r ={0, -1, 2}.

x ={-5, -5, 5},

p = {_21 01 1}1

Yq={1,3, -1,

r ={0, 4,1}.

x ={3, -3, 4},
p={1,0 2},

Y q={0,1,1},

r=9{2,-1,4}%

x ={6, 5, -14},

p={11, 4}

11.
gq= {01 - 31 2}1

r={2,1, -1}

x={2,-1,11},

p={1,1,0},

14.
q={0,1, -2},

r ={1,0, 3}.

x ={3,1, 8},
p={0,1,3},

17.
q :{11 21 _1}1

r={2,0, -1}.

x={1, - 4, 4},

p={2,1 -1}

q={0,3,2},
r={1,-1,1}

x ={13, 2, 7},
p=1{51,0}

> q={2,-1,3},

r ={1,0, -1}

x={3,3, -1},
p={3,1 0}

“q={-1,21}

r ={-1,0, 2}.

x=4{6,-1,7},
P :{11 - 21 0}1

12.
q = {_11 1! 3}1

r ={1,0,4}.

x={11,5, - 3},
p=4{1,0,2}

15.
q-= {_11 O, 1}1

r ={2,5, - 3}

x ={8,1,12},
P :{11 21 _l}’

18.
q={30,2},

r={-1,1,1.



x={-9, -8, -3}, x ={-5,9, -13}, x ={-15, 5, 6},

p=4{1,4,1}, p={0,1, -2}, p={0,5,1},
P q={-3,2,0} q={3 -11}, Tq={32 -1},
r={1,-1,2}. r={4,1, 0}. r ={-1,1, 0}.
x ={8,9, 4}, x = {23, - 14, - 30}, x={3,1,3},
p={10,1}, p={21,0}, p={2,1,0},
“q={0,-2,1, “q={1,-1,0} “q={,01,
r={1,3,0} r={-3,2 5} r={4,2,1}.
x ={L,7,0}, x ={11, -1, 4}, x ={0, - 8,9},
p={0,3,1}, p={1,-1,2}, p={0,-2,1},
T9={L-12, " q={3.2,0}, T9={31,-1,
r ={2, -1, 0}. r={-1,1,1}. r={4,0,1}.
x={8, - 7,-13}, x={2, 7, 5}, x ={-15, - 20, - 1},
p={0,1,5}, p={ 0, 1}, p={0,2,1},
P q={3,-1,2} “q={1,-20}, Y q={0,1,-1,
r ={-1,0,1}. r ={0, 3, 1}. r ={5, - 3, 2}.

Javoblar.1.1 X=2p-q+r;12Xx=4p+Q-r;13Xx=-p+3r;14x=-p-q+3r ;
15X=p-39+r;16 x=3p+Q-4r;1.7x=2p+5q-3r;1.8X=p-2q+r;
19X=-p+Q-r;110x=2p-q+3r;111 X=-2p-q+4r;

112 X=-p-39+4r;113x=4p-9q-18r; 114 x=-3p+2q+5r;

115 Xx=3p-6Q+r;116 X=p-29+2r;117Xx=3p-q+2r;

118 X=-p+4q+2,2r;119 Xx=-3p+2Q9;120 X=5p-3q+r 1.21Xx=2p -4q+3r;
122 X=7p-3q+r;123 x=13p +15q - 6r1;

124 X==-3p+Q+2r;125 x=2p-Q;126 x=3p+20q-2r;127 X=2p-4q+3r;1.28

X=-4p+3Q+r;129 x=4p-2q+r;130X=-6p+q+3r.



Vektorlarning kollinearligi

Bitta to’g’ri chiziqda yoki parallel chiziglarda yotgan ¢; va c,
vektorlar kollinear vektorlar deyiladi. Boshgacha aytganda shunday a
topilsaki, B :aa bo’lsa, ya’ni ularning koordinatalari o’zaro proporsional
bo’lishi zarur va yetarli bo’ladi.

Demak,

G 04 0
bo’lsa, kollinear, tenglik bajarilmasa B va q vektorlar kollinear emas

bo’lar ekan.
2-masala. a va b yordamida qurilgan ¢; va ¢, vektorlar

kollinearmi?

a={-12,-1}, b{2,-7,1}, c =6a-2b, c,=b-3a
cg=6a-20={64(-1) -2x2; 6x2-2x(-7); 1-6x(-1) - 2x1} =
={-10, 26, - 8}.
c, =b-3a={2-3x(-1); -7-3+2; 1-3«(-1)}={5, -13, 4}.
~10_% :_8,ya’ni ¢, = -2C,.
-5 -13 4
Demak, ¢, va c, kollinear ekan.
ra={1, -2,3, b={3,0, -1}, c,=2a+4b, c,=3b-a
2a={1,0,1}, b={-2,3,5}, ¢, =a+2b, c,=3a-b.
sa={-2,41}, b={1,-2,7}, ¢c,=5a+3b, ¢, =2a-bh.
sa={1,2,-3}, b={2,-1,-1}, c,=4a+3b, c,=8a-h.
s.a={3,5,4}, b={59,7}, ¢c,=-2a+b, c, =3a-2h.
s.a={1,4,-2}, b={1,1,-1}, ¢c,=a+b, c, =4a+2b.
za={l,-2,5} b={3,-1,0}, ¢, =4a-2b, c, =b - 2a.
s.a={3,4,-1}, b={2,-1,1}, ¢, =6a-3b, c, =b-2a
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s.a={-2,-3,-2}, b={1,0,-5}, ¢, =3a+9b, c, =-a-3b
wa={-1,4, 2}, b={3,-2, 6}, ¢c,=2a-b, c, =3b-06a.
na={5 0-1, b={7, 2, 3}, c,=2a-b, ¢c, =3b - 6a.
ra={0, 3,-2}, b={1,-2, 1}, c, =5a-2b, c, =3a+5b.
wa={-2,7,-1}, b={-3,5, 2}, ¢, =2a+3b, c,=3a+2bh.
wa={3,7 0} b={1,-3, 4}, c,=4a-2b, c, =b-2a.
sa={7,9,-2} b={5, 4, 3}, ¢c,=4a-b, c,=4b-a.
.a={5, 0,-2}, b={6, 4, 3}, ¢, =5a-3b, c, =6b-10a.
wv.a=9{8, 3,-3, b={4,1, 3}, ¢c,=2a-b, c,=2b-4a.
w.a={3,-1, 6}, b={5, 7,10}, ¢, =4a-2b, c, =b - 2a.
wa={1,-2, 4} b={7, 3,5}, ¢c,=6a-3b, c, =b-2a
oa={3,7 0} b={4, 6,-1}, ¢,=3a+2b, c, =5a-7h.
aa={2,-1, 4}, b={3,-7,-6}, ¢, =2a-3b, ¢, =3a-2b.
2 a={5-1,-2}, b={6, 0, 7}, c, =3a-2b, c, =4b-06a.
s a={-9 5 3, b={7,1,-2}, ¢c,=2a-b, c, =3a+5b.
sa={4, 2,9} b={0,-1, 3}, c,=4b-3a, c,=4a-3b.
s a={2,-1, 6}, b={-1, 3, 8}, ¢c,=5a-2b, c, =2a-5bh.
sa={5, 0, 8,b={-3, 1, 7} c,=3a-4b, ¢, =12b-9a.
z.a={-1, 3, 4}, b={2,-1, 0}, c,=6a-2b, c, =b-3a.
sa={4, 2,-7} b={5, 0,-3}, c,=a-3b, c, =6b-2a.
o a={2, 0,-5}, b={1,-3, 4}, c,=2a-5b, ¢, =5a-2bh.
sa={-1, 2, 8,b={3, 7,-1}, ¢c,=4a-3b, c, =90 -12a.

Javoblar.2.1y0’Q; 2.2 y0’Q; 2.3Yy0’(; 2.4 Y0’Q; 2.5Y0’°(; 2.6 y0’Q; 2.7 ha; 2.8 ha; 2.9 ha;
2.10 ha; 2.11 ha; 2.12 yo’Q; 2.13y0’(; 2.14 ha; 2.15y0’Q; 2.16 ha; 2.17 ha; 2.18 ha;
2.19 ha; 2.20 y0’Q; 2.21y0’(Q; 2.22 ha; 2.23 y0’Q; 2.24 y0’(; 2.25 y0’(; 2.26 ha; 2.27 ha;

2.28y0’Q; 2.29 y0’(; 2.30 ha.
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Vektorlar orasidagi burchak
Ikkita AB va AC vektorning skalyar ko’paytmasi deb, (HB ﬁf)

ko’rinishda belgilanuvchi va shu vektorlar uzunliklari ko’paytmasining
ular orasidagi burchak kosinusi bilan ko’paytmasiga teng bo’lgan songa
aytiladi:

[.

(AB, AC)=|AB+[AC]|xcos .

A(x, Y1,71), B(X,,Y,,2,) va C(Xs,Y5,23) berilganda vektorlarning
skalyar ko’paytmasi
AB= (X2 =X, Y2~ V1.2, - 7y)
AC = (X5 = %, Y3 = Y1, 23 - 23)
(AB, AC)= (x; = x1)( = 3) + (¥2 = ¥2)(¥3 = Y0) + (22 = 22)(25 - 2)
va vektorlarning uzunliklari mos ravishda:

‘ﬂé‘ = \/(Xz - X1)2 +(y, - Y1)2 +(z, - 21)2’

‘A—C‘ = \/(X3 - %)+ (Y3 - Y)© + (25 - 1),
formulalar bilan topiladi.

AB va AC vektor orasidagi burchak ushbu formula bilan
hisoblanadi:
cosJ :g—)ﬁ’ AC
[ABJs|AC|

3-masala. AB va AC vektorlar orasidagi burchak kosinusini toping.



A(l, -2, 3),
B(3, 4, -6),
c(, 1, -1).

AB={4,2 -3}, |[AB|=4%+22+(-3)? = 29.

AC={2 -1 2}, [AC|=42%+(-)?+(2)* =3

4x2 - 2x1-3x2 0.

cos(ABM AC) = 3729
T v B
(ABMAC) = 5
AL, -2, 3), A0, - 3, 6), A(3, 3,-1),

1. B(0, -1, 2), 2. B(-12, - 3, - 3), 3. B(5, 5,-2),
C(3,-4, 5). C(-9,-3,-6). C@4,1,1).
A(-4, -2, 0), A(5, 3,-1), A(-3,-7,-5),

2. B(-1,-2, 4), 5. B(5, 2, 0), 6. B(0, -1, - 2),
C@3,-2,1). C(6, 4,-1). C(2, 3, 0).
A(2,-4, 6), A0, 1,-2), AQ3, 3,-1),

7. B(0, - 2, 4), 8. B(3, 1, 2), 9. B2, 5, -2),
C(6,-38, 10). C@4,1,10. C@4,1,1.

A2, 1,-1), A(-1,-2, 1), A(6, 2,-3),

10. B(6, -1, - 4), 11. B(-4, -2, 5), 12. B(6, 3, - 2),
C@4, 2, 1). C(-8,-2, 2). C(7, 3,-13).
A0, 0, 4), A(2,-8,-1), A(3,-6, 9),

13. B(-3,-6, 1), 14. B(4, - 6, 0), 15. B(0, - 3, 6),
C(-5,-10,-1). C(-2,-5,-1). C(9,-12, 15).



A0, 2,-4),
6. B(8, 2, 2),
C(6, 2, 4).

A, -1, 0),
19. B(-2,-1, 4),
C(8,-1,-1).

A2, 2, 7),
22. B(0, 0, 6),
C(-2, 5, 7).

A3, 3,-1),
2 B(5, 1, -2),
C(4, 1,-3).

A0, 1, 0),
28. B(O, 2, 1),
C@ 2, 0).

Javoblar. 3.1 p ;3.216°15¢37¢ ;3.3 116°23¢16¢; 3.4
3.8 arccos0,96; 3.9 152°4462¢: 3.10 B; 3.11 P ;312 —

2 4 3
3.15 p ; 3.16 16°15637¢ ; 3.17 63°36044¢ ; 3.18 5

3.22 82°20t15¢; 3.23 p ; 3.24 16°15637¢ ; 3.25 27°15(58¢ ; 3.26

3290°;330p.

AQ3, 3,-1),
17. B(5, 1, - 2),
C@4,1,1).

A(7, 0, 2),
2. B(7, 1, 3),
C(8,-1, 2).

A(-1, 2,-3),
23. B(0, 1, - 2),

C(-3, 4,-5).

A(-2, 1, 1),
26. B(2, 3, -2),
C(0, 0, 3).

A(-4, 0, 4),
20. B(-1, 6, 7),
C(, 10, 9).

p

P 3271350328 2.
2 3
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A(-4, 3, 0),

18. B(0, 1, 3),
C(-2, 4,-2).
A2, 3, 2),

21. B(-1,-3,-1),
C(-3,-7,-3).
A0, 3,-16),

24. B(9, 3, 6),
C(12, 3, 3).
A, 4,-1),

27. B(-2, 4,-5),
C(8, 4, 0).
A(-2, 4, -6),

30. B(0, 2,-4),
C(-6, 8,-10).

2p
—:35—:36 ;3.7 pP;
4 g OPSTP

-3.13 0°: 3.14 97°39t44¢ -

+3.19135%:3.20120°; 3.21 0°:

o

Parallelogrammning yuzi

a va b vektorlarga qurilgan parallelogramm yuzi



14
5=[a. B
shu vektorlarning vektor ko’paytmasidan olingan modulga teng.
[a, b]= lalﬁ +a,q, bp+ bzaJ =ayby[p, pl+ab,[p, ql+
+a,by[q, pl+a,b,la, a]l=(ab, -a,b)lp, al
Bundan,
S =[[a, b] = (a,b, - a,b))[p, dlsinj.
4-masala. a va b vektorlarga qurilgan parallelogramm yuzini
hisoblang.
a=6p-gq,
b=5q+ p.
5
pl= ld=4 (ro=.
S=|(6p-0)"(5q+p)|=|6p 5q+6p~ p-59"q-q” p|=
=|6p~ 50+ p~ q|=31p|xg|xsin(p"q) =
:31XEX4xsin5—p:31xzx1:31.
2 6 2

.a=p+2q, b=3p-q;, |p/=1 |g/=2 (p"g)=p/6.
.a=3p+q, b=p-2q9; [p[=4 Jo=1 (pra)=pl4
a=p-39, b=p+2q; |p|=1/5 |g=1 (p*q)=p/2.
s».a=3p-2q, b=p+5q |p|=4 o/ =1/2, (p™g)=5p/6.
a=p-29, b=2p+q; |p|=2 =3 (p"q)=3p/4
a=p+3q, b=p-2q; |p[=2, =3 (p*q)=p/3.
a=2p-q, b=p+3q; [p[=3 =2, (p*g)=p/2.
.a=4p+q, b=p-gq; p|=7, |d=2, (p"ag)=p/4.
.a=p-4q, b=3p+q, |p/=1 q=2 (p*g)=p/6.
wa=p+4aq, b=2p-q; [p=7 |q=2, (pra)=p/3.

[EEN

N

w

(62}

[op]

~

oo

©
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una=3p+2q, b=p-qg |p[=10, |o/=1 (pra)=p/2.
ra=4p-q, b=p+2q; |p[=5 |d=4, (pra)=p/4
13.a=2p+3q, b=p-2q; |p[=6 |o=7. (p*q)=p/3.

wa=3p-q, b=p+2q; [p=3 [o|=4 (pa)=p/3.

15.a=2p+30, b=p-2q; |p|=2, |o=3 (pra)=p/4

16.a=2p-39, b=3p+qg; |[p|=4 |o=1 (p~g)=p/6.

.a=5p+q, b=p-3q; |pj=1 =2 (p*q)=p/3.

18.a=7p-20, b=p+3q; |p|=1/2 [g[=2, (pra)=p/2.

v.a=6p-qg, b=p+q; p|=3 |a=4, (pra)=p/4
2.a=10p+q, b=3p-2q; [p=4 |d=1 (p"a)=p/6.
20a=6p-0, b=p+2q; p|=8, |q=1/2, (p~g)=p/3.
2.a=3p+4q, b=q-p; p|=25 |o/=2, (prg)=p/2.
s.a=7p+q, b=p-3q;, |p=3 |g=1 (pg)=3p/4
#.a=p+3q, b=3p-0q; |p=3 q9=5 (prq)=2p/3.
s.a=3p+q, b=p-3q9; [p/=7, [d=2, (p*g)=p/4
6.a=95p-0, b=p+q; Ip|=5  |a|=3 (p"q)=5p/6.
za=3p-4q, b=p+39; |p=2, |o[=3 (prg)=p/4
22.4=2p+3q, b=p-2q; |[p|=2 |o=1 (p"g)=p/3.
0.a=2p-3d, b=5p+q; |[p=2, [g9/=3 (p*a)=p/2.
.a=3p+29, b=2p-q; |p|=4 |9=4 (p*q)=3p/4

Javoblar.4.1 7;4.2 14~/2 ;431;4417;4515v2 ;461543 ;4.7 42; 4.8 35+/2 ; 49 13; 4.10
6373 ; 4.11 50; 4.12 90/2 ; 413 147~/3; 4.14 42+/3; 415 2132 ; 4.16 22; 417 16+/3 ; 4.18
23;4.19 42+/2; 420 46 ; 42126+/3; 422 35; 4.23 33+/2; 4.24 75y/3; 4.25 70+/2 ; 4.26 45;
4.27 392 ; 4.287~/3;4.20102; 430 42+/2.

Vektorlar komplanarligi

Bir tekislikda yoki parallel tekisliklarda yotuchi vektorlarni
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komplanar vektorlar deyiladi.

Agar a=(a;, a,, a3), b=(b, b,, by) va c=(c, c,, c;) vektorlar
komplanar bo’lishi uchun ularning aralash ko’paytmasi nolga teng bo’lishi
zarur va yetarli, ya’ni

& a, ag
(a,b,c)=[b, b, by=0.
G C G5

5-masala. a, b va ¢ vektorlar komplanarmi?

a={7, 3, 4}, b={-1 2, -1}, c={4, 2, 4}.

7 3 4
(a,b,c)=|-1 -2 -1=-56-12-8+32+14+12=-1810P
4 2 4

a,b va c vektorlar komplanar emas.

a={2, 3, 1}, a={3, 2, 1}, a={l, 5, 2},
1.b={-1 0,-1}, 2.b={2, 3, 4}, sb={-11,-1},
c={2, 2, 2}. c={31-13 c={1,1, 1}.
a={1-1-3}, a={3, 3, 1}, a={3,1,-1},
+b={3, 2, 1}, s.b={1,-2, 1}, s.b={-2,-1, 0},
c={2, 3, 4}. c={1,1, 1}. c=9{5, 2,-1}.
a={4, 3, 1}, a={4, 3, 1}, a={3, 2, 1},
.b={l,-2, 1}, s.b={6, 7, 4}, o.b={L,-3,-7}

c={2, 2, 2}. c={2, 0,-1}. c={1, 2, 3}.
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a={3, 7, 2}, a={l,-2, 6} a={6, 3, 4},

10.b={-2, 0,-1}, ub={1, 0, 1}, 2. b={-1, 2,-1},
c={2, 2, 1}. c={2,-6, 17}. c={2,1, 2}.
a={2, 3, 2}, a={5, 3, 4}, a={3, 10, 5},
1.b={4, 7, 5}, ub={-1, 0,-1}, 5. b={-2,-2,-3},
c={2, 0,-1}. c={4, 2, 4}. c=4{2, 4, 3}.
a={-2,-4,-3}, a={3,1,-1}, a={4, 2, 2},

16. b ={4, 3, 1}, 2. b=4{, 0,-1}, 18. b ={-3,-3,-3},
c={6, 7, 4}. c=48, 3,-2}. c={2, 1, 2}.
a={4,1, 2}, a={5, 3, 4}, a={3, 4, 2},

10.b={9, 2, 5}, 20 b={4, 3, 3}, 2. b={1, 1, 0},
c={1, 1, -1} c={9, 5, 8} c={8, 11, 6}.
a={4,-1,-6}, a={3, 1, 0}, a={3, 0, 3},

2.b={,-3,-7} 23 b ={-5,-4, -5}, 2.0 ={8, 1, 6},
c={2,-1,-4}. c={4, 2, 4}. c={l,1,-1}.
a={1,-1, 4}, a={6, 3, 4}, a={4,1, 1},

s b={l, 0, 3}, % b={-1-2, -1}, 2. b ={-9,-4, -9},
c={1,-3, 8} c={2,1, 2}. c ={6, 2, 6}.
a={-3, 3, 3}, a={-7,10,-5}, a={7, 4, 6},

8. b={-4, 7, 6}, 20b ={0,-2,-1}, 0.b={2, 1, 1},
c=4{3, 0,-1}. c={-2, 4,-1}. c={19, 11, 17}.

Javoblar. 5.1y0’Q; 5.2 ha; 5.3y0°Q; 5.4 ha; 5.5 yo’(; 5.6 ha; 5.7 yo’q; 5.8 ha; 5.9 ha;
5.10 y0’q; 5.11 ha; 5.12 y0’Q; 5.13 ha; 5.14 yo’(; 5.15 y0’Q; 5.16 ha; 5.17 ha; 5.18 yo’q;
5.19 ha; 5.20 yo’q; 5.21 ha; 5.22 ha; 5.23 yo’(; 5.24 ha; 5.25 y0’Q; 5.26 Y0’(; 5.27 y0’(;

5.28 ha; 5.29 y0’Q; 5.30 ha .
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Tetraedrning balandligi va hajmi

Uchlari A(X, Y1 7). Ao (Xg0 Yo 25), Ay (X3, Y3, Z3),
A, (X4, Y4, Z4)b0’lgan, hamda A, uchidan AA,A; yog’iga balandlik
tushirilgan tetraedrning hajmini topish masalasini garaylik.

A, uchdan quyidagi vektorlarni o’tkazamiz:
AA, =G -% Yo-Vi -7}
AA =X =%, Y3-Y1 Zg-1,}
@ :{X4 — X Yo Y 24— Z1}-

Vektorlarning aralash ko’patmasining geometrik ma’nosidan

quyidagiga egamiz:

V= vy, = < (A, AR AR,

bu yerda V, va V,—lar mos ravishda A A,, AA;, AA, vektorlar

yordamida qurilgan tetraedr va parallelepipedning hajmlari.
Ikkinchi tomondan

1
==9 Xh,
3 “DAAA,

vektor ko’paytmaning geometrik ma’nosidan esa,

Son, = 5 [ A
Demak, tetraedrning balandligi

v, _ AR AR, AA)
Soama  ||AA A&Asj

h =

ga teng bo’ladi.
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6-masala. Uchlari A, A,, A; A, nugtalarda yordamida berilgan
tetraedrning, A, uchidan A A, A; yog’iga balandlik tushirilgan tetraedrning

hajmini toping.
4,(0, -1, -1),
A (-2, 3, 9),
AL, -5, -9),
A, (-1, -6, 3).
AA, ={-2, 4, 6},
AA ={L, -4, -8},
AA, ={-1 -5, 4}
-2 4 6

= (AR, AR AAJ= (1 -4 -8
-1 -5 4

-—x\32 30+32-24+80- 16\_E

1 3V
V ==S xhbh=—.
A1A2A3A4 3 A1A2A3 S
i j Kk
SamA, = ‘AlAZ AlAs“—‘Z 4 6=
1 -4 -8

:%\—Si -10j +4k| :%J64+100+16 =
:%«/180 =/45.

. 374 37
6x/45 /45
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4.

7.

10.

13.

16.

4,1, 3, 6),
A (2, 2, 1),

AS(_]-! O’ 1)1
A, (-4, 6,-3).

4,(2, 1, 4),
AZ(_li 5! - 2)1

As(-7,-3, 2),
A, (-6, -3, 6).

42, -1,-2),
AL, 2, 1),
A(5, 0, - 6),
A,(-10, 9,-7).

4@ 2,0),
A (3, 0,-3),

As(5, 2, 6),
A8, 4,-9).

4, (2,
Ay (4,
Aq(6,
Ay (7,

3, 1),
1,-2)
3, 7),

5, - 3).

A4(-3, 4,-7),
Ay (1, 5, - 4),

A3(_5’ - 21 0)1
A, (2, 5, 4).

5.

8.

11.

14.

17.

A4 (-4, 2, 6),
A (2,-3, 0),

A;(-10, 5, 8),
A, (-5, 2,-4).

4,(-1, -5, 2),
A, (-6, 0, -3),

A3(3’ 61 _3)1
A, (-10, 6, 7).

4(-2, 0,-4),
A (-1, 7, 1),
Ag(4,-8,-4),
A,(1, -4, 6).

4,(2,-1, 2),
A (L, 2,-1),

A3, 2, 1),
A, (-4, 2, 5).

41 1,-),
A (2, 3, 1),

A3, 2, 1),
A(5, 9, - 8).

4,(-1, 2,-3),
A, (4,-1, 0),

A3(2’ 11 - 2)1
A, (3, 4, 5).

A (7, 2, 4),
Ao(7,-1,-2),
A33, D),
A, (-4, 2, 1).

4,(5, 2, 0),
A, (2, 5, 0),

" A, 2, 4),
A (-1, 1, 1),

A,(14, 4, 5),
A, (-5, -3, 2),
" Ay(-2,-6,-3),
A (-2, 2,-1).

4@, 1, 2),

A (-1, 1, 3),
“ A2, -2, 4),

A (-1, 0, - 2).

4,1, 5,-7),
A, (-3, 6, 3),

© A(-2, 7, 3),
A, (-4, 8,-12).

A1(4, _1, 3),
A, (-2, 1, 0),
18.

A3(01 _5! 1)1
A, 3, 2, -6).
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4,(1,-1, 1),

A(-2, 0, 3)
“ A2, 1,-1),

A2, -2, - 4).
4@, 2,-3),
A1, 0, 1),

“ A(-2,-1, 6),
A, (0, -5, - 4).
4(0, -3, 1),
A (-4, 1, 2),

® A2, -1, 5),
AGB 1, - 4).
4,(-3, -5, 6),
A2, 1,-4),

(0, -3, -1),
A(=5, 2,-8).

Javoblar. 6.1 23%; 214 : 6.2 18%;4 6.3 215;

1827

4@ 2, 0),
AL, -1, 2),

20. AS(O, 1,-1),

A(-3, 0, 1).

4,(3, 10, -1),
A (-2, 3,-5),

23. A3(—6, 0, - 3),
AL -1, 2).

A4(L, 3, 0),
Ao (4,-1, 2),

26. A3(3, 0, 1)
A, (-4, 3, 5).

4,(2,-4,-3),
A, (5,-6, 0),
29. A3(—1, 3 _ 3),

A,(-10, -8, 7).

43

;6.4 —
V105

46— 414 6883— 52 691125 J26: 6.10 34: 7%

6.1111 3x\/: 6.12 5— 1/ 1323 :5:6.1

7L 45\/_
2" 17
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4,1, 0, 2),
A (1, 2,-1),
21. Ag(z’ o 1)’

A,(2, 1, 0).
4,(-1, 2, 4),
A (-1,-2,-4),

24, A3(3, 0 _1)’
A (7,-3, 1.
4,(-2,-1,-1),
A (0, 3, 2),

27. %(3’ 1 4)’
A, (-4, 7, 3).
4@, -1, 2),
A (2, 1, 2),

30. As(l, L 4)’
A, (6, -3, 8).

10
: 5190; 2/38; 6.6
3’ \/

1517,5,7;

66251 ‘/151 6— 5\/—6845£%6955—620§ 19
6\ 15 3 3 5 101

6.21 11;\/z;6.22 16;8X\/§;6.23 455: 7:6.24 24; 4;6.25 321;
6 V11 3 3

L0 0L, 9L

V10217 6 T\ 3

6.26 2,5; SXXE; 6.27 231;
2 3

6 V2’
97

5

438
: 6.30 6; 3./6.
J747




22

Nugtadan tekislikkacha bo’lgan masofa

Izlanayotgan masofani uchlari  My(Xy,Yg,20), My(X, Y1, 2y),
M, (X5,Y5,25), Mj3(Xs,Ys,23) berilgan tetraedrning uchi My (X, Yo, Zo)
dan M;M,M, yog’iga tushirilgan balandlik orgali topish mumkin, ya’ni
_ |Axy + By, +Czy + D|

JAZ +B2+C2

Masalani hal gilishning boshgacha ko’rinishi esa, M,(Xy, Yo, o)

d

nuqgtadan tekislikkacha bo’lgan d masofa:

] _{n, MM

> ]

bu yerda |ﬁ| —tekislikning normal vektori

In[= MMy, MM,

M;M, :{Xz =X Yo=Yy Zp - 21}’ M;M; :{Xs — X Y3 = Y1y 43— 21}’

MMy ={X, - X, Yo - Y1, Z - 2,} vektorlarning koordinatalarini topamiz

Va
i j k
_ I
|n|:|_M1M2, M1M3]:X2‘X1 Yo-W1 L4

X3=% Y=Y Z3-14

ni topamiz.

7-masala. M, M,, M, nugtalardan o’tuvchi A, nugtadan
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tekislikkacha bo’lgan masofani toping.
M, (2, 3, 1),
M2 (4, 1, - 2),
M4(6, 3, 7),
Mo(_s, _4, 8).
Uch nugtadan o’tuvchi tekislik tenglamasi
X=X Y-Y1 -4
Xp =X Yo=Y1 Z3-124)=0,
X3=X Ys=Y1 Z3-174
X-2 y-3 Z-
2 -2 -=-3|=0,
4 0 6
-12(x-2)-24(y-3)+8(z-1) =0,
-12x -24y +8z+88 =0,
_ |Axg + By, +Czy + D

d ,
\/AZ + Bz +C2
-12x(-5) - 24x(-4) +8x8+88 _ 308 _ 308
d= = = =11.
J(=12)% + (-24)? + 82 V784 28
M, (-3, 4,-7), M, (-1, 2,-73), M, (-3,-1, 1),
M2 (1, 5, - 4), M2(4, _1, O), Mz(_g, 1, - 2),
T My(=5,-2,0), M2 1,-2), " M43, -5, 4),
Mo(_lz, 7, _1). Mo(l, - 6, - 5). Mo(_7, O, _1).
Ml(l,_l, 1), Ml(l’ 2, 0), Ml(l’ O, 2),
M,(-2, 0, 3), M,(1, -1, 2), M,(1, 2,-1),
“My(2, 1, -0), " M0, 1, -1), " M,(2,-2, 1),

My(-2, 4, 2). My(2,-1, 4). My(-5,-9, 1).
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M, (1, 2,-3),

M, (L, 0, 1),
"My(-2, -1, 6),
My(3,-2,-9).
M(0,-3, 1),
M, (-4, 1, 2),
Y Ma(2, -1, 5),
My(-3, 4,-5).
M,(-3, -5, 6),
My(2, 1, -4),
* M, (0, -3, - 1),
M,y(3, 6, 68).
M,(L, 3, 6),
M,(2, 2, 1),
" My(-1, 0, ),
M (5, - 4, 5).
M2, 1, 4),
M,(3, 5,-2),
Y My(-7,-3, 2),
My(-3, 1, 8).
M,(5, 2, 0),
M,(2, 5, 0),
ML 2, 4),
My(-3, - 6, -8).

M,(3, 10, - 1),

M,(-2, 3,-9),
" My(=6, 0,-23),

My(-6, 7, -10).

M,(L, 3, 0),
M, (4,1, 2),

"ML, 0, 1),
My (4, 3, 0).

M,(2, - 4,-3),
M, (5, -6, 0),
“ My(-1, 3,-3),
M,y(2,-10, 8).

M, (-4, 2, 6),
M,(2,-3, 0),
" M4(-10, 5, 8),
My(-12, 1, 8).

M,(-1,-5, 2),
M, (-6, 0, -3),
" M4(3, 6,-3),

Mo(lo, - 8, - 7)

My(2,-1, - 2),
M, 2, 1),
* M,(5, 0, -6),

M,y (14, -3, 7).

My(-1, 2, 4),
M, (-1, -2, - 4),
" M,(3, 0,-1),
My(-2, 3, 5).

My (-2,-1,-1),

M, (0, 3, 2),
M3, 1, - 4),

My(-21, 20, -16).

ML, -1, 2),

M,(2, 1, 2),
Y ML L, 4),

My(-3, 2, 7).

M,(7, 2, 4),
M,(7,-1,-2),
Y My(-5,-2,-1),
M, (10, 1, 8),

M,(0,-1,-1),
M, (-2, 3, 5),

" Ma, -5, -9),
My (-4, -13, 6).

My(=2, 0, - 4),
M,(-1, 7, 1),
“ My(4, -8, - 4),
My(-6, 5, 5).



Javoblar. 7.1

5
7.9 —;7.10
9

7.253\/? 72619% 727 2:/22:728 7 7 £729 ——_

M,(14, 4, 5), M1, 2, 0),
M,(-5,-3,2),  M,(3 0,-3)

P My(=2,-6,-3), My, 2, 6)
Mo(_l, _8, 7). Mo(_ls, - 8, 16).
Ml(l, 1, 2), Ml(l, 1, _1),
Mz(_l, 1, 3), M2(2, 3, 1),

T M2-28), M3 20,
My(2, 3, 8). My(=3,-7, 6).

\/%;7.2 5\/5;7.30;74\/_ \/_
\/29_4 711 /6 ; 7.12 \/10i231 713 /573 7.14

4:7183:7.19 4:7.20 2+/38:7.21 2+/45:7.22 83 : 7.23 4/14 - 7.24

r

25
M,(2,-1, 2),
Mz(l, 2, _1),

217.
M;(@3, 2, 1),

My(-5, 3, 7).

M@, 5, -7),
M, (-3, 6, 3),

30.
M;(-2, 7, 3),

My, -1, 2).

76 NJ77:7726:787:

3715\/_ 7.16 214 : 7.17

2372
—~

Normal vektori berilgan tekislik tenglamasi

tekislik tenglamasini yozing.

izlananayotgan

A0, -2, 8),
B(4, 3, 2),
C(L 4, 3).

BC ={-3, 1 1}.
tekislikka perpendikulyar

vektorning normali sifatida olish mumkin, u holda

8-masala. BC vektorga perpendikulyar bo’lgan 4 nugtadan o’tuvchi

bo’lganligidan, uni
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A(l, 0,-2),

1. B(2,-1,3),
C(0,-3, 2).
A(-8, 0, 7),

2. B(-3, 2, 4),
C(-1, 4, 5).
A(l, -1, 8),

7. B(-4, -3, 10),
C(-1,-1, 7).
A(-7, 0, 3),

0. B(1, -5, -4),
C(2,-3, 0).
A(-3, 7, 2),

13. B(3, 5, 1),
C(4, 5, 3).
A3, - 3,-6),

16. B(1, 9,-5),
C(6, 6,-4).
A(l, 0,-6),

1. B(-7, 2, 1),
C(-9, 6,1).

-3(x-0)+(y+2)+(z-8) =0,

-3x+y+z-6=0.

A(-1, 3, 4),
» B(-1, 5, 0),
C(2, 6, 1).

A(7,-5, 1),
5 B(5, -1, - 3),
C(3, 0,-4).

A(-2, 0,-5),
s. B(2, 7,-3),
C(, 10,-1).

A(0,-3, 5),
1. B(-7, 2, 6),
C(-3, 2, 4).

AL, -1, 5),
1. B(0, 7, 8),
C(-1, 3, 8).

A2, 1, 7),
17. B(9, 0, 2),
C(9, 2, 3).

A(-3, 1, 0),
2. B(6, 3, 3),
C(9, 4,-2).

A(4, -2, 0),

3 B(L, -1, - 5),

C(-2, 1,-3).

A(-3, 5, - 2),
6. B(-4, 0, 3),
C(-3, 2, 5).

AL, 9, - 4),
0. B(5, 7, 1),
C(3, 5, 0).

A, -1, 2),
12.B(2,-4, 3),
C@4,-1, 3).

A(-10, 0, 9),
5. B(12, 4, 11),
C(8, 5, 15).

A(-7,1,-4),
18. B(8, 11, -3),
C(9, 9,-1).

A(-4,-2, 5),
21. B(3,-3,-7),
C(9, 3,-7).



A0, - 8, 10), AL, -5, -2), A0, 7,-9),
2 B(-5, 5, 7), 2. B(6, -2, 1), 2 B(-1, 8,-11),
C(-8, 0, 4). C(2,-2,-2). C(-4, 3,-12).
A(-3,-1, 7), A5, 3, 1), A(-1, 2,-2),
2. B(0, 2, -6), 2. B(0, 0, - 3), 27. B(13, 14, 1),
C(2, 3,-5). C(5,-1, 0). C(14, 15, 2).
A(7,-5, 0), A(-3, 6, 4), A(2, 5,-3),
28. B(8, 3,-1), 2. B(8, - 3, 5), 2. B(7, 8,-1),
C(8, 5,1). C(0,-3, 7). C(9, 7, 4).

Javoblar. 8.12X+2y+2=0;82 3x+y+z-4=0;83-3x+2y+22+16=0;

84 -4x+2y+2-39=0;85-2x+y-2+20=0;86Xx+2y+22-9=0;

873x+2y-32+23=0;88-x+3y+22+8=0;89-2x-2y-2z-16=0;

27

810 X+2y+4z-5=0; 811 2x-2+5=0; 812 2x+3y-7=0; 813 x+2z-1=0;

814 X+4y+3=0;815-4x+y+4z-76=0;8165x-3y+2z-18=0;

817 2y+2-9=0;818 x-2y+22+17=0;819 - x+2y+1=0;

8203Xx+y-52+8=0;821 x+y+6=0;8223x+5y+32+10=0;

8.234x+32+2=0;824 -3x-5y-2+26=0;8252x+y+2=0;

8.26 5X-y+32-19=0;827 x+y+z+1=0;828 y+z+5=0;829 x+z-1=0;8.30
2X-y+52+16=0.

Tekisliklar orasidagi burchak

Fazoda tekisliklar
Ax+By+Ciz+D; =0 va Ax+B,y+C,z+D, =0
tenglamalar bilan berilgan bo’lsin. Ular orasidagi gy burchak ushbu

formula bilan hisoblanadi:
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cos J :@,
g
bunda n, ={A, B,, C,}, n, ={A,, B,, C,} - mos ravishda berilgan

tekisliklarning normal vektorlari.

9-masala. Tekisliklar orasidagi burchakni toping.

6Xx+2y-4z+17 =0,
O9x+3y-6z2-4=0.

n_l :{6’ 2’ _4}1
n, ={9, 3, - 6}.
6x9+2x3+ (-4)x(-6) _
62 + 2% + (~4)2 x/92 + 32 + (-6)?
= 84 = 84 :8_4:1
V564126 /7056 84
J =arccosl=0.

CoSJ =

X-3y+5=0, X-3y+z-1=0, 4x -5y +3z-1=0,
1'2x—y+52—16:O. " x+z7-1=0. 3"x—4y—z+9:O.

3x-y+2z+15=0, x-yJ/2+2-1=0, 3y-z=0,
"Bx+9y-32-1=0. x4yJy2-7+36=0. 2y+z=0.

6x+3y-2z=0, X+2y+2z-3=0, 2X-Yy+52+16,
"X+2y+62-12=0. ~16x+12y-152-1=0. x+2y+3z+8=0.

2x+2y+2-1=0, 3Xx+y+z-4=0, 3x-2y-2z-16=0,
0

1 12.
X+y-3z-7=0.

Yx+z-1=0. l'y+z+5:O.

2X+2y+z2+9=0, x+2y+2z-3=0, 3x+2y-3z2-1=0,
3'x—y+32—1:O. 14'2x—y+22+5:O. 15'x+y+z—7:O.

1
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X-3y-2z-8=0, 3X-2y+3z+23=0, x+y+3z-7=0

16. 17. 18.
X+y-z+3=0. y+z+5=0. y+z-1=0.
X-2y+2z+17=0, X-2y-1=0, 2X-72+5=0,

P x-2y-1=0. P X+y+6=0. T ox+3y-7=0.
oX+3y+z-18=0, 4x+3z-2=0, X+4y-z+1=0,
“oy+z-9=0. P X+2y+27+5=0.  2x+y+4z-3=0.
2y+z7-9=0, 2X-6y+14z -1=0, X-y+7x-1=0

25

X-y+27-1=0. B5x-15y+35z7-3=0.  2x-2y-5=0.

3x-y-5=0, X+y+2z42-3=0, X+2y-22-7=0,
2x+y-320.  x_y+zJ2-1=0.  x+y-35=0.

2

Javoblar. 9.1 arccos% » 73%136176¢: 9.2 arccos\/% » 64°45(38¢ -
9.3 arccos0,7 » 45°34623¢: 9.4 90°: 9.5 60°: 9.6 45°; 9.7 90°: 9.8 arccos% » 820

9.9 arccos, /;—2 » 42°57(7¢: 9.10 arccosg =45°:9.11 arccos\/% » 64°45(384 -

7 1 4
9.12 arccos » 59°12t37¢: 9.13 arccos » 72°27t6t; 9.14 arccos— » 63°36044¢ -
187 V11 9
2 1
9.15 arccos » 75°44(54% ; 9.16 arccos 0 = 90°; 9.17 arccos » 81°19145¢ ;
/66 44
9.18 arccos 2, /131 = 31°28(56 : 9.19 arccosg =41°48637¢ -
9.20 arccosi =18°26¢6¢: 9.21 arccos 4 » 60°15¢188: 9.22 arccosﬂ =58°367¢
/10 A/65 5
9.23 arccosE = 48%11¢23¢ : 9.24 arccos 2 = 84°564¢: 9.25 90°: 9.26 1:
3 3/42

9.27 arccos‘/% = 78°34142% : 9.28 45°: 9.29 60° 9.30 45°.
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Bir xil uzoglikda yotgan nugtaning koordinatalari

10-masala. B va C nuglardan bir xil uzoglikda yotgan A4 nugtaning

koordinatalarini toping.

A(x,0,0), B(L2,3), C(26,10).

AB = /(1- x)2+2% +3% =+/x? - 2x +14,
AC = /(2 - x)2 +6% +10% = /x? - 4x +140.

Shartga ko’ra AB = AC ekanligidan

VX2 = 2x+14 = /x% - 4x +140,
X% - 2x +14 = x* - 4x +140,
2x =126,
X =63
Demak, A(63, 0, 0).

A(0, 0, 2), A0, 0, 2), A0, 0, 2),
1. B(5, 1, 0), 2.B(3, 3, 1), 3. B3, 1, 3),
C(0, 2, 3). C@4,1, 2). C(, 4, 2).
A0, 0, 2), A0, 0, 2), A0, 0, 2),
1+ B(-1,-1,-6), 5. B(-13, 4, 6), 6. B(-5,-5, 6),
C(2, 3, 5). C(10,-9, 5). C(-7, 6, 2).
A(0, 0, 2), A0, 0, 2), A0, 0, 2),
7. B(-18, 1, 0), s. B(10, 0, - 2), 9. B(-6, 7, 5),

C(15, - 10, 2). C(9,-2, 1. C(8,-4, 3).



A0, 0, 2),
0. B(6, -7, 1),
C(-1, 2, 5).

A0, y, 0),
13. B(1, 6, 4),
C@, 7,1).

A0, y, 0),
16. B(2, 2, 4),
C(0, 4, 2).

A0, y, 0),
1. B(-2, 4,-6),
C(8, 5, 1).

A(x, 0, 0),
2. B(0, 1, 3),
C(2, 0, 4).

A(x, 0, 0),
5 B(3, 5, 6),
c(, 2, 3).

A(x, 0, 0),
2. B(1, 5, 9),
C(@3, 7, 11).

A(0, 0, 2),
1. B(7, 0,-15),

C(2, 10, -12).

A0, y, 0),
1. B(-2, 8, 10),
C(6, 11, - 2).

AQ, y, 0),
17. B(0, - 4, 1),
C(,-3,5).

A0, y, 0),
20 B(7, 3,-4),
C(@, 5, 7).

A(x, 0, 0),
23. B(4, 0, 5),
C(5, 4, 2).

A(x, 0, 0),
2. B(4, 5,-2),
C(2, 3, 4).

A(x, 0, 0),
2. B(4, 6, 8),
C(2, 4, 6).

A, vy, 0),
2 B(3, 0, 3),
C(0, 2, 4).

A0, y, 0),

15. B(-2, -4, 6),

C(7, 2, 5).

A0, y, 0),
1. B(0, 5,-9),
C(-1, 0, 5).

A, vy, 0),
21 B(O, - 2, 4),
C(-4, 0, 4).

A(x, 0, 0),
2.B(8, 1,-7),
C(10,-2, 1).

A(x, 0, 0),
27 B(=2, 0, 6),
C(0,-2, - 4).

A(x, 0, 0),

0. B(-2,-4,-6),
C(-1,-2,-3).

31

Javoblar. 10.1 A0; 0; - 2%9 102 A(0;0;1); 10.3 A(0; 0; -1); 10.4 A(0; 0;0);
& g

105 A(0;0;7,5); 106 AageO;O;—gQ; 107 A(0;0;1); 108 A(0;0; - 3); 109 A(0;0;5,25);
)
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10.10 A(0; 0; - 7); 10.11 Aageo; 0; —4%9; 1012 AZO; %; 0%; 1013 A(0; 11; 0);
] ]

1014 A%0; -1 0% 1015 AZ0; 12; 02; 10,16 A0; -1; 0); 1017 A(0; 9; 0);
8 6 o 8 6 o

1018 A(0; 8; 0); 10.19 A(0; 17; 0); 10.20 AZO; %; 0%; 1021 A0: 3; 0):

g
1022 A(2,5; 0; 0); 1023 A(2; 0; 0);10.24 A(- 2,25; 0; 0); 10.25 A(14; 0; 0);
10.26 A(4; 0; 0);10.27 A(-5; 0; 0);10.28 A(18; 0; 0); 10.29 A(15; 0; 0);
10.30 A(- 21; 0; 0).

11-masala. Markazi koordinata boshida bo’lgan k-—gomotetiya
koeffitsiyenti bo’lsin. A nugta a tekislikning obrazi(aksi)ga tegishliligini
tekshiring.
AL 1, 1),
a.ix-ey+z-5=0,
k =-2.
Markazi koordinata boshida bo’lgan a tekislik o’xshash akslantirishlarga
ko’ra at tekislikka o’tadi.
a.Ax+By+Cz+D=0,
at: Ax+By+Cz+kxD =0,
a.:/ix-o6y+z+10=0.
Al,1,)P7-6+1+10=0,

121 0.
Shunday qilib, A nugta a tekislikning obrazi (aksi)ga tegishli bo’lmas
ekan.
AL, 2,-1), A2, 1, 2),
1a:2x+3y+z-1=0, 2a:X-2y+z2+1=0,

k =2. k =-2.



A(-1,1, 1),
3.8:3X-y+22+4=0,
k=1
2
Afy L o0
3 &g
sa.X-3y+z+6=0,

A(2, 0,-1),
7.8:X-3y+52-1=0,
k=-

A(2,-5, 4),
9.8:9X+2y-2+3=0,
4

3

A(-2, 3,-3),
1.8:3Xx+2y-2-2=0,
3

k=—.
2

A, 1,-1),

13.8.6X-5y+32-4=0,

3

4

A(-2, 4, 1),
4.8:3Xx+y+2x+2=0,
k =3.

gl 1 0

- = 1_
AQ g
e.a:2x—3y+32—2:O,
k =15.

AL, -2, 1),
8.d:9X+Yy-2+6=0,
k=2/3.

A(2,-3, 1),
wa:x+y-2z+2=0,

A§1119
§4° 3" g

12.8:4x-3y+52-10=0,

k=1
2

A(2, 3,-2),

12.8:3X-2y+4z-6=0,

4

3

33
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A(-2,-1,1), A5, 0,-1),
15.8:X-2y+62-10=0, 16.8:2X-y+3z-1=0,
k:§. k =3.
5
21 0
Ac=, 1, 1=,
63" g A@2, 5, 1),
172.8:3X-y+52-6=0, 18.8:9X-2y+2-3=0,
k:§_ k:l
6 3
A(-1, 2, 3), A(4, 3, 1),
10.8:X-3y+z+2=0, 20.8:3X-4y+52-6=0,
k =2,5. _5
6
AQ3, 5, 2), A(4, 0, -3),
21.8:5x-3y+z2-4=0, 2da8.IX-y+32-1=0,
k:E. k =3.
2
A(-1, 1, -2), A(2,-5,-1),
23.8.4Xx-y+32-6=0, 24.8:5X+2y-32-9=0,
K=->. k=1
3 3
A(-3,-2, 4), A5, 0,-6),
25.8.2X-3y+z-5=0, 26.8.6X-y-2+7=0,
4 2

3) 7
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A, 2, 2), A@, 2, 4),
27.8:3X-2+5=0, 28.8:2X-3y+2-6=0,
k=-1 k=2,
5 3
A(7, 0,-1), A0, 3,-1),
na.Xx-y-z-1=0, 3.8:2X-y+32-1=0,
k = 4. k =2.

Javoblar. 11.1 y0’(; 11.2 ha; 11.3 ha; 11.4 yo’q; 11.5 ha; 11.6 ha; 11.7 yo’q; 11.8 yo’Q;
11.9 ha; 11.10 yo’q; 11.11 ha; 11.12 ha; 11.13 yo’q; 11.14 ha; 11.15 ha; 11.16 yo’q; 11.17 ha;
11.18 ha; 11.19 yo’q; 11.20 ha; 11.21 ha; 11.22 yo’q; 11.23 y0’q; 11.24 ha; 11.25 y0’q;
11.26 y0’(; 11.27 ha; 11.28 yo’(; 11.29 y0’Q; 11.30 y0’d.

To’g’ri chizigning kanonik tenglamasi

12—masala. To’g’ri chizigning kanonik tenglamasini yozing.

X-3y+2z+2=0,
X+3y+z+14=0.

i j ok
S=n"n,=1 -3 2=-9i+j+6k.
1 3 1

S={-9, 1 6}.
(X0, Yo, 2p) t0°Q’ri chizigdan o’tuvchi biror nugtaning koordinasini
topamiz.

z ning koordinatasiga z = 0 giymatni beramiz

ix-3y+2=0, I:)‘|,x—3y+2:0,
TX+3y+14=0 16y =-12



36
Shunday qilib, izlanayotgan nugtaning koordinatasi (-8, - 2, 0).

To’g’ri chiziqg tenglamasi

X+8_y+2_z
-9 1 6
2X+y+z-2=0, X-2y+z-4=0, X+y+z-2=0,

"OX-y-32+6=0. 2x+2y-7-8=0.  x-y-2z+2=0.

2X+3y+z+6=0, 3X+y-z-6=0, X+5y+2z+11=0,
4'x—3y—22+3:O. 5'3x—y+22:O. 6'x—y—z—1:O.
3X+4y-2z+1=0, 5Xx+y-32+4=0, X-y-2-2=0,

7'2x—4y+3z+4:0. 8'x—y+22+2:0. 9'x—2y+z+4:0

4x+y-32+2=0, 3x+3y-2z-1=0, 6x-7y-4z-2=0
"ox-y+2-8=0. 2x-3y+z+6=0.  x+7y-z-5=0.

1

8x-y-3z-1=0, 6x-5y-4z+8=0, X+5y-z-5=0
3'x+y+z+1O:O. 14'6x+5y+32+4:O. 15'2x—5y+22+5:0.

1

2X-3y+z2+6=0, 5x+y+2z+4=0, Ax+y+z+2=0
"x-3y-27+3=0.  x-y-3z2+2=0.  2x-y-3z2-8=0.

1

2X+y-32-2=0, X+5y-z+11=0, X+y-2z-2=0,
9'2x—y+z+6:0. 20'x—y+22-1:0. 21'x—y+z+2:0

1

X-y+z-2=0, 6x-7y-z2-2=0, X+5y+2z-5=0,
2'x—2y—z+4:O. 23'x+7y—4z—5:0. 24'2x—5y—z+5:O.

2

X-3y+z+2=0, 2X+3y-2z2+6=0, 3x+4y+3z+1=0,
25'x+3y+22+14:O.Zﬁ'x—3y+z+3:O. 27'2x—4y—22+4:O.
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3x+3y+z-1=0, 6x-5y+3z2+8=0, 2x-3y-2z+6=0,
Yox-3y-27+6=0. 6x+5y-4z7+4=0.  x-3y+z+3=0.

2

Javoblar.lZ.ll—XZLz—— 122X;:l:_,12_3_:y;2:i
-1 3 6 - 3 -2
124X+3=X—i 125 X-1=-= y z+2;126x+6:y+1_ z
-3 5 -9 -9 -6 -3 3 -6
_1 _ _ _
127x+1_y 2_ 2 x+1l_y-1_7z2 109 X 8_y-6_1z
“4 ~13 -20 1 -13 -6 -3 -2 -1
_ 1 _s
oo XTLoY*6_ 2 ;12.11X+1:y 3 = b A=Y 1_ 2%
- -10 -6 -3 -7 - 35 2 49
g XFL_Yy*9_2 x+1l_y-04_z x_y-1_z
. 2 -11 9 5 -42 60 5 -4 -15
1216X_3:X:i; X :y—1: 4 1218x—1:y+6_ z
9 5 -3 -1 17 -6 - 14 -6
pigX¥2_y-4_ Z;12.2X+1=y+2= Z g X_¥-2_17
“2 -8 - 9 -3 - 1S3 2
- - _ -4 -
1029 XZ8-Y=0_2 g Xl Yo7 2 Xyl 2z
2 -1 35 23 49 5 5 -15
1
105 X8 Y22 g XE3 Y S 2y XL Y2
-9 -1 6 -3 -4 -9 4 12 -20
_a _
g XL YT 2 XY 0’4=i;12.30i3:1:5.
-3 8 -15 5 42 60 9 4 3

To’g’ri chiziqg va tekislikning kesishish nuqgtasi

13—-masala. To’g’ri chiziq va tekislikning kesishish nugtasini toping.

x+2:y—1:z+3
-1 1 2
X+2y-z2-2=0,
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iXx=-t-2,
%y:t+L
1z7=2t-3.

Tekislik tenglamasiga olib borib go’yamiz

(-t-2)+2(t+1)-(2t-3)-2=0,
-1-2+2t+2-2t+3-2=0,
-t+1=0,
t=1.

Shunday qilib, izlanayotgan nuqtaning koordinasi (-3, 2, -1).

X-2 _ y-3 _z+1 x+1 y-3 z+1 x-1 y+5 z-1

1 -1 -1 4 2 3 -4 5 3 -1 4 2
X+2y+3z-14=0. x+2y-5z+20=0. x-3y+7z-24=0.

x-1_y_1z+3 X-5_y-3_12-2 X+1 y+2 z-3
« 1 0 27 51 -1 0 & -3 2 -2
2X-y+4z=0. 3x+y-5z-12=0. X+3y-52+9=0

Xx-1 y-2 _ z+1 x-1 y-2 z-4 X+2 y-1 z+4

-2 1 -1 s 2 0 1 79 -1 1 -1
X-2y+5z+17=0. x-2y+4z-19=0. 2X-y+3z+23=0.

X+2 y-2 z+3 x-1_y-1 z+42 Xx-1 y+1 z-1

w1 0 0 'u 2 -1 3 "2 1 0 -1
2x-3y-52-7=0. 4x+2y-z-11=0. 3x-2y-4z-8=0.

X+3_y-2_ z+2 Xx-2_y-2_ 7-4 x-3_y-4_17-4
o1 -5 3 'u 2 -1 3 1 -1 5 2
oX-y+4z+3=0. X+3y+52-42=0. IX+y+4z-47=0.
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x+3 y-1 z-1 Xx-3_y+1 z+3 X-5_y-2 z+4

16. 2 3 5 1w 2 3 2 1 -2 0 -1
2X+3y+72-52=0. 3x+4y+7z-16=0. 2x-5y+4z+24=0.

x-1 y-8_ z+5 x-3_y-1_ 1z+45 X-5_y+3 _z-1

9. 8 -5 12 2. 1 -1 0 2. -1 5 2
X-2y-32+18=0. x+7y+3z+11=0. 3x+7y-5z-11=0.

x-1_y-2_2-6 Xx-3_y+2_1z-8 x+1_y_z+l
2 7 1 -1'=2= 1 -1 0 '2-2 0 3

4x+y-6z-5=0. SX+9y+4z-25=0. x+4y+13z-23=0.

x-1 y-3 z+5 x-2_y-1 z+3 x-1 y+2 z-3

5 6 1 3 'w 4 -3 -2z 2 -5 -2
3x-2y+52-3=0. 3x-y+4z=0. X+2y-52+16=0.

Xx-1 y-3 _z+2 X+3 _y-2 z+5 X-7_y-3_z+1

28 1 0 -2 2 0 -3 11 "= 3 1 -2
3x-7y-2z+7=0. 5x+7y+9z-32=0. 2x+y+7z-3=0.

Javoblar. 13.1 (1;2;3) ;132 (2;-1; 4);133(0;-1; 3);134 (2; 0; -1);135 (7;1 2);

136 (-4; 0; 1); 137 (7;-1 —5%); 13.8 (3;2;5); 139 (-3; 2; -5); 3.10 (-1 2; -3);

13.11 (3;0;1); 1312 (2;-1; 0); 1313 (-2; -3; 1); 1314 (4, 1, 7); 1315 (2; 9; 6);

13.16 (-1, 4; 6); 1317 (5; 2; -1); 13.18 (3; 2; -5); 1319 (9; 3; 7); 1320 (4; 0; -5);
1321 (4; 2; 3); 13.22 (8; 3; 5); 13.23 (4; -3; 8); 1324 (-3; 0; 2); 1325 (7; 4; - 2);
1326 (6; -2; -5); 1327 (3; -7;1); 1328 (2; 3; -4); 1329 (-3; -1; 6); 13.30
0; 4; -3).

To’g’ri chizigga nisbatan nuqtalarning simmetrikligi

14—-masala. To’g’ri chizigga nisbatan, A nuqtaga simmetrik bo’lgan

M' nugtani toping.
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M(3, 3, 3),
x-1 y-15_ z-3
-1 0 1
-1x(x=-3)+0x(y-3)+1x(z-3) =0,
-x+z=0.
To’g’ri chiziqg va tekislikning kesishish nugtasini topamiz

iX=-t+]
b ty=15,
tz=t+3.

x-1_ y-15 z-3
-1 0

- (-t +(t+3)=0,
2t+2 =0,
t=-1.

M, (2; 1,5; 2)— kesishish nuqgtasining koordinatasi

Bundan,

+
XMO :MDXMIZZXMO _XM :2X2_3:1,

Ym, ZWDYM'ZZYMO - ym =2¢1,5-3=0,

+
2y =M I g =27y, — 7y, =212-3=1,

Demak, M'(1, 0, 1)- izlanayotgan nugqta.

To’g’ri chizigga (1-15 variantlar uchun) yoki tekislikka (16-30
variantlar uchun) nisbatan » nugtaga simmetrik bo’lgan ' nugtani

toping

M(0,-3,-2), M(2,-1, 1),
L Xx-1_y+15_ 2.x—4,5:y+3_z—2

Z
1 -1 1 1 ~05 1




M(Q, 1,1,
3x-2 _y+15 z-1
1 -2 1

M(@, 0,-1),
5X-35_y-15_1z2
2 2 0

M(-2,-3, 0),

7.x+05_y+15 z-05

1 0 1

M(0, 2, 1),
°.X-15_y z-2
2 -1 1

M(-1, 2, 0),

1. X+05 _y+0,/5_z-2

1 -0,2 2

M(-1, 0, 1),
13.X+05_y-1_1z-4
0 0 2

M(1, 0, 1),
15'4x+6y+4z—25:O.

M(0, 2, 1),
T ox+4y-3=0.

M(-1, 2, 0),
9'4x—5y—z—7:0.

1
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M(, 2, 3),
4 x-05_y+15 z-15
0 -1 1
M2, 1, 0),
6. X-2 y+15 z+05
0 -1 1
M(-1, 0,-1),
& X _y-15_1z-2
-1 0 1
M(31_31_1)1
0.x-6_y-35_z+05
5 4 0
M(2,-2,-3),
12.Xx-1_y+05_z+15
-1 0 0
M(O0,-3,-2),
ux-05_y+15 z-15
0 -1 1
M(_11 01_1)1

P ox+6y-27+11=0

M(2,1, 0),
18'y+z+2:0.

M(2,-1,1),
0'x—y+22—2:0.

2
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M@, 1,0, M, 2, 3),

21'x+4y+32+5:0. 22'2x+10y+1Oz—1:O.
M(0,-3,-2), M(L, 0,-1),

® 2x +10y +10z 1= 0. “oy+4z-1=0.
M(3,-3,-1), M(-2,-3, 0),

®2x -4y -47-13=0. ¥ X+5y+4=0.
M(2,-2,-3), M(-1, 0, 1),

T y+z+2=0. ¥ ox+4y-3=0.
M(3, 3, 3), M(-2, 0, 3),

“8x+6y+82-22=0. P ox-2y+10z+1=0,

Javoblar. 14.1 M §(1;1;1); 142 M{(3; - 3;-1); 143 M((1; 0;-1); 144 M¢0; - 3; - 2) ;

145 M§(2;-1; 1); 146 M(2; - 2; -3); 147 M{(-1; 0;-1); 148 M((3;3;3);

149 M¢(-1; 0;1); 1420 M(-1; 2;0); 1411 M(-2; - 3;0);14.12 M¢(2; 1; 0);

14.13 M(0; 2;1) ; 1414 M((1; 2; 3) ; 14.15 M ((3; 3; 3) ; 14.16 M (-2; - 3;0) ;

14.17 M{(-1; 0;1); 1418 M§(2;-2;-3); 1419 M{(3;-3;-1); 1420 M{(1; 0;-1); 14.21
MO; - 3;-2);1422 MUO0; - 3; - 2); 1423 M {(L; 2; 3) ; 14.24 M(1;1;1);

14.25 M(2; -1; 1) ; 1426 MU(-1; - 2; 0); 1427 M(2; 1, 0); 14.28 M¢(0; 2; 1);

14.29 M{(-1; 0;-1) 1430 M(-3; 1; - 2).

Il BOB. Limitlar nazariyasi

Limitlar nazariyasi bo’limida, siz sonli ketma-ketlik tushunchasi,
nugtada son va funksiyaning uzluksizligi, turli limitlarni hisoblashning
maxsus yo’llari bilan tanishasiz.

Ta’rif. Agar a nugtaning ixtiyoriy (a-e, a+e) atrofi **e >0

olinganda ham {xn} ketma-ketlikning biror hadidan boshlab, keyingi
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barcha hadlari shu trofga tegishli bo’lsa, a son {x,} ketma — ketlikning

limiti deyiladi va
lm o =
kabi belgilanadi.
Ketma-ketlikning ti’rifini quyidagicha ta’riflash ham mumkin.
Ta’rif. Agar ""e >0 son olinganda ham shunday natural n, son
(n, T N) topilsaki, barcha n > n, lar uchun
X, -a/<e
tengsizlik bajarilsa, a son {x,} ketma—ketlikning limiti deyiladi.
1-masala. lima, =a ekanligini isbotlang (N (e) ko’rsating).

n®¥
3n-2 3
a. = a=

n —

2n -1 2

limitning ta’rifiga ko’ra:

"e>0: $N(e): "'n:n3N(e): |a, - al<e
3n-2 3
on-1 2
FG”'E'3Q”'DLe-
2(2n-1 |
6n—4—6n+ﬂ<e_
2(2n-1 |
-1
2(2n-1)
1
2(2n-1)

<eé,;

<e;

<e;

"nTN:

> 0 ekanligidan,
2(2n -1)
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N(e)=ELa L g0, €8, L1 el+bel
§2€2e ol 82 4ell & 4e H

""n > N(e)da |a, - 3 < e tengsizlik bajarilishidan,

. 3n-2 _3
lim =_
n®¥ 2n_1 2
kelib chigadi.
4n -1 n+4 7
n = a=2 2.8, = , A=
2n+l 2n+1 2
2n -5 2 /n-1
3@, = y &= 4. @, = ,a=7.
3n+1 3 n+1
_4n*+1 4 _9-n? B
5.8, =, a=_. 6.8, =———, a=-_.
n“+2 3 1+2n 2
4dn-3 _1—2n2 1
n = 1 A= 8. d, = 5 a=-=-
2n+1 2+4n 2
N n+1 1
9.4, =-—-, = -o. 10. a, = , =_=
n+1 _on 5
ntl 2 1- 2n’
11. a, = , a=—. 12.8, = — ., a=-2
3n-5 3 N2 +3
13. 8y = 2 =-3 14. @, = -1
T _nz’ TN 3n_11 3



man:ﬁ_l,a:3
5n +15
17.a, = 6 = -5
2n-1 2
19.an:2_3n, a:—g.
_4n-3 _
21.an--2n+1 =
5n+1 1
23.a, = , a=—.
10n -3 2
25an:22_in,a:4.
21an:%::; = 2.
2-3n° 3
29. an :m, a:—g.

+eu el+2€u

¢ N
620 08 a0 11708 90

€ 1219 U 5+eu e 1
16 83 =62 -133+1: 1
sl282e oy R eH

Javoblar. 1.1 3

+ e e
2+§13 6eu é . u+1 113 4
Je :

€ U
115931+§u+1 ewu,ll77+e
AP R PR Ee

8+20€u 5+eu

P8 e BT 2e

e R

4+ 2n

16. @, = ,
1-3n

_n2

18. &, = 5
4+ 2n

3n-1

20. @, = ,
5n+1

3 _1-2n°

" 2+4n?
2-2n

24. @, = ,
3+4n
1+3n

26. @, = ,
-n

s 3n2 +2

1 4n? -1
2n3

30. a 3 ,
n° -2
98u

17+66u

g

—+

U
i)

+1;1

‘el

1 J.‘u*‘l 19§5

18e

“8 20

l
i

eh‘s 2‘
i

1m3x

1
Se

el+12€u

u+1

5 -2

5+14eu
e

9e

0
+1;1
g

¥

G+1;

u

2

el 15eu

Vg

7+2€u

“8 e b

% I

45
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1.25 3+ 2

¢15 LE190 €T 61 22
$1.2 7a—n-4;1 u+1 129e ——-4u L
Bell SeH el \/ ‘\/

41
1.30 e32+—u+1
é e

Sonli ketma-ketlikning limiti

2—masala. Sonli ketma-ketlikning limitini hisoblang.

11. lim

13. lim

- (36-12n+n?)-(36+12n+n?%) _

o (6-n)* - (6+n)” _
lt (6+n)° - (1-n)?

. =24n . -24
lim =lim——
n@¥14n+35 n®¥14+35/n

(3 n) +(3+n)
n®¥(3 n) —(3+n)

m 8- n)*-(2- n)
'n®¥ 1-n)®-(@1+n)
(n+1) ~(n+1)?
'“®¥Ull)—(n+D
lim (3 - 4n)?
'n®¥m 3°-(n+3)°%

m+n +(n-1)%-(n+2)°*

' n®¥ (4 -n)®

(n+1)°+(n+2)°
n®¥(n+4) +(n+5)

(n+1) -(n- 1)

n®¥(n+1) +(n - 1)
(n+6) —(n+1)

'n®¥(2n+3) +(n+4)

"®¥ (36+12n+n”)-(1-2n+n?)

12

7
T C n)* +(2- n)
“®¥0-r0 - (L+n)*
o lim 4- n)* - (@+n)*
'n®¥(1+n) -@-n)*
. (1+2n) -8n°
'n®¥a+2m +4n°?

(3-n)°

8. lim
n®¥ (n +1) - (n+1)

10. lim 2(n+1) *(n- 2)
n®¥ n®+2n-3

12. lim (n+3)3+(n+4)3
n®¥(n+3) —(n+4)

8n° -2n
14. lim
n®¥ (n+1)% - (n-1)*

(2n-3)% - (n+5)®

im :
n®¥ (3n-1)% + (2n +3)°



(n +10)? + (3n +1)*

H n®¥ (n+6) -(n+1)

o lim (n+7)° -(n+2)*
¥ (3n+ 2)% + (40 +1)°
. n*-(n-1°

2 nll®m¥ (n+1)* -n*

’ (n+1) -(n-1*
'n®¥(n+1) +(n-1>%

) (n+D - (n-1°
'n®¥(n+1) -(n-1?

. (n+1) +(n -1)? |
n®¥ n®-3n

. (n+2)-%n 2)
n®¥ (n+3)

47

(2n+1) +(3n+2)*
i 2n+3)°%-(n-7)°

im (2n+1)® - (2n +3)°
n®¥ (2n+1)2 + (2n+3)?

s 1im (n+2)* -(n-2)*
n®¥ (n+5)2 +(n - 5)
24. lim (n+1° - (n-1)°

n®¥ (n+1)% - (n-1)*

26. lim (n+42) +(n—2) .
n®¥ n*+2n%-1

(n+1)° +(n 1)

28. lim
n®¥ n +1
2
_ +1)° -(n+
30. lim (2n 12) (n+D) .
n®¥ n“+n+1

Javoblar.2.1 — ¥:22 %; 232:24-4:25-¥:2615;27 —g; 281;290; 210 +¥;

2111:2.12 —E; 2134:2141;2.153;2.16 l; 2.17 E; 2.18 5;2.19 §; 2.20 - 3:
2 5 3 5

221 0:222+¥:2234:224+%¥:2253:2260;2272:2282:2290;230 3.

Sonli ketma-ketlikning limiti

3—-masala. Sonli ketma-ketlikning limitini hisoblang.

' ¥n? -1+7n° ~ 3n_+7

Im =1im
®¥4/n2 1 n+1-n n®¥i/

3[e~2 | 4[an8
L lim nJSn +J9n +1

n®¥(n+¢n)x/7—n+n2 |

Jn-1++/n%+1

”®¥\/3n +3+4n°+1
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\/n +1-4/n T A/3n - 1+x/125n +n
. \/_ - .

n®¥3‘/n3+ n n®¥
- lim n¥/n -3/27n® +n? < im YN+2 —n+2
e (n+4/n)}V9+n? “®¥\/4n +1-%n* -1

: x/n +2++/n- o lim 6n° - \/n5+1
'”®¥x4/n4+2+«/n "®¥ \J4n® +3-n

«/5n+ -3/8n®+5 o lim n4/3n+1++/81n% - n2 +1
(n+%/n)v5-n+n?

9.
n®¥ 4Yn+7 -n N®¥

Jn+3-+/n%?-3 vn®+3-4/n
12. lim
“®¥\5/n5+3+x/n

5 lim 0 -9’ 1o lim YA +1-3270° + 4
"®¥ 3n - 3/9n® +1 "®¥  4n-Yn®+n

o Jim NY/7n - {81n° - i In° -7 +3n? 44
'n®¥ (n+4\/7’,ln _ . n®¥ 4/n5+5+\F '

x/n +4++/n- 4n® -3n’
17. 18. lim
n®¥5«/n +6 -+/n ®¥3/n® +n3+1-5n

Jn+3-3/8n°+3 . n#11n ++/25n* -81

19. lim 20. lim
"®¥ 4/n+4 -}n°+5 n®¥(n 7f}\/n —n+l
21. lim an Jn2+5 22. lim In"+5
'n®¥ §/7 /n+ n®¥,¢n +5+ /n .
_3In?+2-5n? Jn+2 3x/n3+
23. lim . 4. lim .
n®¥ynT 4/r’l .|.

"®¥n_n*-n+1

s Tim " 71n -3/64n® +9 " Jn+6-4/n? -
ey (h-nN11+n? ”®¥Jn +3+4n%+1

11. lim
“®¥Jn ~4-4nt+1
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Jn®+6-/n-6 n® -n®+1

27. lim 28. lim

®¥ 88 +6+/n-6 n®¥ b2 _n
Jn+1-3n+1 n&/n +3/n™ +1

29. lim 30. lim

n®% 40+ -n® +1° ¥+ 4/nR/nd -1

Javoblar. 3.1\/§; 32 —¥:33%¥:347:355:36-3;370:38%¥:393:3102;

3.11 9:3.12 0:3.13 ¥:3.14 3\/§; 3.150:3.16 —3:3.17 0:3.18 ¥:3.194:3.20 2;
321 5:3220:323¥:3245:3251:326 -4:327-1:3.28¥:3291:3.30 ¥.

Sonli ketma-ketlikning limiti

4-masala. Sonli ketma-ketlikning limitini hisoblang.

J(n?2+5)(n* +2) -/n®-3n°+5 _

lim

n®¥ n

~ lim (J(n2 +5)(n* +2) - /n° - 3n° +5)(J(n2 +5)(n* +2) ++/n° - 3n° +5):
ne¥ nW(n2 +5)(n* +2) ++/n°® - 3n° +5)

i 5n* +3n® +2n° +5 o

nex n(\/(n2 +5)(n* +2) +~/n° - 3n° +5)

i 1 (5n* +3n° +2n% +5) .

”®¥nl4n(\/(n2 +5)(n* +2) +/n® - 3n° +5)

5+%+n%+ni4 5+0+0+0

y —

o (¢(1+ S)A+ 2) +¢1-n33+56)_ J@L+0)1+0) ++/1-0+0

n

¢ lim n(vn2 +1-+/n? -1).
N®¥

2. Q@n;n(«/n(n -2)-+n%-3).
3 Iim(n ~3/n® - 5)1\/5.

n®¥

= f

_°
>

. J%@(J(nz +1)(n% - 4) -/n* - 9).
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\Vn® -8 - nyn(n? +5))
N®¥ Jn '

6. 'ig;(*/”z -3n+2-n).
n

7 Iim(n +3/4 - n3).
n®¥

8. IgFDn;(«/n(n +2) -vn®-2n+3).

5. lim

o, lim (J(n+2)(n+1) - (n-D(n+3)).

10 r!g;nz(\/n(n“ ~1) -/n° -8).

11. lim n(A/5+8n° - 2n).

n®¥

2 limn?@/5+n3 -33+n%).
nN®¥

: 2 2
13 nlé@ﬂ;(%/(n+2) -3/(n-3)%).

Jn+1)3 - /n(n-1)(n-3)
N .

14. lim
n®¥

5. lim(/n? +3n-2-+/n? -3).
n®¥

16. lim v/n(x/n+2 -/n-3).

n®¥

o g AN +9) = (n* -D(n” +5).

n®¥ N

18. r!ggé(w/n(n +5) -n).

9. lim+/n® +8(Wn3 +2 -/n® -1).

n®¥
20. lim \/(n3 +1)(n2 +3)_ \/n(n4 T 2).
N®¥ 2-/n




2

[

im((n® +D(n* +2) -y(n* -D(n* - 2)).

J(n® +)(n? =1) - ny/n(n* +1)

22. lim
n®¥ n
4, 2 v _ [ _
- J(n* +1)(n? -1) -/n 1
n®¥ n

24, r!gér)r;é(n -Jn(n-1)).
2. lim n3@/n?(n® +4)-3/(n® -1)).

2. nlg;(n\/ﬁ - Jn(n+1)(n+2)).

27. Ign;%@/niz -3/n(n-1)).

28. lim vVn+2(/n+3-+/n-4).
n®¥

2. lim n(vn* +3-/n* - 2).
n®¥

: 3 3
2. n|g®ngé¢n(n+1)(n+2)dn ~3-4n?-2).

5

Javoblar. 4.1 ¥;42 —-¥:430:44 —2;4.5 -—:46 —2;4.7 0;48 2;4.9%;4.10 -¥.

2

2 7 3 5 5 5 3 3
411 0:412 —:4130:4.14 —: 415 —: 416 —; 417 — —:; 4.18 —: 4.19 —: 4.20 —;
3 2 2 2 2 2 2 4
421 3:4.22 —¥:4.23 —l; 4.24 l; 425 0: 4.26 — ¥:4.27 1; 4.28 Z; 4.29 0: 4.30 —l.
2 2 3 2
Sonli ketma-ketlikning limiti

5-masala. Sonli ketma-ketlikning limitini hisoblang.

lim (2n+1)+(2n + 2)! — lim (2n+1)+(2n + 2)! 3
n®¥ (2n+3)1-(2n +2)! 1@ (2n+3)x(2n+2)1-(2n + 2)!
@2n+D)H+2n+2)! . (2n+D+(2n+2)!

m =lim =
¥ (2n +2)K(2n+3) -1) "®¥ (2n+2)K2n +2)

51



(n+Dl (@n+2) b

(2n+2)k(2n+2) (2n+ 2)'X(2n +2) g
1 1
+

——0 0=0.
(2n+2)x(2n+2) (2n+2)y
Llim(E 242y +_n—1)
neY¥ n2 n2 n2 n2

m (2n+1)+(2n + 2)!.

N®¥ (2n + 3)!
+3+5+7+..+ - +16
N Iimél 3+5+7+..+(2n-1) 2n 19
N®¥4 n+1 2 ¢
2n+1+3n+1
4. lim —

n@¥ 21430
. 1+2+3+..+n
5. lim ,

n®¥  \on? +1

1+3+5+..+(2n-1)
n®¥ 1+2+3+..+n
7. |Imgl+3+5+ +(2n-1) -n2
N®¥g n+3 g
. Iirn1+4+7+...+(3n—2)
¥ \gpdiner
I |
o lim (n+4)! (n+2)..
N®¥ (n+3)!
—1)! |
o lim (3n 1).+(3n+1)..
n®@¥  (3n!)(n-1)

2n _ 5n+1

11. lim e ——
n®¥ 2 +5




13.

14.

15. lim

53

1+=+ =+ ..+ —

lim 3 3° 3"

1 1 1
¥ T T+

5 5° 5"
. 1-3+5-7+9-11+...+(4n-3)-(4n-1)
lim :
n®¥ nZ +1+4/n? +n+1
. 1-2+3-4+..+(2n-1)-2n
lim :
n®¥ n

_ 3n®+5-3n*+2

n®¥1+3+5+...+(2n-1)
3"-2"

16. lim T

n®¥ 3"+ 4 2N

. o® n+2 20
17. Ilmg -—2

n@¥g1+2+3+...+n 3y

18 lim(=+=—+ ).
n®¥ 6 30 6"
. 2-5+4-T7+..+2n-(2n+3)
19. lim :
N®¥ n+3
. 1+2+..+n
20. lim 5 .
n®¥ nN-n°+3
2
21. lim n®++n -1

n®@¥2+7+12+..+(5n-3)
3 5 9 1+2"
+

2. lim(=+—+—+.., ).
n®¥ 4 16 64 4"
: 2+4+6+..2n

23. lim

24,

n®¥1+3+5+..+(2n-1)
Iirnael+5+9+13+...+(4n -3) _4n+1§
n®¥8 n+1 2 ¢
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. 1-2+3-4+..-2n
25. lim .

n®¥ 33 4on+2

2"+ 7"
26. liIm ————.
N®Y 2n _7n—1
I I
27. lim ni+(n +2)! .
n®¥ (n-1)H(n+2)!

. 3+6+9+...+3n
m :

28. i 5
N®¥ n-+4
.7 29 2" +5"
2. lim(—+—+...+ ).
n®@¥ 10 100 10"
) +4+ . .+ 5
30. Ilmaé2 4 2n —ng.
N®¥a n+3 g

Javoblar. 5.1 %; 52 0;5.3 —g; 54 3; 5.5%; 56 2;57 -3 5.8i; 5.9 ¥:5.10 3;

2.5

5.11 —%; 5.12 % 513 -=1:5.14 0:5.15 —\/§; 5.16 3:5.17 —%; 518 ¥:5.19 - 3:

5.20 —%; 5.21 %; 522 ¥:5231;5.24 —%; 525 -1:526 —-7:5271:528 g; 529 ¥

5.30 - 2.
Sonli ketma-ketlikning limiti

6—masala. Sonli ketma-ketlikning limitini hisoblang.
2 .1-2n 2 .1-2n
“mae4n +4n-10 —IimMn +2n+3+2n-40
n®¥g4n2+2n+3g n®¥ 4n® +2n+3 E

2n
W1-2
2n-4 "

1
. & 1 0

= lim&1+ 5 = = lim&l+ 4+ T =
"®¥¢  4n? +2n + 3 n®¥§ (4”2;f2+3)5




4n2+2n+3)( 2n-4 )
0( 2n-4 Nan2+2n43 (1-2n)

. & 1 ;

= lim&1+ 4+ T =
n®¥ i4n +2n+3 ir
8 2n-4 /0

i 2n-4 )
(4n2+2n+3)0!]!,§r2(4n +2n+3 (1 2n)

2n-4

& 1
= lim%1+— , =
n®¥C l4n +2n+3i -
e 2n-4 7]

1

t®0

IimE 1+tgt = e ikkinchi ajoyib limitdan foydalangan holda,

7}
o (2n-4)(1-2n) lim 21~ 4n*-4+8n m—4n2+10n—4
en®¥ 4n*+2n+3 = @n®¥ 4n®+2n+3 = an®¥ 4n®+2n+3 —
_4+E_i
1 (~4n +10n-4) lim___n_n’
n'cglnl 4n?+2n+3 ne 4+§+j -4+0-0 1
=g T NNt Zg 4040 —gt =
e
+1
lim aen+1('5n , lim ann+3on
n®¥en 1@ n®¥92n+1g
2 N’ N+2
. &n°-10 aen—lo
3. limg———7 a. limg
n®¥g n° g n®¥en+3g
2
2 . N -n+1
. ®2n°+20 2 3n° —6n+70
5. [im — 1 6. lim
n®¥g 2n° +14 n®¥g 3n? + 20N - 1Q,
.n/2 3n+1
) 2_3n+60 2N - 100n
7. lim ———— 1 8. lim¢
n®¥E N° +5n+1 Nn®¥a n+1ﬂ
3n+2 .2n+5
26n-7¢4" £3n°+4n-10
9. | ks 10. lim
n®¥86n+4g n®¥& 3n?2 +2n+7ﬂ
5 -n? 9 N
&n +n+10 €2n +5n+70
11. lim 12. lim

n®¥ n2+n 1@

n®¥g2n +5n+3g
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2

. n
an-1g" 895n2+3n—10
13. | — 14. lim
n®¥en+1g n®¥¥ 5n° +3n+3g
2n+3 N
23n+1p n 22n? +7n-10
15. lim¢ 6. lim¢
n®¥§ 3n - 15 n®¥% 2n% +3n - 1g
.N+4 3 . 2N~
. an+3p . &n” +10
17. lim¢ ks 18 limg——7
n®¥dN+5g n®¥L N _]_b
.2n+l
. &2n°+2In-76 210n - 3¢
19. lim 5 T 20. Ilmg—
n®¥g 2N +18n + 9y n@¥§10n -1g
2 LN+l _—n?
& 3n"-5n 0 . gNh+3§
21. lim > 22. lim¢g——= .
n®¥& 3n _5n+7,ZJ n®¥gn+1g
6 503n+2 Y
) -on+ ] n
23. lim 24, |Im& 0
n®¥ _5n+5ﬂ n®¥gn+2g
LN+ 1
. &7n%+18n -150 ann—lon+
25. lim 5 T 26. lim¢
n®¥g7n“ +11n+15 n®¥é 2N +1g
.2n? _
o end+n+10 ) a13n+3on3
27. lim — i 28. liM¢———<
n®¥Y N°+2 5 n®¥§13n -10g
.3n%-7
o e2n®+2n+30 _an+55"°"
29. lim 5 T 30, lim&
N®¥g 2n° +2n+1, n®¥gn 7!3
@ 11
Javoblar. 6.1 62;6.2 e:630:6.4 e'4 e 66e3:67 e'4;6.8e 1 6.9 € 2,
4 4 4
610€3:611e72:6121:6130:6.14€ 5:615€3:6.16 0:6.17 e %:6.18 € 2:6.19 €°
1 _ 1
6.20—; 6.21 1; 6.22 O; 6.23 € 3; 6.24 62; 6.25 €;6.26 —; 6.27 62; 6.28 €; 6.29 83; 6.30 62.

e e

7-masala. Isbotlang (d(e) toping):
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. 15%x° -2x -1 _
lim =
x®1 X _%
Koshining funksiya limiti ta’rifiga ko’ra: Agar ** e >0 son olinganda ham
shunday $d(e) > 0 topilsaki, ** x T M uchun
(O<x-al<d(e)) P (| T(x)-Al<e)
tengsizlik bajarilsa, AT R soni f(x) funksiyaning A nugtadagi limiti
deyiladi:
"e>0:%d()>0:""xITM: (0<|x-al<d(e)) b (| f(x)-Al<e).

8

Natijad , x 1% da

\15x2-2x-1_8‘_\(15x+3)(x-§) o -
1 — 9T 1 9T
x-3 x5
:|15x+3-8|:|15—x|:15x—%<e
yoki
1 e
S I
‘ 3 15
Buerda d(e) = °
15

Shunday qilib, x ®% da funksiyaning limiti mavjud va u 8 ga va

e
d(e) = — tenq.
(e) 15 g

1 f(x) =5x° -1, , f(x)=4x° -2,
%, = 6. X, =5.
f(x)=3x%-3, f(x)=-2x? -5,
Xy = X =
i f(x) = -3x° -6, . f(x)=-4x*-7,
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f(x)=-5x*-8, f(x)=-5x*-09,
Xy = X =
— 42 _ _ay2
. f(x)=-4x°+9, o f(x) =-3x“+8,
XO = . XO = .
— _9y2 — 9y2
" f(x)=-2x“+7, b f (x) =2x° +6,
Xy = 6. Xo = 1.
_ a2 .
s f(x) =3x°+5, " f(x) =4x° +4,
Xy = 8. Xo = 9.
_ 2 _£y2
- f(x) =5x°+3, . f(x) =5x° +1,
Xy = 8. Xg = 1.
A2 _ay2 _
. f(x)=4x° -1, . f(x) =3x° -2,
Xp = 6. X = 9.
—9y2 _ — _oy2 _
o f(x)=2x" -3, o f(x)=-2x° -4,
Xo = 4. X = 3.
— _ay? — A2 _
” f(x)=-3x° -5, s f(x) =-4x° -6,
Xy = 2. Xy = 1.
_ Ey2 — _Ay2 _
s f(x)=-5x"-17, . f(x)=-4x" -8,
X, = 1. Xp = 2.
_ g2 _ _9y2
- f(x)=-3x"-9, s f(x)=-2x"+9,
Xp = 3. X = 4.
. _ay?
- f(x) =2x° +8, s f(x)=3x"+7,
Xg = 5. Xy = 6.
. _Ey2
2 f(X) =4x° +6, o f(x) =5x° +5,
Xg = 1. Xy = 8.

e e e e e e e e e e
Javoblar.71 —;72 —; 73 —; 74 —;75—;76 —;77—;78—;79 —;7.10 —; 7.11 €;
2 5 3 4 6 6 9 3 3 7

e e e e e e e e
712 —;7.13 —;7.14 —; 7.15 €;7.16 €;7.17 —; 7.18 —; 7.19 —; 7.20 —; 7.21 —;
2 6 10 6 6 2 5 2
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e e e e e
722 —;7.23 —;7.24 €;7.25 —;7.26 —;7.27 —;7.28 —;7.29 —; 7.30 —.
2 2 3 5 15

8—masala . f(x) funksiya x, nugtada uzluksiz ekanligi isbotlang (
d(e)ni toping.).
f(x)=2x*-4, x,=3.
X - x,| <d(e) da|f(x)- f(x|<e,
2x* - 4-(219-4)|=[2x* -18/=2x* - 9| <e,
X' -9<el2, |(x-3)(x+3)|<e/2P|x-3<e/2P
X=xo|<d(e)=5P|f(x)- f(x) <e bajariladi.

1. f(x) =5x?-1, x, =6. 2. f(X) =4x% -2, %, =5.
3. f(x)=3x* -3, x, = 4. 4. f(x)=-2x% -5, X, = 2.
5. f(x) = -3x* -6, X,=1. 6. f(X)=-4x* -7, x, =1.
7. f(x) = -5x° -8, X, = 2. 8 f(x)=-5x"-9, X, =3.
9. f(X)=-4x*+9, x, = 4. 10. f(x) = -3x*+8,x, =5.
11. f(x) =-2x* +7,%, = 6. 12. T(X)=2x*+6,%, = 7.
13. f(x) =3x%+5,x, =8. 14. f(X) = 4x% +4,%, = 9.
15. f(x) =5x% +3,x, =8. 16. f(x)=5x%+1,x, =7.
17. f(x) = 4x% -1,x, = 6. 18. f(x) =3x? -2,%, =5.
19. f(x) =2x%-3,%, = 4. 20. f(X) = -2x% - 4,%, = 3.
21. f(x)=-3x*-5,%, = 2. 22. T(x) = -4x% -6,x, =1.
23. f(X) =-5x*-7,%, =1. 24. T(x) = -4x% -8,%, = 2.
25. f(x)=-3x*-9,%, =3. 26. f(x) = -2x%+9, X, = 4.
27. f(x) = 2x* +8, X, =5. 28. f(x) =3x*+7, X, = 6.

20. T(X) =4x2+6, X, =7. 30. f(x)=5x*+5, x, =8.
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e e e e e e e e e e
Javoblar.81 —:82 —;83 —;84 —:85—:;86 —;87 —;88—:89—:810 —;811 —; 812
5 4 3 2 3 4 5 5 4 3

e e e e e e e e e e e e
—:8.13 —;814 —; 815 —; 816 —;8.17 —; 818 —;8.19 —; 8.20 —;8.21 —;8.22 —; 8.23 —;
2 3 4 5 5 4 3 2 2 3 4 5

e e e e e e e
8.24 —;8.25 —;8.26 —; 8.27 —; 8.28 —; 8.29 —; 8.30 —.
4 3 2 5

Funksiyaning limiti

9-masala . Funksiyaning limitini hisoblang .

. (x-3)(x* -x-6) _
lim —y = lim
x®3 X3 =5x2 +3x+9 |O% x®3 (X — 3)(X - 2X - 3)
X*-x-6 _10§_ . (X-3)(x+2)_
=lim———— ==y =1lim =
x®3 %% - 2% -3 |O¥ x®3 (X - 3)(x+1)
x+2 3+2 5 .1

= lim = =_=1-
x®3 X+1 3+1 4 4
lim (- 2x - 1)(X+1). ) lim X% - 3x - 2
x®—1 x* +4x? -5 X®-1 X+ X°
2
 lim (K +3x+2)° 4 lim (ZX x-D°
x®-1x3 + 2x% - x - 2 x®1 X% + 2%2 - X - 2
5. lim (X +2x-3)" o lim (= 2x=D(x+1)
x®-3 X3 + 4x% + 3% x®-1  x*+4x% -5
2
7. 1 (1+X) (1+3X) 8. Iimx—2X+1.
x®0 X+ X° x®12x% - x -1
X3 -3x-2 X2 +5x% +7x +3
9. lim — 10. lim
X®-1 X% =X =2 x®-1%3 + 4X% +5X+ 2
X3 —3x +2 x> +x% -5x+3
11. lim 12. lim .
x®1x3_x -x+1 x®1 x3—x -x+1
X +4x%2 +5x+2 : x* -1
13. lim . 14. lim

x®-1 x> -3x-2 x®12x% - x? -1



15.

17.

19.

21.

23.

25.

27.

29

Javoblar.9.1 0;9.2 0;930;940;950:960:970:980:990:9.10 2;9.11 g; 9.12 2:

lim 2 5
x®-2 X +3x° -4

lim

x> +5x° +8x + 4

x> - 6x° +12x -8

X2 -3x°+4
. x3-3x-2
lim 5 >
X®-1(X° = X -2)

X®2

o x3-3x-2
lim —
Xx®-1X+2x+1

. x* -1

lim VR
x®12x" - x° -1

. 2x% - x -1
lim 3 5 .
X®LX” +2X° =X -2
o x3-2x-1
lim —
X®-1x" +2x+1

. ox%-1
x®12x° - x -1

16.

18.

20.

22.

24.

26.

28.

30.

x3 -5x° +8x - 4

x*-3x%+4

X3 +5x°+8x+4
lim .
x®-2 X3 + 7x% +16X +12
X3 -3x-2

X-2

lim

X®2

lim

X®2

X2 -2x+1
lim R .
X®LX” - X =x+1

. X2 +3X+ 2
lim 2 5 .
X®-1X" +2X° -x-2
X% +2x-3

lim 2 5 .
x®-3 X7 +4X° + 3X

3

lim 1+ x) (1+3X).
X®0

X2 + x>

X3+ 7x2+15x+9
lim 3 5 .
x®-3 x° +8x° +21x+18

9.13 —l; 9.142; 9.15 1; 9.16 1; 9.17 0;9.18 =1: 9.19 —%; 9.20 9:9.21 -3:9.22 %;

2 1 1 2 1 2
923 —:924 ——:925 —:926 ——:927 ——:9.28 3:9.29 —:9.30 2.
3 2 2 3 2 3

Funksiyaning limiti

10—masala. Funksiyaning limitini hisoblang .

61
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-2 i Tl [T 2 TS + 2057

@ Yoy @ Yl -olixr13+2vxs])
. X+13-4(x+1) _
®33/x2 _9(x+13 + 2//x +1)
-3x+9 _
x®3%/(X 3)(x+3)(WVx+13+24x+1)
- 3(x - 3)

x®3§/(X 3)(x+3)(Vx +13+ 2Jx+1)
-3/(x-3)°
x®3§/(x (x+3)(x+13+2Jx+1)

- 3R[(x -3)?
x®3§/(x+3)( X+13+24x+1)

=lim pulCh 3’
«@33/(3+3)(V3+13+23+1)

-3%/0?

= lim y = 0.
x®3\/7(\/76+2\/2)
«/1+2 -3 . N1-x-3
1. : 2. lim ————=,
x®4 X =2 x®-8 2 +3/x
. X -1 ¢x+13 2¢x+1
3. lim . 4. |
x®13‘/x2_1 x®3 x -9
3/v _ 4/v _
s lim X-6%2 6. lim X2
x®-2  x°+8 x®16 /X — 4
, Irn«/9+2 -5 x/l 2X + x° —(1+x)
'x®8 Yx-2 x®0
. 38+3x+x%-2 3/27 +x -3/27 - x
9. lim 5 : 10. lim .
Xx®0 X + X x®0 X + 23/ x*
11. lim Ux-1 12. lim V1+x-1-x

x®L~1+ X = /2X

x®03/1+X -3/1-x



13. I

15. i

17.

19.

21.

23.

25.

27.

29.

Javoblar.

1 2 22 3 1 1 2~/6
10.9 —; 10.10 —; 10.11 = ——; 1012— 10.13 -1~ 1014— 1015—— 10.16 —;
4 27 3 12

Vax -2
®2424 X - V2X.
3/9x -3
x®3«/3+ - J2x
lim 3/16x - 4
x®4 4+ X = /2X
\/Y 1
lim :
®3 14 x- \/_x

3/ 1
lim .
X®14/1+x \/_x

327+ x-3/27-x
lim .

lim

N1+ 2% +3x% = (1+X)

3/x
lim Yx-2
x®163/(\/§ 4

lim-——— VX -2
x®4§/7 16

X®0

14.

16.

18. lim

20.

22.

26. |

28.

30.

63

|Im\/;_1

x®1 x2 -1

Ix-6+2

X+ 2

J9+2x -5

x®8 3[y2 _g
\ﬁ 1

lim

X®1 /1+ \/_X

VI+x-41-x

lim

X®-2

i
@0 Ux
"m3x/8+3x—x2—2
x®0 34243
«/9+2 -5
it 3x -2
lim YX-6+2

x®-2 3/y31g

10 X -6+/1-
2+8/x

x®—8

1011E 102 - 2:1030: 104—i 105i 1061 1072g 108 - 2;
3 16 4 5

144
1

1017—% 10.18 0,6: 10.19 - —: 1020——\/7 1021——\/7 10.22 0:10.23 0;

10.24 0:10.25 0: 10.26 25 10.27 0; 10.28 0; 10.29 0; 10.30 0.

Funksiyaning limiti

11-masala. Funksiyaning limitini hisoblang .
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-3
1-3x

INA-3x) _g06_1, (-39 _1._

lim =¢+=_-lim—"—== =
x®0+/8Xx+4 -2 80,5 2x®0+/2x+1-1 2x®0 1
2x+1
=l 3vex+l 1.3 3
2x®0 1-3x 21 2
. Ir_1(1+ sin X) | . 1- coleO(x +p) |
x®0Sin4(x - p) X®0 eX -1
. 3x% -5x . 1-cos2x
3. lim — . 4. lim .
x®0 SIN 3X x®0 COS /X — COS 3X
) 4x . 2X
5. lim . 6. lim .
x®0tg ((2 + X)) x®01g (2 (X +1/2))
7Iiml—cos3x + lim  &rcsin3x
Xx®0  4x2 x®0+/2+ X —~/2°
2%+ -2 . arctg2x
9. Im —————. 10. lim — .
x®0 In(1+ 4X) x®05sin(2p(x +10))
i lim nd-7x) 12, ljm SOS(X * 9P /2)tgx.
x®0sin(p (x + 7)) x®0  arcsin 2x>
. 1-V3x+1 . sSIn7x
13. lim . 14. lim .
x®0 cos(p(x +1/2) X®0 X° + X
15. Iim4+—x_2. 16. lim 25|n(p(x+1)).
x®0  3arctgx x®0  In(1+ 2X)
. COS 2X —COS X i V1+x-1
17. lim . 18. lim — .
x®0  1-CoS X x®0sin(p(x + 2))
. SI + . 1-4/
19. lim sin(5(x ,0)). 20. lim ﬂ.
x®0  px1 x®0  XSin X
. arcsin 2x . et -1
21. lim . 22. lim — .
x®0 In(e - x) -1 x®osin(p(x/2+1))




23. lim

1+cos(x-p)

x®0 (e3X _ 1)2

i arcsin 2x
25. lim .
x®0In(e - x) -1

In(x? +1)

27. im

x®09 _\J2x2 +4

4,UX 1

29. |

«® 38+24x -2

65

. sin® x - tg°x
24. lim Z :
X®0 X

tgx - sin x
26. lim
x®0 X(1 - c0S 2X)

28. lim tg(p+ X/Z)).
x®0  In(x+1)

. lim XSsin 2X
x®01+ cos(x - 3p)

Javoblar. 11.1 %; 11.2 50:;11.3 —1%; 11.4 - i; 115 i; 11.6 l; 11.7 g; 11.8 6\/5;

p’ P

In2 7 1 3 3 7 1
119 —;11.10 —; 11.11 —; 1112 - —;11.13 — —; 11.14 —; 11.15 —; 11.16 —;
2 p p 2 2 p p 12
2 1 2 8 1
1117 - p; 11.18 — 3;11.19 —;11.20 -1—;11.21 —;11.22 -=—;11.23 ——; 11.24 —; 11.25
2p 3 4 3 p 18

1
-1:11.26 - 2e; 11.27 Z; 11.28 2:11.29

©11.30 20 .
5 P

Funksiyaning limiti

12—masala. Funksiyaning limitini hisoblang .

. COS3X -CosX
lim =

- 2sin 3X2+Xsin 3X2‘X
m

x®p  tg2X x®p

= lim >
X®p tg“2x

- lim =252y +p)sin(y +p) _

y®0 tg*2(y +p)
esm y»Yy, opu Yy®O0

— 2sin 2xsin X eX—y+,0|3y X=pu _
T x®pPy®o0 u-

lim 2sin(2y +2p)siny _

tg®(2y +2p)
\

= AS|n2y»2y, mpu Yy ®0 (2y®0)u
ethy» y, npu y®0 (2y®0) {

= lim 2X2Y"Y i

y®0 (2 y) y®0 4y

4y” _

=i m-—=5 = liml=1.
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X2 -1
1. lim .
x®1 In x

. 1+ cos3x
3. lim —
X®p SIN“ 7X
. 1+cos
m=" COSPX

5. li 5
x®1 tg X

. sin®x-tg*
7. lim 7
x®p (X -p)

COS5X - Cc0S 3x

9. lim —
X®p sSIin“ X
. sin7
11. lim — ’UX.
x®2 Sin 8px
. AX?-3x+3-1
13. lim - .
Xx®1 sSin px
35x-3 _32x2
15. lim
X®1 tgpx
. In2x-1In
17. lim P

x®2 sin(%) cos X

. eP - ¥
19. lim — - :
x®p SIN 5X - SIN 3X

1-24%

21. lim

“®2 5 [2x - [3x? -5x+2)

2 lim 9P
X®-2 X + 2

. 1-2cosx
25 liIm=———"—,
x®& P - 3X

. 1-x°
27. lim = :
x®1Sin pX

o tox :

o oAxXP-x+1-1
8. lim .
X®1 tgpx

. sin7x-sin 3X
10. lim . —.
) In(5 - 2x)
12. lim .
x®24/10-3x -2
2 2
. X5 -
14. lim — p .
x®p SINn X
. 2% -16
16. lim — .
x®4 SN pX

. Intgx
18. lim .
x®2 C0S 2X

. In(9 - 2x?)
20. lim ———~,
x®2  SIn 2X
22 Iim?{/;_1
x@1d/x -1

. 1-sin(x/2)
24. lim :
X® P - X

2
2 lim arctg (x 2x).

X®2 sin 3px

. cos(px/2)
im——=.
@ 1-Jx



. 3-410-x . sinb5x
29. [im —— . 30. lim .
x®1  Sin 3px x®p 193X

1 9 1 1 1 1
Javoblar. 12.1 2; 12.2 E; 12.3 %; 12.4 g; 125 —; 126 —;12.7 -1; 128 —; 129 8;

2p
7 2 1
71211 —; 1212 21213 ——; 12.14 = 2P ; 12.15

12.10
pre®” 8 3 2p p p
2+/2 e 4 8In2 4
1217 ——;12.18 =1; 1219 ——; 12.20 - —; 12.21 - 11222 —;12.23 P ;
p 2 p 3

2 2 1 5
12.24 0; 1225 = ——;12.26 —,;12.27 —;,12.28 P ; 12.29 -= ——,; 12.30 - —.
3 3p p 18p 3

Funksiyaning limiti

13—-masala. Funksiyaning limitini hisoblang .

_ex=y+pbBy=x-pi_
x®p2‘V5inX+l_2 ex®p Py®O0 H

2(y+p)* 0 L Ey?+2yp+p0

sing smg I
= lim P 0 \im P o
y®0 21/S|n(y+p)+ _9 y®0 24/—sin y+l _ 2
sin yxy+2'0 +p9 —sin§yxy+2’09
= lim _p B = im 2
y®0 2V‘5'”y+1 -2 y®0 2«/1—smy )
.3 Y+2p0
- -singy b ;_gsin AL PO»yXy+2,0
= lim— q = g P g p

e . u
e u_
y®0 2( In2(y/1-siny-1) 1 (j? U

gn 2ty 1»In2(4/1 siny - 1f
_yxy+2p _y Y TP (Tosiny +1)

= lim = lim

y®02In2(4/1 sm -1) y®02In2(4/1 sm -1(y1- smy+1)

9In3 161In 2
0 12.16 ;

67
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+1)

1-sin 1-siny
= lim _ = lim :
y®0 2In2(1-siny - y®0 2In2siny
1-siny +1)
= [sin = lim =
[iny » y]= lim
1-sin TP (A sin0 +1)
= lim =
y®0 2In2 2In2
_2(W1+1) 2
2In2  In2
cos* -1 (2x - 1)2
1. lim 2. lim :
x®p/2 Insinx x®@1 @SN _ o-sin3px
2 lim In(x -3/2x - 3) tgx - tg2
x®@2sin(px/2) -sin((x-1)p)  x®2sinIn(x-1)
gl92x _ g=sin2x Insin 3x
5. lim - 6. lim——
x®s  sinx -1 Xx®2 (6X - p)
sm(x/2x -3x-5-+1+x (x - 2p)°

x®3 In(x -1) -

i In(ax-1)
x®L/1-cospx -1

zsin,m 1

11. lim

In(x+1) +In2

x®3 In(x> - 6x - 8)

lim tg In(3x - 5)
13' x®2ex+3 ox*+1’

_ 1+In?x-1
15. lim ,

x®1 1+ Ccos px

x®@2p Ig(cos x -1)

lim arcsm"+2
10.
X® - 23m 9

) In cos 2x
12. Ilm—z_
“®p (L= p/x)

) In cos x
14. lIm ———.
X®2,0 3S|n2X _1

X
COsS 5

sin X _ sin4x *

e

16. lim
x®p g



in 2 in2
In(2x—5) esin 6x _eshn 3X

17. lim—————=, 18. lim
x®3 SN _1 x®%5  log4 COS 6X
sin 2x tg2x X+2 x% -4
. e -e . tg(e”"“ -e
19. lim : 20. lim 9( ).
x®2 In(2x/p) x®-2  tgx+1g2
2447 2% 45 . In(2 + cos x)
21. lim . 22. lim : 5
x®1 X3 -1 X®p (3smx _1)
_(x* - p®)sin5x . tg(x +1)
23. lim — : 24. lim ———— :
x®p e X _1 X®-1 VX -4x°+6 _ e
. Incos 2x . Insinx
25. lim ——. 26. lim .
x®p In cos 4x X®% (2X - p)
r . Y12 3
R L | __sine 2 -eV**?)
27. lim ——. 28. lim
x®a lgIn(x/a) x®-3 arctg(x +3)
o lim __In(cos(x/a) +2) ol tg(3P'* - 3)
" x®ap aazpzlxz—aplx _ aap/x—l' x®p 30s(3x/2) _q°
2 1
Javoblar. 13.1 - 2In2; 13.2 53 183 —;134———— 135 0;136 ——;13.7 8;
exp 3p cos”(2) 8

2 i}
11312 - 2p?:13.13 - €7°;13.14 0;

8 +1
13.8 —:13.91:13.10 - o 13
p 27In“3

13.15 iz; 13.16 i; 13.17 - g; 13.18 - §Xln3; 13.19 - 20 ; 13.20 5¢0s° 2; 13.21 - In—2;

3p 10 Jo, 9
1 2 3 1 1 )

13.22 ;13.23 -15p“; 13.24 —; 13.25 —; 13.26 — —; 13.27 2a“ xIna; 13.28
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21. lim In((ex2 — COSX) COS(%) +g(x + %))

X®0

cos X + In(L+ x),/2 + cos(L/ X)

22. lim
X®0 2 + e
23. lim CoS 2X v
*®Lo 4 (eV*! ~Darctg 5
X —_

24. lim \/(esm X _1) cos - + 4cos x

X®0 X
25. lim cos(L+ X) .
“®0 9 4+ sin 1) In(+ x) + 2
X

+
Ii@[)nﬁ/lg(x +2) +siny4 - x2 cos 2
X

2+ C0os Xsin

27 lim 2X-p
Xx®p /2 3+ 2XsIn X

: . x-1 X+1
28. lim tg(cos x + sin oS :
x®1 X+1 x-1

2. lim \/x(z +sinL) +4cos X
X®0 X

26.

83
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1+X
T+ cosx
(2+sin)1()ln(1+ X)+2

sin x + sin px xarctg

30. lim
X®1

Javoblar.20.1 2: 20.2 \/§; 20.3 — 2:20.4 1; 20.5 1; 20.6 — g; 20.7 L; 20.8 0:
2 2 7 19(3)

20.9 - \/§; 20.10 0:20.11 0: 20.12 In 2: 20.13 g; 20.14 1: 20.15 0: 20.16 g; 20.17 \/g; 20.18

1 1 cosl
2:20.19 /2 ;20.20 3; 2021 In~/3; 20.22 3 20.23 5 20.24 2 ; 20.25 —
sinl
20.26 3/194 ; 20.27 : 20.28 tg(C0S1); 20.29 2 ; 20.30 :
1+cosl

Il BOB. Funktsiyaning hosilasi

Bir argumentli funksiyalarni differensiallash bo’limida siz
funksiyaning hosilasini topish, differensiallashning asosiy qoidalari, asosiy
formulalari, yuqori tartibli hosilalarni hisoblash, shuningdek funksiyalarni
umumiy tekshirish masalalari bilan tanishasiz.

Ta’rif. Agar ushbu

lim Y = jim X0 * D) = T0%)
Dx®0 DX Dx®0 Dx

limit mavjud va chekli bo’lsa, u f(x) funksiyaning x, dagi hosilasi

deyiladi va

Fi(xg) = lim 10+ DX) = Tko)
%77 bx@o Dx

1)
kabi belgilanadi.
Agar x, +Dx = x deyilsa, unda Dx =x - x, va Dx® 0 da x ® x, bo’lib,

(1) munosabat quyidagi
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fi(xg) = lim )= 1)
X®X, X=Xp

ko’rinishga keladi.

1-masala. Hosila ta’rifidan foydalanib, f'(0) toping.

11- cos(xsm ) x10;

f(x)=1
T 0, x=0
x = 0 nugtada hosilasi
£4(0) = lim f(0+Dx) - (0)
Dx®0 Dx

Hosila ta’rifidan foydalanib:

FO+D)-f(O) _ i 1-cos(Dxsing) -0 _

£60) = lim

DX®0 Dx Dx®0 Dx
-2 - -2 -
_ i 1—(1—23|n (;xstleX)): i 2sin (;xstlex):
Dx®0 Dx Dx®0 DX

[sm( +Dxsin 1)» 2xDxsing|=

ZX(ZXstinDlx)2

= lim = lim 2Xstm 2=
Dx®0 Dx Dx®0
esm L _ chegaralangan, u holdau

=] U=2x0=0.

ng®O da stm2§®0, i

1 f(x):‘l'tg(x +xsin(z)) x 2 0;
T 0, x=0
X f(x):iarcsm(x cos( ))+§x, x10;

0, x=0

m— i
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R (xcos(g)) x> o;

L
T 0, XxX=0
4. f(x)_lln(l Sln(x sin )) 10
T O, X=0
sin{xsin 2} x 1 0;
5.f(X):}'- ( )
T 0, X=0
6. T(X) = l\/1+ln1+x sin ) 1 x10:
T 0. x=0
X sm
7 f(X) lSIn(e _1)+X X10:
T 0, x=0
i +X 10
T 0, X=0
[ fsind), x10:
9. f(X) = !'arCtg(X -x2sinl), x10;
T 0, X=0
Fsinxxcos S, x 1 0;
T O, Xx=0
11. f(X):\!'-X-l_arCSm(X sin )’ X10:
T 0, x=0



12.f(X)=1
T 0, x=0
Farctgxxsin £, x 1 0;
13 f(x)= | X
1 0, x=0
T2x* +x%cos &, x10;
14 f(X)Z_I’_ 9x
1 0, x=0
32 211 1
X“cos” =, Xx10;
15 f(x):I’ X
1 0, x=0

6. F(X) = x
1 0, x=0
iln(cosx) .

T R
1 0, x=0
T6x + xsini, x10;

18. f(X) = |, X
1 0, x=0
1eX" —cosx _

wf=t <0
1 0, x=0
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J-~Xx?sin2
I3 x =1+ 2%, Xx10;

21. f(X) =1
T 0, x=0

22.f(X) = I[\/1+ infL+3x cos2) -1, x 20,

:f O’ Xx=0
Foxsind 1

23. f(X):-I'_e 1, x10;
T 0, x=0
ietgx_eSinX
T 1

24, f(X)::' 2 , X10;
1 0, x=0

Jarctg(® - x?sin), x 1 0;
1
T 0, XxX=0

26 f(x):-:’- I _1+x%, x10;
1 0, x=0
"3 5 1
27.f(x)—lm 1+x, x10;
0, x=0

28.f(x) = lxze‘ sin L, X10;

T 0, x=0
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In(1+ 2x2 + x3) .

1
20. f(x)=t
:

J.COS X = COS 3X

0f(x)=t  x 7
¥ 0, x=0

2 : :
Javoblar. 1.1 0; 1.2 E; 1.3mavjud emas; 1.4 0; 1.5 mavjud emas;1.6 0;1.71; 1.8 0;
1.9 0; .20 mavjud emas; 1.11 1;1.121; 1.13 mavjud emas; 1.14 0; 1.15 0; 1.16 O;

1 : : :
1.17 - > 1.18 mavjud emas; 1.19 1,5; 1.20 mavjud emas; 1.21- 2; 1.22 0; 1.23 mavjud

emas; 1.24 In\/E; 1.25 g; 1.260;1271;1280;1292;1.304.

Differensiallanuvchi y = f(x) funksiya grafigining M,(Xy,Y,)
(Yo = f(Xy)) nugtasida o’tkazilgan urinma tenglamasi
Y = Yo = FI(X)(X = %)
ko’rinishga,
fi(X,) * 0 da normal tenglamasi

Y-Yo=- (X=Xo)

1
f1(x,)

ko’rinishga ega bo’ladi.

2—-masala. Funksiya grafigining abssissasi x, bo’lgan nugtasiga

o’tkazilgan urinma tenglamasini tuzing.

4
y:6§/§—16f, Xo = 1.

Echim:



2, )
y¢:§63{/§—16&g :96xx5—16xx To=
g & 3 5
:6)(1)()(_3_@)(})( _%:ZXX_%—ﬂXX_%
3 3 4 3
4 2
X)) =201 -t =22 =%,
yh = yb (%) = 373

yt funksiya x, nuqtada hosilaga ega ekanligidan, urinma tenglamasi

quyidagi ko’rinishda bo’ladi:

2
Y = Yo = ¥h(x = %,), buyerda yp =

)’o:)’()(0):63{/i‘ﬁ—6'ﬁ—E
3 3
U holda:
2 2
-—=—x(x-1
y-3 3( )
2 2 2
y=—xX=-—+—
3 3 3
Y‘EXX
3
Shunday qilib, urinma tenglamasi:
Y‘EXX
3%

Funksiya grafigining abssissasi x, bo’lgan nuqtasiga o’tkazilgan
normal (1-12 variantlarda) yoki urinma (13-30 varintlarda) tenglamasini
tuzing.

4x - X2
A

3. y=x+8/x-32, x, = 4. 4.y:x+\/F, Xo = 1.

Ly= . Xo = 2. 2y =2x2 +3x-1, X, = -2.



5.y =3/x2 - 20, x, = -8.

7.y =84/x - 70, x, =16.

x? -3x+6
9.y=——7— X =3.
X
3
X"+ 2
11. y = , =2
y X3—2 0
29
X" +6
13. Yy = . Xq =1
x*+1" "
8
15. y = 2()2 +2), Xq =
3(x" +1)
17 y—Xlﬁ-I-9 =1
7og-sx2 0T
19. :L, Xp = 2
3x+2
x? -3x+3
2.y = ——, X, =3,
X
23.y:—2(3\’/§+3\/§), Xo = 1.
2.y =14/x -158/x +2, x, =1.
27y_3x—2x3 . =1
. 3 y 0 .
2
29.y:$, Xg = 4.

X ,2
Javoblar. 21 X=2;22 y=—+1—-;23y=-

5

_1+x
=—F, X =
1-Jx

8.y =2x°-3x+1, x,=1.

6.y 4,

10. y =~/x = 3/x, x, = 64.
12y =2x% +3, x, = -1.

14, y:2x+1,x0 =1.
X

x> +1

16. Yy = ,
y x*+1

Xg = 1.

18. Y = 3(%/? - 2&), Xg =1.

X
20. Y = . Xq =-2
x2+1 °
2X
22. Yy = . Xq =1
2 41 0
N y_1+3x2 .
. 3+X2, O .

2.y =38/x -/x, x, =1.

2
28. Yy = —+3, X, =2.
y 10 0

0. Y= X=X, X =-1.

2X 2

X 2
—+—;24y=-—+2—;
10 5 5 5

91

25 y=3x+8;26 y=-2x+5; 27 y=-4x+10;28 y=-x+1;29 y:9x—26%;2.1o
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X=64;211 y:%x+%;2.12 y=-4x+1;213 y=75X-4;214 y =X+2;

2.15 ——Ex—£-216y:§+1-217y:gx—g-zls =-2x-1;
oy 3 3 2 2 4 4 y ’

2.19 —ix+l 2.20 —ix—E 2.21 X=-2;222y=1;
y= 64 32 y= 25 25 y= y=

223 3y +11x+13=0;224 y=X;225 y =2x+1;2.26 y=§+£;2.27 y= —X+1%;2.28

2 13 3. 19 X 1
T X+ /220y =—X-"230 Y=—+—.
5 5 2 4 2 2

Funksiyaning differentsiali

Agar y = f(x) funksiyaning Dy orttirmasi Dy = AxDx + o(Dx)
ko’rinishda yozilishi mumkin bo’lsa, ortirmaning Dx ga nisbatan chizigli
gismi AxDx funksiyaning differensiali deyiladi va dy yoki df (x) orqgali
belgilanadi: dy = A(x)Dx. Differensila mavjud bo’lishi uchun chekli hosila
f¢(x) ning mavjudligi va yetarlidir. Bunda dy = f¢(x)dx = ytdx bo’ladi.

Agar y = f(u), u=g(x) murakkab funksiya berilgan bo’lsa, u holda
dy = f¢(u)du bo’ladi.

3—-masala. Differensial dyni toping.

y = Xvx° —1+In‘x+x/x2 —1‘.
dy = yldx = (X\/X2 —1+In‘x+x/x2 —1‘Tde:

& 13 1 1
= (/X —1+XX—X2X+—X 2x dx—
g 24/ x% -1 X+/x% -1 e 2\/x -

> x2 +X—\/X2—1 -dx—
VXt -1 X‘(X‘l) \/X-M

X2 =1+ X +x—x/x2—1x&1+ X —-dx—
g VX2 -1gg

I
DEHW  DBEOWB DOOS
>
N
|
|




1y= xxarcsin(%)+ In‘x+ Vx? —1‘, x> 0.

2.y = tg(2 arccos/1 - 2x? ) x> 0.

3.y =/1+2x - In‘x+«/1+ 2x‘.

& 1
5.y = arccosg

4.y = x° xarctg(\/x2 —1)— VX% -1.

0
T, Xx>0.
[/}

1+ 2x°

6.y = xIn‘x+Jx2 +3‘—Jx2 +3.
7.y = arctg(shx) + (shx) In(chx) .

2x% -10
8.y = arccosg

x2\2 4
0.y = In(cos2 X ++/1+ cos* x).

10.y = In(x #~1+ X2 )— J1+ x2arctgx.

In|x 1 X2
1+x% 2 1+x%

1.y =

12.y = In(eX ++/e? —1)+ arcsine”.
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13.y = XV4 - x* +axarcsinX

14.y = In(tg%)—ﬁ.

15.y = 2X + In[sin X + 2cos X|.

[t43
16.y = ,/CtgX - tgxl

X -1

19.y = arctg

1
x> -1

2.y = In‘x2 —]4 -

21y = arctg(tg 5+ 1).

22.y = In|2x + 2/ x* +x+4.

23.y = In|cos \/ﬂ +/xtg/x.

24.y = €% (Cc0os 2x + 25sin 2X).
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25.y = X(sin(In x) - cos(In x))
2.y = ¢x/x -1 - L0g20x1

8 2¢
27.y = cos xxIn(tgx) - In(tg g)
28.y:m— xln‘x+\/3“r7‘.

20.y = /X = (L+ X)arctg/x .

30. y = xxarctgx - Inv1+ x°.
242 x -1

. 219
Javoblar. 3.1 arcsing—=dx; 3.2 dx; 3.3 ¢ 3 dx; 3.4
ng (1-4x2)2 xy/1-2x2 (x+¢1+2x)¢1+2x
[,2 J2ix [o2
2xxarctglyx® -1 x;3.51 5 > dx; 3.6 In‘x+ X +3‘dx; 3.7
+2x
2 sin 2xxdx
chxx(L+ In(chx))dx; 3.8 - dx;39 - ——; 3.10
xvx*+2x? -1 V1+cos? x
2 e X0
I xarctgxdx; 3.11 —%dx; 3.12 g © P Tdx; 3.13
V1+x? (1+x%) Ve -1 1-e%
-2x%+4+
2x" +4+2a dx;3.14 2.cth dx; 3.15— SCOSX dx; 3.16
Ny sin X sSin X + 2cos X
- 2 dx;3.17 - — ox \; 3.18 4dx ;
cosxxsin®2x X(X+\/X2 +1)’ 3(x - 23/ (x +2)2(x-2)
x? +1 2x3 dx dx
319 ——— —0X;320 ———-dx;321 : ; 3.22 :
X" -x"+1 (x°-1) 3+ 2sin X + cos X %2 +x
3.23 —)2(; 3.24 5 xcos 2xdx ; 3.25 2sin(In x)dx ; 3.26 2V g
2c0s” +/x

3.27 - sin xxIntgxdx ; 3.28 - In‘x ++/3+ x2|dx; 3.29 - arctg+/xdx; 3.30 arctgxdx.
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Funksiyaning differentsiali

Agar x argumentning ortirmasi Dx = X - x, absolyut giymati kichik
bo’lsa, u holda
f(x)= (X, +Dx)» f(xy)+ fl(x,)*Dx
ko’rinishda yoziladi. Bu formuladan funksiyalarning giymatlarini taqribiy

hisoblashlarda foydalaniladi.

4-masala. Differensial yordamida tagribiy hisoblang.

_ 1
Y= V2x+1°

X =1,58.

Echim:
Agar x argumentning ortirmasi Dx = X - x, absolyut giymati kichik
bo’lsa, u holda
f(x) = f(xy+Dx)» f(xy)+ fl(x,)*Dx

X, =1,5 ni deb olamiz

U holda:
Dx = 0,08
Hisoblaymiz:
1 1 1
15) = = — ==,
yiL3) J2:115+1 V4 2
¢
=t b 8o (oenyf = Liaxan iz L
ev2x+lp 2 (2x +1)°




1

y(L58) » Y(L5) + yt(1,5)x0,08 = % - 510,08=05-001=0,49.

1.y =3%/x, x=17,76.

_ X+15-x°
2

3y . x=0,98.

5. y =arcsinx,, x =0,08.

7.y =3/X, X = 26,46.
0. y = x™, x=1,021.
11y = x*, x=0,998.
13y =x°, x=2,01.
15.y = x', x =1,996.

17.y =~/4x -1, X =2,56.

19. y =3/, x =8,36.

21y =x', x=2,002.
2 y=+/x3, x=0,98.
25. y:W, x =1,03.

27. Yy =~/1+ x +sinx, x =0,01.

29. Yy = 4/2X - sin % x =1,02.

Javoblar. 41198; 42 2,01:431,495: 4.4 3,02;450,08; 46199:47 298; 4.8 2,975:

2.y =3x3+7x, x=1012,
4.y =3/x, x = 27,54.

6.y =3x?+7x+5, x=0,97.
8. y=3x?+x+3, x=197.

10. y:3 X, x=121.
12. y:?\’/?, x =1,03.

14. y =3/x, x = 8,24,
16. y =3/x, x = 7,64.

X =1,016.

1
18. Y = ,
V2x2 + x+1

20.y :%, X =4,16.

2.y = \/m, x=1,78.

24y = X°, X =2,997.

2.y =x*, x=23,998,

28. Y = m, x =0,01.
0.y =/x? +5, x =197,

491,231; 410 1,07; 4.11 0,958; 4.121,02; 4.13 65,92; 4.14 2,02 ; 4.15 126,208;
416 197; 4.17 3,04 ; 4.18 0,495: 4.19 2,03; 4.20 0,49:; 4.21 128,896 4.22 2,03;
4.23 0,98:4.24 241,785; 4.25 1,012; 4.26 255,488; 4.27 1,01; 428 1,01; 4.29 1,01;
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430 2,98.
Differensiallashning asosiy goidalari
Funksiya hosilasini topish amaliga funksiyani differensiallash
deyiladi. Differensiallashning asosiy qoidalari:

Agar u(x), v(x) differensiallanuvchi funksiyalar bo’lib, C - const,

ya’ni 0’zgarmas bo’lsin.
1. Jux) £ v J = ut(x) £ vi(x).

2. [cuf = cut(x).

3. [u) V()T = utx) v(x) + u(x) +v(x).

§u(x)@¢ _ Ub(x) xv(x) = u(x)*vé(x)
V(0 v¥(x)

5-masala. Funksiyaning hosilasini toping.

, bu yerda v(x) 1 0.

N
y@_693x6+4x4 -x? =20 _
o

15V1+x%
_ (3x6+4x4 — X2 —Z)GW—(3X6+4X4 _y2_9 WT

15(1+ x?)

(18x5 +16%° - 2x)x/1+ X% - (3x6 +4x% - x? - Z)XhiizXZx
—_ X
15(1+ x°)




(18x5 +16x3 - 2x N1+ X2 - (3x6 +4x% - x? - 2)x % K 2X

- 1+x2 —

15(1+ x?)
_ x(18x4 +16x° - 2L+ x?) - (3x6 +4x* - x? - 2)xx _
) 151+ X2 (L+ x2) )
_ x(18x4 +16x% - 2+18x° +16x* - 2x% -3x° - 4x* + x* + 2)
) 151+ x2 (L+ x2)
_ x(15x6 +30x* +15x2) _15x° (x4 +2x° +1) _ x3(x4 +2x° +1)

151+ x2(L+x2)  15V1+x2(L+x?)  A1+x2(L+x2)

1 y_2(3x3+4x2—x—2) , y_(2x2—1)x/1+x2
| 1541+ X | | 3x® '
3y_x4—8x2 ) _2x%-x-1
2P -4) T 32+4x

o y= 1+ x3)V1+x® )= X2
| 12x* 24/1-3x*
y= (x? - 6)4/(4+ x?)® .y (x* -8)V/x? -8
. . - 6X3 .

120x°

_ 4+3X3 0 y_3 (1+X3/4)2
XX3/(2+X3)2 ' ' \/ W3z

~

©

11. V= ——F————. 12. Y =
g 1-x3 g 24%3
2
15,y = 1+ X 14y:«/x—1><(3x+2)-

21+ 2x2 | 4x?

_x®+8x3-128

15. - . 16.
’ 3x° ! V8- X
7.y:\/2X+3;(X—2) 18.y:(1—X2)5,X3+%.
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_(2x* +3)Vx* -3
0x> '

C(2x+DVx% - x
- . _
X

1
23y = .
(X+2)X* +4x+5

X+1
25. Yy = 3%3 5
| (x-1)

XA/ X+1
27. =,
X2+ X+1
29y_(x+3)«/2x—1
' 2x+7

Javoblar. 5.1 X+/1+ X:5.2

X1+ x?

4+x ;5.8

x-1
20,y = :
(x> +5)Vx* +5

1-+/x
1+/x

U+ x+1

22,y = 2%

24, y = 3%
y X+1
%,y = X+7
6y X2 + 2% +7
X2 +2
28. Y =
241 - x*
_3x+4/x
30. Y = .
X2 +2

4+/x% -8

5.6

X
;5.7
(1-3x*)y1-3x* X

6

_8
;5.9 ;
x* x2(2+ x3)3/(2 + x3)?

10 9x° _512—x4+x3+2x2—2x+24_
2xx\/§xx/1+ x3/4 21-x3 24x44 + X2

5.13 X -514ﬂ-515— 1+X2'516 ™

@21+ 2xt T 8x3x-1 x2 T og-x®

5.17 -x° +3X+12 — —13x +3x2 —9—ig 519L-
 x3/2x+3 / x2g x4/x2-3
—2x +3x+5 3 . 1 _
beasf XN s a0 @)
2x% +8x+9 X2 +2
5.23 —

(x+2)21/(x? + 4x +5)°

(X2 +x+1)2x(x+1)2
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525 -3 x-1 X X+3 ;5.26 — X ;
| (x+1)? (x-1)* (X% +2X+T)IX2 +2x+7

, TX-xPA3x+2 o 2°+x o 2x°+15x+20
20X ExHD)? T @oxf)loxt (x+7)2e/2x -1
a2 124/x +2 - x?

23X (X2 + 2 X2 +2

Murakkab funksiyaning hosilasi

Agar y = f(x) bo’lib, u = y(x) bo’lsa, ya’ni y funksiya x argument
bilan oralig argument orqgali bog’langan bo’lsa, y ni x ning murakkab
funksiyasi deyiladi.

Murakkab funksiyaning hosilasi, uning oralig argument bo’yicha
hosilasini oralig argumentning erkli argument bo’yicha hosilasiga
ko’paytmasiga teng, ya’ni:

dy dyxdu L
—Z ="2x—— vyoki vyt = fe(u)xut(x).
i d OIXy y (u)xub(x)

6—masala. Funksiyaning hosilasini toping.

X2

e

AT
et 8 fae)-eec)
y _81+X25 - (1+X2)2 =

2 2 2
e X2XX(1+ xz)—ex 12X _ 2x3xe”

be2f bef
Ly=X- In(2+ex + 2~/ +e* +1)
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w

[$2

o

~

o

10.

1.y =

12. Yy

13.

14.

1

(&)

2*(2 - sin 2x - cos 2x)
o .

X

y:

y = 1xarctg ©
2

1 In 1+ 2%
In4 1-2*"

NeX+1-1
cy=2ve"+1+In—=—
\e* +1+1

y = %«/(arctgex)?

y = %X |n(ezx + 1)— 2arctge™.

18e?* +27e* +11
6(e* +1)°

_ 2(x/2X -1- arctg\/ZT—l).

In 2

y=2(x-21ee’ —2inVie L
N1+e® +1

e®(a xsin bx - bxcos bx)
a‘+b? '

y= In(ex +1)+

_ e®(bysin bx - axcos bx)
a’+b? '

y = e 1 |, &axcos2bx+ 2bxsin2bx0
2a § 2(a® +4b?) 5

y =X+ - In(L+¢€%).

1+e*

Yy =X- 3In§(1+ eé)\/1+ g0 g ~ 3arctge%.
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16. Yy = X+

1+e%

17.y = In(ex ++/e?" —1)+ arcsine™ .
18. y = X — e *arcsine” - In(1+x/1— ezx)

19.y = X - In(L+ ) - 2e 2 xarctge? - (arctge'g)z.

X3

20. y = €
1+ %8

1 - \/E'c}

21. Y = arctgge ™ x . [—=.

Y van %S
2.y = 3e3&(3\/ x? - 2/x + 2).

i Ji+eX +e2* —g¥ -1

23y = .
J1+eX +e2X —eX+1
. 1 &
24, y:es'”xax——g.
COS X g

2.y = %((x2 - 1)cos X + (x -1)?sin x).

26. y = arctg(e” -e™).

2.y =33 {x - 53/x* + 20x - 603/ +120%/x - 120)

e3x

" 3sh3x

28. Yy =

29. y = arcsine ™ - \1-e?*,
30,y = —%e'xz (x4 +2x° + 2)

Javoblar. 6.1 1 6.2 77 %SIN” X; 6.3 5% < 6.4 e
e2X +eX +1 e —6e*+13 1-2
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e* x,/arctge” e2X X e
65ve*+1:6.6 g - 6.7 - - 6.90+2" -1:

, b. ; 6.8
1+e2X 1+62X (eX +1)4

26X + xxe?* =2 .
6.10 - 6.11 € xsin bx:

e*\1+e”

e® (b? xcos bx + 2ab sin3x - a® xcos bx)

6.12 5 :6.13 ¥ xc0s” bX; 6.14 ———;
a‘+b 1+e”)
1_ex/2 _ ex/3 _ ex/6 1+ex/2 eX -1 . o
5 7 Jov i 616 ~1617 .|——; 6.18 e *arcsine”;
20+e)+e”®) T (L4es) e* +1
3
arctge’? 3x° re* mx ¥
9 ﬁ; 6.20 32 ) 6.21 2mx X 6.22 € X
e’ x(l+e”) L+ x7) b+axe
1 sinx , & sin X 0 2 X
6.23 16.24 €% XEXHCOS X - ———+:6.25 X X" XCOS X;
4[:I_.|. ex +e2x e COS™ Xg
e +¢ I e¥* x(chx - shx) e «/e2X 1-+e -1
6.26 W 6.27 XXe"'":6.28 2 1 6.29
e -e?* +1 sh*x J1-e 2 yaf1-e?
2
6.30 x> re
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y=InIn?In®x.

1
yt= nlnzln x)¢ —=——x2InIn®x» 13In% xx= =
In In X In® x X
2 x 3 1 6
InIn X Inx X xxlnx><InIn X

Ly=+x{Vx+x+a)-Jx+a. 2 y:In(x+\/a2+x2)
2

3.y =24x - 4In(2 +Vx) Ly=Ih—2

1-ax?

= In{Vx +/x+1) 6.y = Ina—+xi.

a—x



7.y = In%(x + cos x).

X2
9. y=1In
Y= e
11, y:|n41/1+2X.
1-2x
13, y:Inaesin 2X+49.
g X+1g
15. y = log, log, tgx.
2X+3
17. y = Incos :
X+1

19.

y-MQa—i—j
F s
Ly = In(arcsin V1-ge?* )

23y = In(bx ++/a® + b2x2)

2

[

= In3(x + cos x).

10. y=1In tg(f41 + g)

_ X-NZ o
12.y—x+\/_l x+\/_ .
14. y = log,4 log tgx.

x(cos(In x) + sin(In x))
5 .

18. y = Ig In(ctgx).

2.y = %In(\/ﬁtgx +4/1+ 2tgzx)

22. y = Inarccos1 - e**.

VX2 +14Xx42
X2 +1-x2

26. y = In(eX ++/1+ er)

2.y =1In

28 Inae Inx 9
= gsml‘
0
- 3
3.y = InIn®In? x.
Jx 2

\/a +X

x2In(X + cosX);

19
25. Y = Ingarccos——
Xg
+1
27. y = ﬁ 92.
tg2
20. Yy =Inln sin(1+;).
Javoblar. 7.1 ——xIn{Vx +/x + a
2\/_ | )2
R 4a’*x o A=sinx
Codx2+x at-x* x+cosx
3XSInXX|n (1+cosx) 2 2 _
1+ Ccos S oxx(l-x?)

&X(2+«/§);7'4x—ax5;
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7.13 —

2x+4 1 1
> *Ctg ) 7.14 — ; 7.15 — ;
(x+1) x+1 sin 2xxIn 4xIn tgx sin 2xxIn 2«Intgx
93e 2 2x°

7.16 cos(Inx) ; 7.17 51718 - :7.19 I
(x+1) In(ctgx) xIn10xsin 2x Inax(1-x")

X

e
;7.21 — ;
cos X1+ 2tg2x V1-e* xarcsin1-e?
22 2e2x ; 7.23 b ; 71.24 2\/5 ;
V1-e* xarccosy1-e** va? +b%x? (1- x?*)Vx? +x
7.25 1 ; 71.26 e ; 1.27 > ;
. 1 , 1. y 1. fv
2xx~/x -1rarccos- V1+e 6cos® -1
sinl - xxIn xxcos ! ctg(L+1) 6
7.28 ) ; 1.29 = > - ; 7.30 >
xxIn xxsin & X XInsm(1+§) xxIn xxInIn< x

Funksiyaning hosilasi

8—-masala. Funksiyaning hosilasini toping.
elo sin? 31x
tg./cos —
y=H ng 31c0s62x

¢ ¢
i 0 _& s 2 0

yi= tg cos§19+ sin” 31x sin“ 31x 0 =
30 3100362xIzj 31cos62x

0
_22sin?31x 0 pl- c0562xo¢_ae 1 _i9¢
€62c0s62x;  §62c0s62x5  §62c0562x 625
¢
:§#9 - _ 12 x(-sin62x)*62 = tgo2x
662C0S62X g 62Cc0s” 62X C0S 62X
2 2
sin“ 3x 1 cos” 3x
Ly =sin/3+ s . 2.y=cosln2-=x .
Y= 3 C€O0s6X Y= 3 sin6x
1 1 sin®4x _ cos(sin 5) xsin? 2x
3. y=tglg=+=« 4.y = .

3 4 cos8x ' 2 cos 4X




5y = ctg\/_ 1 cos 4x
8 sin8x

_cosIn7xsin? 7x
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_ sin(cos 3) xcos? 2x
4sin 4x '

8.y = cos(cth)—i cos” 8x

7 cos14x 16 sinl16x
1 sin®6x 1 cos 210x
9. ctg(cos 2) + =« 10. y = 3/ct
y = ctg( ) 6 cosl2x’ y J 20 sin 20x
_ 2. 15 1 sin®10x 1 1 cos?12x
11. y = =xcosctg =+ + —x . 12y =Insin = - —«
8 2g 10 cos20x 2 24 sin24x
. 2
15y = 8sin(ctg3) + 1 sin®5x :sm(cth?xcos 14x
5 cos10x 28sIn 28x
cos(tg L)rsin? 15x sintg )« cos® 16X
15. = . 16. = .
15co0s 30x y 32sin 32x
ctg(sin %)xsinzﬂx ?/ctg2 xcos® 18x
Ly = ) 8. = .
Ly 17cos34x ' 36sin 36X
=2
o _ tg(In2)sxsin 19x 0y = ctg(cosS)—i cos 20x.
19 cos 38x 40 sin40x
sin? 21x 1 cos 222X
21. Jigd+ —— 22. cos(In13) - —x——.
y= 21cos 42X y= ( ) 44 sin 44x
1 sin?23x 1 1 cos? 24x
23. y=Incos =+ ———. 24,y = ctg sin—%-—x———,
3" 23¢0s 46x &> 135 48 sin 48x
-2
) sin“ 25x 1 cos 26X
25.y =sin(ln2) + —M. 26,y =3/cos~/2 X,
y (In2) 25c0s50x y 52 sin52x
-2
sin“ 27X ) cos? 28x
27. y = {/tg(cos 2) + ———M. 28. y=sin3/tg2 - —.
y 9( ) 27 cos 54 x y J 56sin 56
. 2 2
29. y = cosz(sin3)+M. 30. y = sin>(cos 2) —M.
29 cos 58x 60sin 60X
Javoblar. 8.1 tg6x 1 8.2 1 . tg8x ;8.4 COS(Sin 5)thAfX;&S 1 ;
COS 6X 2sin? 3x cos8x cos4x 4sin? 4x
sin(cos 3) cosIn7xtgldx 1 tgl2x 1
- 1 8.7 . 8.8 : 8.9 0810 ———;
4sin? 2x cos14x 4sin®8x  c0s12x 4sin210x
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tg L )xt
8.11 1g20x ; 8.12 L ; 8.13 tg10x ; 8.14 — cos(ctg3). 8.15 COS(gS) g30X;
cos20x  4sin?12x cos10x 4sin®14x cos30x
sinltg = ctglsin 2 Jxtg34 5/
8.16—M;8.17 g(| ) g X,8.18—Lg2;8.19 tg(InZ)th38x;
4sin? 16x c0S 34X 4sin®18x c0s38x
1 tg42x 1 tg 46X 1
8.20 —— - 8.21 ;8.22—— - 8.23 ;824 ————
4sin“ 20x cos42x 4sin“ 22X Ccos46Xx 4sin“ 24x
8.25 szﬂ; 8.26 + 8.27 tg54xxsec54x; 8.28 + 8.29 1go8x ;
cos” 50x 2sIn° 26X 4sin“ 28x C0s58x
1
4sin?30x
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¢ ¢

& tg2+10 % X 4 0
y¢:garctggz = g 9ot ;=
2 g 2t g 16° € 2 g
1+ g :
2 /)
1 1 1 1
5 X—X 5 X — =
tg X+2tg2+5 2 COoS % 2
_ 1 _ 1 _
~sin? X +2sin Xcos X +5cos? X 1+sin x+4cos? X
1 _ 1

sinx+2cosx+2 sinx+2cosx+3

1y= arctgw.

Jx -2
T

2x -1 > 9 . 2x-1
X2+ X=X +§xarc5|n

2.y = arcsin

3. y=

8.30
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V1+x? -1

X
2

Jx2 +16

y = arctg

y = arccos

y:\Exarctg Sx-1
| 3 V6x

y—EXInX—_l—Earctgx
4 x+1 2 |

y = %x(x - 4)/8x - x* - 7 - 9arccos ‘/XT_l.

. y= x)agctg\/i+ 1

X 3X\/; .

3 2

X 2+ X
y:?xarccosx—

/1 - X°.

y= 1,1 X varctgy/x.

2Jx  2x
y= 3;Xxﬁ/x(z - X) +3arccos\/§.
y = 4+x° xarctg£+ﬂ
X 2 X

.y:arcsin‘/i+arctg\/§.
X+1
y_lx i_l_arccosx
2 \x? 2x%
. y:6arcsin§—6L2Xx4/x(4— X).
.y:XT_?’\/Gx—xz—8+arcsin,/§—1.
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_ @+ x)arctg/x - +/x

X
_ 2J1-xrarcsin/x 2
19. y = + .
X Vx
20. Y = 2X=5, fox -4 -x% + xarcsin X2,
4 3
21 y—arctgx+§XIn x4l
' 6 Xx2+4
22 y-arcsinx—_2
| (x-Dv2
23. y =+/1- x? - xxarcsinv1- x°.
24, y:\/}+1xarctg\fx+§xarctgﬂ.
3 3 2
2. 1-
” \/,
26. y = (2x° +6x+5)arctgx—+1—x.
X+2
X . 1 2
27. y = ————arcsin2x + =xIn(1 - 4x°).
24/1 - 4%? 8
14 -1 x* 43
28. &ox? —x+—-arct - —XX
o 9 x\/_ 23 2
29.y:(x—2\/§+2)arctgfx - Jx.

30. Y =v1+2X-X arcsm——\/_ln(1+ X).
1
Javoblar. 9.1 — V2 ;92 9.3 /2+X—X2;
sin” x+cos” x 2%y X +~/X -1

~1+1+x2 o5 - 2&(4+x) 3+l 1
(X (W1 x2 D2 N1+x2 X416 &(9X2+1), S oxt -1
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2+ x)rarctg/x
98+/8X-Xx>-7:99 _{ ) . g - 9.10 X2 Xarccos X :

X
9.11 -ixarctg\/;- 9.12 — X 1 9.13 X -12 rarctg—- XZ t
o2x? T Mx@-x) X! \/_(x+1)’
015 X ++/1- x?2 XarCCOSX x -3 m;
x3y/1-x? \/X(4 X)
1
0.18 - —-xarctgy/x + —— arcsmﬁ 9.20 /5% - 4 - X?
x? \/_ \/
X% +9 /
9.21 ;9 1 9.23 — arcsin /1 - x°
L+ x7)x(x* +4) (x 1)\/x -
24 3X” +16x +32 -925;-926(4x+6)arctgx—+1-
6VX(x+1)(x+4) 4 x1-x) X+2'
. arcsin 2x 028 (4x - Darctg * -1 \/_(x +1)(3x? - 2X - X )’
2(1- 4x?)x+/1- 4x? J§ 2(x* +x2 +1)
9.29 g1+ igarctgi- 9.301_—)(xarcsinﬂ .

X g IX+2° 14 2x - X2 1+X
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y:gxcthx— chx :
3 3sh®x
yﬁzaégxcthx— ch;< Q¢:_Zx 12 _(chx)¢xsh3x—60hXX(sh3x)¢:
e3 3shx g 3 sh°x 3sh”x
2 1 shxxsh®x-chxx3sh®xxchx _ 2sh®x sh®x-3ch®x _
"~ 3 shx 3sh®x "~ 3shix 3shix

_ - 2sh®x-sh®x+3ch®x _3ch®x-3sh°x _ 3 1
3sh*x 3sh®x  3sh'x  sh'x’
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1 2+\/§><thx
4[ 2 - /5xthx’

2.y = shx + 3shx +§arctg(shx)
" 4ch*x 8ch®x 8 '

1 </th
+arct ~thx.
~Jihx g

w

<
I
N |-

3 | J2 - thx thx

= n - .
82  N2+thx  4(2-th?x)

y_1th 1+\/_thx
| 4& 1-/2thx’

ol

1 2., X9 chx
= ——xIn¢thx == - :
T Y s 2sh2x

S

y= 1 a+yl+ a’thx
2av1+a’ a-+1+a’thx

1 In1+ J2cthx
18v2  1-+/2cthx’

~

_ ~/sh2x
9. y =arctg———.
chx - shx
1. 1-sh2x
10. Yy ==1In

6 1+sh2x



20 y—lln
| 4

21y = —larcsin
| 4

1+ thx
1.y =4 .
1-thx

o y= shx
7 1+chx
5.y = chx
7 Jsh2x
1y = sh3x
7 \Jchéx
_ 1+ 8ch?xxIn(chx)
15. Y = 2ch2)( .
_ 12sh®x+1
YT e
17. Yy = - th:1 + §><arcsin(thx).
2ch“x 2
18.y = iar(:sin 3+ chx
/8 1+ 3chx
L arcsin4+\r8thg
9.y =— — =,
N 4 - \/8th*
th5 —EXIn3+ChX.
2 shx

5+ 3chx
3+5chx
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., y_1—8ch2x
| 4ch*x
2 1 shx 5
23. + +_—arctgshx
Y= sk 3sh®x  2cHPx 2 goim).
24.y:§XCthX—;3.
3 3chxxsh®x
1 shx
25. y = —xarctg(shx) - .
V=3 g(shx) N
3 chx
26. Y = —xInlth %)+ chx - .
y=5 (2) 2sh?x
shx 1 3
27. Y = - - - —arctg(shx).
y 2ch?x  shx 2 g(sh)
shx 1
28. Y = + —xarctg(shx).
y 2ch“x 2 g( )
1s shx
2.y = — + arctg(shx
y chhzx o )ﬂ
chx 1, ., Xd
3. y = -———-—In¢th—=
y 2sh?x 2 g 29
2
Javoblar. 10.1 1 :10.2 1-3ch X;10.3 thx ; 104 ———;
4 -sh?x 4ch®x (1+ch?x)?
10.5 1 : 10.6 1 ; 10.7 1 '108;'
~ ch®x(1-sh®x) sh®x  a?xch®x+(l+a?)rsh®x  9x(1+ch?x)’

chx + shx _ ch2x

1 1
- 10.10 1011 ——— 1012 ;
Jsh2x xch2x sh?2x +sh2x -2 2+/chx - shx 1+ chx

10.9



1015 - ; 1o 3ch3x 101t ShXX(4Ch X - 1) 016 2chx
" 2shxa/sh2x ch6xx/ch6x ch®x  3sh®x’
10.17 ch2x 1018—98—hx'1019 1 ©10.20 1
"~ chix’ " 8(1+3chx)’ 2lch2g+1j’ T 2shx’
3 2chx . chx 1-sh®x . 5
10.21 11022 ———; -t —+ :
3+ 5chx ch“x sh“x sh®x 2ch®x 2chx
1-4shx sh®x ch*x chx 2 -sh®x
10.24 —————; 10. = 1026 ———;10.27 —— - 71028 ———:
chxxsh™x ch’®x h°x sh“x ch®x ch°x
10.29 !
" ch3x sh®x
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y=x& xx°,

Iny:In(xex xxg):eXXInx+9XInx:InXX(eX +9).
l:(nXX(e +9))G—EX(e +9) + In xxe* agelnx+£9+g.
y e Xg X

= yxageexaelnx+39+29: x& xxgxge Enx+ 10490

¢ Xg Xg ¢ Xg Xg

1y = (arctgx) 2 MO, 2. y:(sin ﬁ)ln(sm&).
3.y = (sinx)> sy = (arcsin x)*’
5.y = (Inx)® . 6. y = x2reInx,
7.y= (Ctg3x) g y=xt
0. y = (tgx)*®’ 10. y = (cos5x)
11. y = (xsin x)8|n xsinx), 12.y = (x - 5)™™.

13. Yy = (X3 + 4)tgx

14. y Xsmx
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15. Yy = (X2 —l)ShX. 16. Y = (X + 5)Ctgx
17. y = (sin X)57x. 18. Yy = (X + 1)COSX
19. y =19 xx®. 20 y=x° x2X,
21y = (Sin &)em : 2 y=xt".
23.y=x . 2.y = X2 (5%,
25 y=x° . 26. y = (tgx)"™s T
27 y=x". 28. Yy = (X + 4)thX
» In COS 2X
20. y = 29% xx%, 0.y =cos2x 4

- In(arctgx) In(arctgx)
arctgx L+ x%)

. (sin \/;)In(sin\fx) X In(sin \/\/é)ctg\/? |

113 5e* 1(sin x)*" x(In(sin x) + ctgx);

Javoblar. 11.1 (arctgx)?

1

:
V1-x2 arcsinx g

- ex X & -
11.4 (arcsinx)® re xgln(arcsmx)+

1 6 2 Inx arcsin x 0
0 116 Xarcsmx § + 3.
xxInxg’ N X 5

0 Qtox In x l
9. 118 x#¥ xe' ee_ 0.
Sin6X g & cos? x Xra

115 (Inx)® 13" xQ(In 3xIn(In x) +

11.7 26* x(ctg3x) % x(;ln(ctg?)x) -

e*

0. 1110 (cos5x)*” re* 1(In(cos5x) - tg5x);

11.9 (tgx)’ s

x4e* XQIn(tgx) +

11.11

16(xsin x)*"**™ xIn(xsin x) x(L+ x*ctgx)
" :

X & 0
chXnghXxm(X 5)+ﬂ9 1113( +4)g In(x* +4) 3x? rtgx 0

11.12 (x -5)
X-5g 1+ x? x3+4 5
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- 3..
inxd & sin x” 0
11.14 XX xg?,xzxm xxcosx® + —"—1:
X g
2x shxo
11.15 (x> 1)ShXchhXXIn(x -1)+ .
-1g

2 4% xctgx In(x + 5)

11.16 (x* +5) ¥ ug——
X" +95 sin®x g

111,17 EX(sm X)? t(In(sin x) + xxctgx);

ae2x COSX . 0
g —sinxxIn(x® +1)<;
X“+1

2

11.18 (X2 +1)

; X & X 0
1119 10%° 1x21108x2 xIn19 + 22 11,20 X° XZXxg3XXInSXIn(x)+3—+In2i;
e Xg X '

o
. 2In(sin/x) | tgv/x 0 0 2l Inx g
11.21 (Sln\/;) xex (sinvx) , 19 ;1122 X° xe®PxE= —=
X 2\/_,5 €x sin?xg
€OS X &1 . 2X 0
11.23 X° xe""”xQ——smxxmx— 11.24 X2 15% ¥ ZXXInZXIn(x)+—+In5;;
& X 0 g
" tgx
sin x 10 In== In tgx
11.25 X°  xe s'“Xchosxxmx+—— 11.26 tgx 4 X _(g );
Xg sin 2X
arctgx 2 Inx 1% 2In(x® +1) 8x’ Xthxo
1127 X e — "+ =2 1108 (X° +1) ™ ( )
€1+ x> Xg ch?x x2+1 5

X 3 X 0
11.29 X% x29% xgzgx xIn29xIn(x) + 2 i 291
X g

C0S 2X

11.30 —-c0s2x * xtg2xxIn(cos2x).
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y = arcsin(e ) + In(e2X +/e* —1)
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2 0
= 1 1 xgezxx2+ 1 xe4xx4i:
1- (e_ZX)Z e2x + e4x -1 2 e4x -1 g
® ax _ 2X 0
_ 1 N 1 122 € e 1 . I
/1_ e—4x er + e4x -1 8 e4x -1 e4x _1{3
~ e2x N 282X X e4x ~1+ e2x ~
e4x -1 e2x + e4x -1 e4x -1
e2x e2x 392x

= + .
Ve 1 e o141

2
——(x2 + 8N x? —4+X—arcsing, x>0,
16 X

4x +1 1 xarctgx4x +1
T 16x2 +8x+3 f J2

LYy =2X- In(1+ V1-e¥ )— e”2*xarcsin(e?®).

=
<

w

y= V9x? - 12x + Sxarctg(3x - 2) - In(3x _2+/9x% —12x + 5)

/ 2
= 2 \Jaxo x4t =Xt

e

o

Xx-1 Xx-1

X4 .3 1, 5 2
6.y:axarcsm—+—(x +18)Vx° -9, x>0.

—1 1 3x-1

\l

rarct .
e \/_ g J2 3 3x2—2x+1

8. y=3X - In(1+ V1-e5 )— e *xarcsin(e®).

0.y = |n(4x ~1++/16x2 - 8x + 2)- J16x2 - 8x + 2 xarctg(4x - 1).

1+24-x-x> 4 5
10.y=1In + XA/ = X = X",
2x +1 2x+1




11

12.

13

14

15.

16

17

1

o

19

20.

21

22.

23

24

25.

26

27.

) 1
vy =(2x + 3)* xarcsin
y=( ) ot

y= X+2 N 1xarcth+2
X2 +4x+6 2 J2 o

Yy =5x- In(1+ V1-el )— e >*xarcsin(e®®).

Ly =X —8x+17xarc:tg(x—4)—In(x—4+¢x2 —8x+17)

_ 2
n1+\/ 3+4x-X N 2 W—3+4x—x2.

=|
y 2-X 2-X

.y:(3x2—4x+2)W9x2—12x+3+(3x—2)4xarcsin3 1 , 3x-2>0.
X

y-ixarctgx_1+ x-1
W2 V2 X% -2x+3

Y= In(e5x ++/e!%% —1)+ arcsin(e™™).

y= |n(2x _ 3+ +/4x% ~12x +1o)+ Ja4x? ~12x +10xarctg(2x - 3).

2
n1+\/—3—4x—x _ 2 W—3—4x—x2.

=|
y -X=-2 X+2

.y:§X(4x2 —4x +3) 1 x? —x+(2x—1)4><arcsin2 L [ x-1>0
X

y= 2x -1 N 1xarctgzx_l
4% - 4x+3 2 NI

.y =arcsin(e™**) + In(e‘“‘ ++/e% —1)

Y= In(5x +~/25x2 +1)— \25x2 + L xarctg5x.

~ o2
2 W—3+12x—9x2+ln1+\/ 3+12x-9x"
3x -2 3x -2

y:

+ (3% +2x +1)x\/9x? + 6X, 3x+1>0.

) 1
v = (3x +1)*rarcsin
y=( ) 1

y-i g2x+1+ 2xX+1
V2 V2 4xP +4x+3

3+§x(4x2 +12x +11)x/x* +3x+2, 2x+3>0.

119
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28. Y = In(e3x ++/e® —1)+ arcsin(e ™).
20. y = /49x* +1xarctg7x - In(7x ++/49x? +1)
1+~/1+4x°

2X

30. y:EX 1-4x% +1In
X

x>-x 8 2 16
Javoblar. 12.1 —————+ —xarcsin—; 12.2

gVx* -4 X X (16x2+8x+3)2,
(9% - 6)xarctg (3x - 2) s 2x% -7x+3

JOX? -12x +5 (x-1)%V2x-x2

12.3 287X xarcsin(ezx);12.4

3 —
126 X varcsinS + X =D 1) 12,7 1128 3¢ xarcsin(eSX);
X 27X - (x —2x+1)
4(1-4x) 2X +3
12.9 xarctg(4x -1); 12.10 - :
J16x2 - 8 +2 V=X = x2x(2x+1)?
12.11 8(2x + 3)® rarcsin L 11212 — 4 ~: 12.13 e rarcsin(e™);
2X+3 (X° +4x+6)
12.14 x4 xarctg(x - 4); 12.15 4-x
VX2 -8x+17 (2 - X)2 1/ -3+ 4x - X2
12.16 12(3x - 2)® rarcsin ;12,17 — 4 11218 5% x4/1 - g710% .
3x -2 (x° -2x+3)
12.19 4x-6 rarctg(2x - 3);

Jax? —12x+10

2x2 +8X+9++/- 3 - 4x - X 1
12.20 [ \; 12.21 8(2x - 1) xarcsin
(x+2)W—3—4x—x2X(1+J—3—4x—x2) 2X =
1229 125 4 e4X -1, 25xarctgsx.
(ax? - ax+3f V25x% +1
3-9x
12.25

V-3+12x-9x2x(3x - 2)
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3 . 18x? 8
12.26 12(3x +1)” xarcsin + (X +1) ¥ ——; 1227 5
VIxX? + 6X (4x2 +4x+3)
e —1 7xarctg7x 1 1

12.28 3 - .
e +1 2\/49x +1 x2J1—4x2 1+ 4%

Funksiyaning hosilasi

13-masala. Funksiyaning hosilasini toping.

arcsmx 1 1 X

A1 - X2 2 1+X.
garcsinx 1, 1- xo¢ (arcsinx)axx/l—xz—arcsinx(x/l—xzj

g\/l X° 2 1+Xg 1-x°
1 1+x —1><(1+x) (1- x)><1
2 1 x 1+ x)?

1 xx/l—xz—arcsinxx;XZx
_V1-x° 21-x

1-x2

1 X xarcsin x

+E 1 -2 ) Ji-x> 1 _  xxarcsinX
2 1-x 1+x  1-% 1-X° [1-xN1-x2

X xarcsin X 5
1. y=———+Inv1-x°“.
V1-x?
_ X V1-4x?
2. Yy =4lIn - R
1++/1-4x? X
3.y = X(2x? +5)V/x? +1+3In(x+x/x2 +1)

2+2

+

4.y = x> arcsin x +
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o1

»

~

o

(o]

Y=

Ly =

Y=

y:

Y=

3arcsin +244x2 +2x =2, 4x+1>0.

4x +1

V1+ x2arctgx - In(x ++/1+ x? )

+7OX2 + 24X +12, 3x+4>0.

2arcsin

3x+4

x(2x% +1) X2+1—"%X+sz+ﬂ
2
In@+Vx2+ﬂ— X2+l

X

4x+3

10, Y = v1-3X = 2X2 +—_arcsin 2.
y 22 17

1

12.

13.

1

15.

1

1

18.

19.

=

b

o

~

y

y

y

y:

y:

y

= J@+x)@+x) +3In(Va+x+v1+x)

VX2 -x+1
X

=1In

4 2
:EJnX X :1— 1 mag—%g—.
12 (x2 +1) 2437 T2x?-1

Aarcsin +VAX2 +12X -7, 2x+3>0.

2X+3

2arcsin +/9%2 +6x -3, 3x+1>0.

3x+1

:(2+3@4x—1—gamm4x—1
:%CX—@VX+l+h%VX+1+ﬂ

_ Q_:E——J Vx2+1-x
VX2 +1+1

Ix-1 1z1 1 &
=3 - + arctgx.
y X+1 232 x% -1g :
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Y= xln(x/l— X +/1+ x)+£(arcsin X - X).

In x
21. Y = arctg\/ -1- .
\/x -1

+X2+4X -5 x+2>0.

2

o

.3
22. y = 3arcsin P
X

23. ¥y =4/(3 - X)(2 + X) +5arcsin ‘/%2.

24. y = x(arcsin x)* + 24/1 - x* arcsin x - 2x.

2

25. Yy = + arcsin Xx.

X

2
26. Y = X2 X3+2\/l—x2.

Vx*+2 1 J2+x*+2
x2 A2 X '

28. y = %(10 — X*)V4 - X% + 6arcsin§.

27. y =

29. y = arcsin +24/X% +3x+2, 2x+3>0.

2X+3

[ x
30. Y = X*arcsin —1 — J/x +arctg+/x.
X+

arcsin x
Javoblar. 13.1 —————: 13.2 113.3 8y/(x? +1)° : 13.4 3x? arcsin x;
J(L-x2)3 \/1 4x?
7x(4x + 1) a6 X arctgx 8(3x +4) 138 82 m;
® oaxt + 2x - \/1+ X ng +24x+12
13.9 X2+1‘1310— 0 13.11 4+X'1312 2x-1 ;
x> V1-3x - 22 XH(X? = x+1)’
x® 2/ax2 +12x - 7 3J9x% +6x - 3
13.13 ; 4 : 13.15 ;

(x“—x2+1)X(x2+1)’13'l 2X +3 o 3x+1
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18x° - 8x -3 3XVX+1+3X-A/X+1+2 20X2 +1+x+2

13.16 $13.17 ;13.18 —f ;
4xy/x -1 B/ X +1¥ (Jx+1+1) 2(1/)(2 +l+1)X«/x2 +1
19 5x” +17 xx?rctg;; 13.20In(¢1— X ++/1+ x); 13.21 ﬂ; 13.22
12(x*-1)  (x*-1) (x2 ~1)3
VX% +4x - v1-
1 13.24 (arcsin x)?; ; 13.26

X+2

13.28 /(4 - x?)* ; 13.29

4
2XXarccos X — x° x 1327——
1+x x3x/x% +2

4/X? +3X+2 . X
-13.30 arcsin. [—— .

2X+3 Xx+1

Funksiyaning hosilasi

14-masala. Funksiyaning hosilasini toping.

_[tgx +4/2tgx +1
tgx - /2tgx +1’

0
39\/tgx+«/2tgx +10 \/tgx+,/2tgx +1 aetgx+,/2tgx +1o¢_

t=¢
y ¢\ tgx - y2tgx +1 tgx - |/2tgx +1 gtgx J2tgx +1;

1 1 2 0 _ _ Y
:l /tgx+q/2tgx +1X§cos X 21/2tgxxcos Xﬂ(th 2tgx +1) - (tgx 2th+l)§ 0s® 21/2tgx cos’ xg

2\ tgx - /2tgx +1 (tgx - y/2tgx +1)?
tgx+\/Tgx+1 (1 W)(tgx—«/Ztgx +1) - (tgx - /2tgx +1)b \/ﬁ)
tgx - w/2tgx+1 cos? XX (tgX — A/2tgx +1)?
tgx + 2tgx+1 tgx - «/2tgx+1+*/a 1+ F—tgx 2tgx—1+@+1+¢2\1ﬂ

1
- 2 tgx - /2tgx +1 cos? xx(tgx - /2tgx +1)?

\/tgx+\/Tgx+l \2tgx -2 2tgx+%

1
2\t 2tgx+l cos? XX(th—4/2th+l)

2
tgx + 2tgx + 1 Jtox

tgx 2tgx +1 c0s? Xx(tgx — /2tgx +1)

=1
2



"2

/2tgx + 1)(tgx - J2tgx + 1)2 cos” x(t
LT -

X =

2\ tg?x+1 cos? xx(tgx - /2tgx +1)

- Lot VX
V2 cos? X x (tgx — +/2tgx +1)
1-tgx

2tgx x{sin x - /sin2x + cos x

j'

1Ly= LIn(tgx +ctga).
sina

2. y = xxcosa +sinaxInsin(x - a).

3

—i i - X
V5 (sm(ln X) (\/5 1) cos(In x))
4y = arctgg cosx 9§

COS 2X

sin x sin X
5y=3——+2—,—.
COS™ X COS X

6. y = (a2 +b?) 7% xarcsin¢

7*(3sin3x + cos3xxIn 7)

7. -
Y= 9+In%7
e y=In sin x
' COS X + +/COS 2X
= —— larctg(acos x) + alnlt
a(1+a)( g(acosx) +aln(tg2))
1 1 l 1+sinx
0.y = - - —In

3sin®x  sinx 2 1-sinx’

2+/a? +b? xsinx{
b

1 tgx - /2tgx +1 x @ \/t@TX
(igx +

gx - /2tgx + 1)

2+1

0

]

125



126

11

_ctgx+ X
2. yV=——7"7""7—.
1- xxctgx
1 carct 2xsin%
13,y = arc :
y 2sin < ° 1-x°
[ 4 2
14.y:arctg\/ X *1-x , x>0.
X
_ 6%(sin4xxIn6 - 4cos 4x)
15. Y = 5 :
16+1In“6
16. y = arctg ”Ztgx.
1-tgx
2sin X
17. y = arctg :
J9cos? x - 4
_ 5%(2sin 2x + cos 2xxIn 5)
18. Y = . .
4+1In°5
19 y—|nM
| J2 -thx’
20y = 3% (4sin 4x + In3xcos 4x)
| 16+1In23 '
_ 4%(In4xsin 4x - 4cos 4X)
21. Y = 5 :
16+1In“4
COS X
22,y = - 2cos x - 3Inltg %)
Y sin? x (gz)
_ 5%(sin3xxIn5 - 3cos 3x)
23y = :

24

25. Y

Ly = (1+ Xz)earctgx.

9+1In’5

y=x-In(L+e¥) - 2e 2arctge?.

_2*(sinx+cosxxIn2)
1+1In?2 '
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In(ctgx + ctga
26. Y = ( g_ g ).
Sina
COS X COS X
21 y=2——+3——.
SIn " X SIN~ X
COS X 4 2tg(§)+1
28. y = —+ arctg——=—.
3(2+sinx) 343 V3
.y = 3% (In3xsin 2x - 2¢0s 2X)
| In?3+4 '
1, 1+cosx 1 1
3. y ==1In - - e
2 1l-cosx cosx 3cos’x
1 sin X
Javoblar. 14.1 1142 —mm;
cos xxcos(a - x) sin(x -a)
s sin® x |
(«/ C0S2X + COS* x)xw“/(cos 2x)*
3+3sin’x  2-6sin’x COS X .
14.5 3 + 3 . 14.6 ;14.7 77 xCOS 3X;
€os™ X Cos” X Jb?xcos? x - a2 xsin? x
1 COS X xCtgx 1
148 — . 149 . 92 11420 ——————;14.11 (2X +1) xg¥eox,
Sin Xx~/C0S 2X 1+a“xcos” x cosXxxsin™ x
x? 1+ x?
14.12 = — 55 14.13 N —;
(sin X = xxcos x) (1-x)"+4x°xsin® 3
1 ) 1-tgx + 4/ 2tgx
14.14 - :14.15 6° sin 4X; 14.16 g g ;
(x4 + 1)x\/\/m -x° V210X
2 2~ 2
14.17 :14.18 5* xC0OS 2X; 14.19 zi? 14.20 3 xCOS 4X;
cos xv9cos? x - 4 ch®x+1
. 2 +3sin’ x . -2 >
1421 47 sin4x; 14.22 - —————;14.23 5" sin 3x; 14.24 Xxe 2 rarctge?;
sin” x
y 1 5 2sinx +7
14.25 27 XCOS X ; 14.26 — ——————; 14.27 3C0OSECX - BCOSEC’X; 14.28 ———————;
sin(a + x) 3(2 +sinx)
1

1429 37 8iN 2X; 14.30 - ——————.
sin Xxcos” X
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Parametrik berilgan funksiyalarning hosilalari

Agar x ning funksiyasi y ushbu

ix=J(t),
]
Ty=y(@®)
parametrik tenglamalar bilan berilgan bo’lsa, u holda y ning x bo’yicha
hosilasi y¢
v
4 .

tenglik bilan aniglanadi.

15-masala. y¢ funksiyaning hosilasini toping.

fx= In(t+x/1+t2)
1 2
L i -

XF:(ln(t+W)j=#x§1+ ! x2tg:
]

24/1+t2
_ 1 X\/1+t2 tt_ 1
t+y1+t2 A1+2 1+t2
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K
1 R1+1+t%0

y :(\/1+t2 —In“mj 0G T =
9 t 2\/1+t T -

t t H x2tXt—(§L+x/1+t )

= -_ X

N1+t2 1++/14t2 t?
L S T S A £ Gt ok

N14t2 1+4+/1+t2 t2~/1 412
ot 1 Vi+t2 +1 t°+1
= + X = .
N1+t2 1+41+t2 tV1+t2 t14t?

Natijada:
i = f_g 1 08 t2+1 0t
4 EViets bieZy Ol
1y—-ll'x_ tt3+1 lX—’\/l t?
. | 3
fy = sin(5 +1) v = tguie
=2t ix = arcsin(sint)
> I,y =1 * l,y = arccos(cos t)
1 oy o
|x In(t +t? +1) I = /2t - t2
N1
Ty—t t?2 +1 Ty arcsin(t -1)
= ctg(ze) 1= Inetgt)
7.1 - Int . 8._|_y: 1
= In(tge’) " cos?t
|x arctge? -‘,-x:In ot
10.

Ty ve' +1 Fy=+1-t°
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LX =
1 1-t*
11. ]

gy — inl-t
Fy =arcsin =

le arcsm(\/ﬁ)

13.
= (arccost)?
_‘:_x = (L+cos?t)?
15. _l'_y _ cost
1’ sin?t

‘|x = ar(:(:osl
17. |
=\1-12 +arcs|n1

Tx = arcsin Jt

19. | —1+\/7
-\i-x = t\t%+1

21. 1

Ty 1+x/1+t
‘|, In(l —t2)
]
Ty arcsin/1-t?
v — 1-sint

- I'X_ In 1+s:nt
Ty = 2tg’t +Incost

= In(tgt)

27. 1 1
Y = —
7 sin%t
-‘l-X - eseczt

29. |

Ty =tgtxIncost + tgt - t

x=~1-t°
12. 1
<Y = t
T 1-t2
ix=—
1t 1-t!
|
Ty = [ 1HV1-t?
Ty_ln t
jrein
16. |
Fy=+1-t2
3y = 1
| Rl
18. |
In 1++/1-12

}x = (arcsint)?

20. 1 )

1=

jx = arctgt
22. 1 "

Fy =In Lt

Px=arctg 5 e
24. 1

Ty =arcsin /1 —t?
- arctg, /1t

26.!’
Ty =t -1-txarcsinA/t
Ix :tlz%+ In/1-t?

1
28. 1
ey —
1 p—
Iy V1-t2
.:.x =_t :
30. 1 -t
eeyy —  t
l —
|y 1-t2

arcsint + In+/1-t?2
xarcsint + In1-t?2
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2t 0 Vi-t 242t -t*

Javoblar, 15.1 - t* xcosg— +11; 152

; 15.3 ;
g 2txcosz( 1+t) 3(L-t2)x3/(1-1)?

.15.7 —sin(2e'); 158 - 2tg°t; 159 ve® +e';

1541:1552t> +1: 15.6

t? -1 1 2arccostry1-t*  t?-1
t

15.10 tx+/1-t? :15.11 : 15 :15.14

3 12 f;15.13
t tx(t” -1) V1-12

1 try1-t? ) In?t 1-t
15.156 —— ;1516 ——— ;1517 t° -1, 15.18 ;
4sin® txcost 2 1-t2 1+4/t

1 1 t-1 Vi-t2

15.20 2 - ;15.21 ; 15.22 ——; 15.23
(@-t°)x2arcsint

(2t +1) t+1 2t

t2+1 sintxcost -1 Jtxarcsin/t )
; 15.25 ; 15.26 ;15.27 - 2ctg°t;
1-1t2 cost 2x(1-t)

arcsint x+/1-t2 1 _
;15,29 —xctgtxIncost xe sec’t. 1530~
2txInt 2 arcsint

Egri chizigga nugtadan o’tkazilgan urinma va normal
tenglamasi

y=f(x) egri chizigning M,(x,, f(Xy)) nuqtasidan o’tkazilgan
urinma tenglamasi:
y = (%) = X)X - %)
y = f(x) egri chizigning M,(X,, f (X)) nugtasidan o’tkazilgan
normal(perpendikulyar) tenglamasi:
Y-Yo=- f¢(1x0) (X - Xo) (M(Xo) * 0)-
16—masala. Funksiya grafigining t = t, parametrning giymatiga mos

kelgan egri chizigning nugtasiga o’tkazilgan urinma va normal
tenglamasini tuzing.
Tx = 2¢'

1 o
ty=e", t,=0
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Echim:

t, = 0 ekanligidan, u holda

Hosilalarni topamiz:

=t = e
_yi_-e'_ 1
4 xp  2¢ 2%
u holda
1 1
% 220 2

urinma tenglamasi:
Y = Yo = Yh(X-Xp)
1
-1=-"x(x-2
y 5 (x=2)

1
= -—xX+2
y 2

normal tenglamasi:

Y-Yo :‘yig(x‘xo)

1=y -2)
2

y =2x-3.



‘:x:asmt

1 p
=acos’t, t, =2

)l“y 07 4

‘|x =a(t -sint)

' P
=a(l-cost), t,=—

"y =a-cost), to ="

1 2t+t°

|,X 1+t3

5. 1

Ty = 21t+t3 b =1

ix=t(trcost - 2sint)

—\ —

"y =tsint + 2cost), t, =P
Y =t(txsint+2cost), t, =5
¥ 0=,

_‘i_x = 2In(ctgt) + ctgt

9.1 p
<y =tgt+ctgt, t, =2
Ty g g 07,

1X =artrcost

]

11. _ P
<y = artssint, t, ==
Ty 07 5

1X = arcsin -
1 W
13. |
arccos——, t,=1
Y= T b
I v — 1+t
.I.)(_t_2
15. 1 .,
Y=ttt ©=2

1x=a(txsint + cost)
I

1 = a(sint - txcost), t P
¥ 0y

Tx=1-t
19. |

Ty=1-t°, t;=2
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_‘:_x = /3 xcost

2.1 _ P
Yy =sint, t, =%
¥ o3
lx 2t - t°

Ty gt-t3, t,=1

Lx = arcsin
6 1 W
3]
o t —
v = ar -1
y = arccos -, t,

Gy — 1,42 _ 1,44
y !,X_zxt 4Xt
Ty:%xt2+%xt3, tO:O
iX =sint
12. 1 ,U
=cost, t, ==
¥ 07§

‘:x—axsin3t

16. | t t ,0
axcos =-—
er 0" 6

L
1
=", b=-1

= In(1+t?
2. | (1+1%)

Ty =t-arctgt, t,=1
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ix=t(1-sint) Px=15

2.1 _ 22. 1 .
7y =txcost, t; =0 Y=g ty =2
_i_x:?,cost "[x:t—t“

23.1 . _p 24. 1 > .3
-,r-y—4smt, to—z ty=t"-t°, t,=1
Fx=t5+1 IXZZCOS'[

25. | ) 26. 1 ] D
Fy=t-+t+1 t,=1 ;I:y:SInt, '[0:_§
_I_x:2tgt |X:t3+1

2.1 . 5 ] p 28. | )

-,r-y—23|n t +sin 2t, to—z Fy=t°, t,=-2
ix=sint 1x=sint

29. 1 ) 3. 1 p
Ty=a, t,=0 Ly =cos2t, t,==
Ty 0 er 07 6

X a. X  ap.

Javoblar. 16.1 Y = -—+ —; =\/§X—a;16.2 =3X—\/§ 163YyY=-—

SRR ’ SN
X 1 3,0
X-1, y=-—+2-; 3X -4, ———+1 2X + —
16.4 Yy = y 3723 16,5 y = y 3 166 Yy = 4
y:—g+%;16.7 y=-X+ 1X\/_,y X+ pr;lG.S y:_gxx—4a;
y—§xx+§ 169y =2;,x=1;1610 Y= X; Yy = -X; 1611y——%+ax’0;
4 2 p 2
y:_m+ﬂ.1612 y:_iX'l'i'y:\/gXX'lGlfiy ZX_B y__§+3p
2 2 J3© 3] T 4 2 8
x 17 4x 2
=X+2;, y=-x+4; =—+2-— y=-—+4—:16.

16.14 Y = X y = -X 16.15 Y 1 25" y . o1 16.16

y=—\/§x+4T\/§a; y= j_ \/_ ;16.17 Y = x+@, y=-X++/2xa;

1618y_—X+2'y—X+2-1619y—1—X+g'y—_ﬂ_7_8.
| ’ T 4 4 11 11°
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16.20 y:§+4—p——ln4; y:_2X+4—,0—+|nl6

1621 Yy=0:x=0;
4 y

1622 X = 3; yz%;le.zs y:—%x+4\/§; y:%x+¥;16.24 yzi; y = -3X;

V3. 243 ——2\/_xx+3\/_

1625 Yy =X+1, y=-X+5;16.26 y_?X_T

16.27 Y = -2X +6; y:%X+l;16.28 y = —%x+7; y =3x-23;

16.29 y = xxlna+1 y= —ﬁﬂ; 16.30 Y = -2X+15; Yy :%x+0,25.

Yugqori tartibli hosilalar

Birinchi tartibli hosiladan olingan hosila, ya’ni
(y0Ot = (fe(x)) yoki y&t= f(x)
y = f(x) funksiyaning ikkinchi tartibli hosilasi deyiladi.

Ikkinchi tartibli hosilaning hosilasiga uchinchi tartibli hosila deyiladi
va y&, f®(x), y belgilarning biri bilan belgilanadi.
dx®

Umuman, y = f(x) funksiyaning n - tartibli hosilasi deb, uning

(n -1) - tartibli hosilasining hosilasiga aytiladi va y™, M (x), d y

belgilarning biri bilan belgilanadi.
17-masala. Funksiyaning n—tartibli hosilasini toping.

y — 32X+5.

Echim:
yt = (32’“’5)Q = 37*3xIn3x2.

ye = (3245, In3xz)¢ =37"xIn*3x2%,
Shunday qilib,
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y™ =37°xIn" 3x2" = 2"xIn" 3x37**°,

1y =xxe®, 2.y =sin 2x + cos(x +1).
5/ 7x-1 Ax +7
3. y=3e”, 4y = .
y y 2X+3
5.y = lg(5x + 2). 6.y =a>.
X
7.y =T . 8. y = lg(x + 4).
y 2(3x +2) y=lo( )
2X+5
9. :\&. 10 y=——"-—"-—.
y y 13(3x +1)
11,y = 23, 12. y = sin(x +1) + cos 2x.
13, y =32 14. y = 4+15x
oxX+1
15. y = Ig(3x +1). 16. y = 7°%,
X
7.y = —————. 18. y = Ig(1+ x).
Y~ 9(ax+9) y=lgt+x)
o y=2 o y=_2Xt1
RN Y 13(2x +3)
21 y = a®**3, 22. y =sin(3x +1) + cos5x.
2.y =/e*, 24,y = 11+12x
6x+5
25.y =lg(2x + 7). 2.y = 2%
X
21. Yy = ——. 28. Yy = log,(x +5).
y C+1 y =logs( )
1+X /x+1
29 y = —=. 0. y= —— .
1-x 17(4x + 3)

0 & 0
p n+2x++cos(;£n+x+1+; 17.3

Javoblar. 17.1 (n +ax)xe®xa" ;172 2" sinage—
62 ] e2 o



137

&7an5/e7x-1 , DTkttt (-1 " x(n -1)5"

: 17, ;176 a¥x3"In" a;
€5p (2x+3)n In10x(5x + 2)"

n=l

D" QO (2k -1

L (D™ (D) x(n - ) 179( )O@Kk-1
@x+2)" T In10x(x+4)" T 20Dy Jx

_ K n-1
17.10 ((;) xr;).il - 1711 23 x3"xIn" 2
X +
17.12 singg—pxn+x+19+2”xcosgg—pxn+2x9;
g 2 g g2 g

. N _1\" KEN _1\n-1 Y e ll
17.13 %gg X3le2X+l : 17.14 M 17.15 ( 1) X(n 1)-3 ,1716 5n In(7)n X75X;

e3g Gx+)™ T In10x(3x+1)"
~1)"txnkg"t n-1 | ~N"xnl n-1, Axon-1
17.17( 1) Xn.i . 17.18 (- x(n-1)! 1719 Ax( 1r)] LI (-D)"xnt %1 |
(4-X+9)n In10x (1+ X) X (2X+3)n
1721 a”x2"xIn"a; 17.22 3" xsin%3—pxn+3x+19+5“ 1COSG )
e 2 ] g 2 g
W N
17.23 ggg e ;17,24 (-1)" xnk6" x(6x +5) ",
€2¢
n _ I 'X
17.25 (_1)”‘1X%X(2X+7)—n; 17.26 2% xk" In" 2; 17.27 (-1)**% —((k +1)12+2 17.28
n X +
n-1 | | _1\"-1, Aran-1
(-D"i(n-nr 2k +k{)2_;17_30( 1) Xnﬁl |
In3x(x +5)" 1-x) (4x + 3)

Yugori tartibli hosilalar

Birinchi tartibli hosiladan olingan hosila, ya’ni
(yOe=(fe(x)) yoki yt= f&(x)
y = f(x) funksiyaning ikkinchi tartibli hosilasi deyiladi.

Ikkinchi tartibli hosilaning hosilasiga uchinchi tartibli hosila deyiladi
va y#, f®(x), y belgilarning biri bilan belgilanadi.
dx®

Umuman, y = f(x) funksiyaning n - tartibli hosilasi deb, uning
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n
(n -1) -tartibli hosilasining hosilasiga aytiladi va y™, M (x), 3—3’
X
belgilarning biri bilan belgilanadi.
Ikkita funksiya ko’paytmasining n - tartibli hosilasi ushbu

W)™ =yu®y +ny™-Dye+ n(n2l— Dyo-ayes s

L nin ‘1)--|-((In KD -0y ® 4ty 4 gy

formuladan foydalanib topiladi. Bu formula Leybnits formulasi deyiladi.
Xususan,
(Uxv)t=utv + uxve,
18—-masala. Funksiyalarning talab gilingan tartibli hosilasini toping.
y = (Xs +3)e4x+3’ yW =2

Echim:

yt = ((X3 + 3)e4x+3f = 3x%e™*3 + (x3 + 3)e4x+3 14 =

= (4x3 +3x% +12) ne™*3,

yb = ((4x3 +3x° +12)xe4x+3)0 =
= (12x% +6x)xe™ % + (4x° + 3x* +12)xe™ % x4 =

= (16X° + 24x% + 6 + 48) xe***3,

v = ((16x3 +24%° + 6X + 48) xe4x+3)¢ =
= (48%° + 48x + 6) xe**3 + (16X> + 24x% + 6x + 48)xe** 314 =
= (64x> +144%° + 72x +198) xe***3,

y" = ((64x3 +144X° +72x +198) xe““?’)0 =
= (192x° +288x + 72)xe™*3 + (64x° +144x° + 72x +198)1e™*> x4 =
= (256%> + 768x° + 576X +864) xe***,
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N

w

»

~

8.

Y=

Y=

Y=

y:

y=(2x* -7 In(x-1), y¥=2
y=(3-x%)In%x, y#=2

.y = xxcosx?, y#t="?

In(x - 1)

, y#=?
X-1 y
log, X _
5 ylt =2
X

Yy = (4x3 +5)e®M YV =9

x?xsin(5x - 3), y#="?

v _
2 V7

X

0. y=(2x+3)Inx, yw=2

10. y = (L+ x%)arctgx, y®=?

11.

12

13

14. Y

15

1

[op}

17

18

1

(o]

20

y=(L-x-x%)e

Ly =(4x+3)x27%, yV=2

cy = el usin(2 +3x), yV =2

In(3+ x)
3+ X

, Y& =2,

y=(2x3 +1cosx, yY=2.

y=(x*+3)In(x-3), yVv=2

x-1
vV _
2,y =7,

Y :lxsin 2X, y#=2,
X

y=(x+7)In(x+4), yY=2.
y=(@Bx-7)x37%, yV=2

139
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_ In(2x +5)

=2
ox+5 ' 7

2. y=exsin2x, yV=2.
23, y:In—SX, yt=2.
X
24. y = xIn(1-3x), yVv =2
25y = (x* +3x+1)e>*?, yV =2
26.y = (5x -8)e™*, yV =2

_In(x-2)

27. Y , Y =7, 28.y = €~ " x(cos 2x - 3sin 2x),
X_

yV =2
20. y = (5x -1)xIn® x, y&=2.

log; X
3o.y:—g§’ , yV =2,

8x(x? - 5x -11) ~4xInx  6Inx-7x?-15
: ; 18.2 + 3 :
(x-1) X X

46—15In(x—1)_185 47 -60Inx

8 (x -1 ~ In2xx®

Javoblar. 18.1

18.3 — 24x% xcos x* + (8x* - 6)rsin x2; 18.4

18.6 32(4x° +30x? + 60x + 35)e ",

~154+120In x

X6

18.7 - 150xxsin(5x - 3) + (30 - 125x2) xcos(5x - 3): 18.8

4Inxx(3-x)-18 -342 +3601In x
18.9 3 : 18.10 ﬁ; . 7 :
X 1+x°) X

18.12 (- In® 2x(4x +3) + 20In* 2)x27

11-6In(3+x)
@+x)*

- 2x% +24x -126

(x-3)°

18.13 - 122e*?* xsin(2 + 3x) - 597e"** xcos(2 + 3x) ; 18.14

18.15 (30x% -120) cos x - (2x® -120x +1)sin x; 18.16
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x-1 2 _ _qy2
18.17 —iX(55+17x+ x%)e 2 ;18.18 12x* -6 XSin 2X + 12-8x XCOS2X :
16 X X
18.19 _120X+17680; 18.20 (7In3-12 - 3In3xx)xIn®3x37*;
(x+4)
X X
18.21 88- 48|n(2)i+ 5) ; 18.22 glxe2 xsin2X —15%e2 xcos 2X; 18.23 107 - 2;[0'” X ;
(2x +5) 16 X
18.24 —M; 18.25 32 x(9x? +57x + 35)e*2,
(1-3x)
18.26 273 1In® 2x(5In 2xx - 8In 2 - 20); 18.27 274_120'”9 ~2).
(x-2)
18.28 — e " x(79c0s 2X + 3sin 2X) ; 18.29 6- 2(5)(: 2)Inx ; 18.30 _154: ngln X :
X X" xIn

Parametrik ko’rinishda berilgan funksiyaning hosilasi.

Agar y = f(x) funksiya rarametrik ko’rinishda berilgan bo’lsa, ya’ni

1x =4, atteED,
TY =y (1),

bo’lsa, u holda

fi(x) =20

Jit)
va
fo(x) = YOI - 74OV )
JB ()
bo’ladi.

19-masala. Parametrik ko’rinishda berilgan funksiyaning y§,

hosilasini toping.
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ix=Int
Ty = arctgt
Echim;
xp:(lnt)ﬁz}
t
= (arctgt)t =
y} = (arctgt) 7.1
Natijada:
bt
:L:tz*'l:
Ca ot o8 Li@+td)-ti2t | 1-t?
(v§) =¢ 2 a2 " N2 212
et +1p 1+t%) (L+t°)
U holda:
¢ 1-t2
vi = (yQ)t _ (@+t?)? :tX(l—tZ).
o )
3X = Ix=+1-t2 3 t
X =CO0s2t T Tx =e cost
T 5 21 1 3. 1 L
TV =2sect ly:E 1y =e sint
]
Ty = ch? i, _1
':'X_Sht iXx=t+sint :[X_t
4.0 1 5.1 _ 6. |
Iy:? 1Y =2 -cost Ty = 1
boocht T 1+t?
':'X:\/E ix=sint Ix:tgt
O T S:y:sect 9._|'_y_ 1
J|‘y 1-t ! 17 sin2t



Ix=+t-1 "x-—COSt
T Px =+t T° 1+2cost
10. | t 1. q 12. ] _
= Ty=%t-1 fy=_oint
! B T 1+2cost
- - Ix=+t-1
- Jt3 _ Ix =sh?t T
13. |lX -1 14. |l ) 15. |L 1
Ty = Int Ty =th“t - —F
Ty Ty er NG
Jx =cos?t ix=+t-3 ix=sint
16. | ) 17. 18 1
1y =tg“t Ty =In(t-2) tin(cost)
ixX=t+sint iXx=t-sint iXx =cost
19. 1 20. 1 21 1 ]
1Y = 2+cost 1Y =2 -cost 1Y = In(sint)
iX=cost+txsint Tx = et X = cost
2.1 _ . x 23.’|'\ _ ] 4.9 . 4(t)
Ty =sint-txcost Ty =arcsint Ty =sin"{;
o i X = arctgt - :
X =cht T iX=2(t-sint)
25. | 26. 1 t 2.1
Ty =3¥sh’t -,r-y = > TV = 4(2 + cost)
ix_i
ix=sint -txcost T 2 ix=cost+sint
28. 1 ) 29. 1 30. 1 )
Ty =cost+txsint Ty 1 1Y =sin 2t
T t2+1
1 3-2t?
Javoblar. 19.1 5192 g5 193 — 3 194 ——
cos” t t e x(cost -sint) ch’t
2 _ 4 =2
19.5 ;2; 19.6 %; 19.7 (1+2t)v1-t; 198 l+2$5nt;
1+ cost) @+t°) cos” t
19.9 _—2Xc053t ; 19.10 2__. 19.11 _ A+ ;19.12 ——(l+2005t)3 ;
©osintxcos2t’ T oo 93f(t-1)° sin®t
2(2 -1%) 2 - 6sh’t (2t -3t 2
19.13 6 ; 19.14 5 ; 19.15 —3;19.16 6.
3t ch’t cos’ t

143
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2t 1+sin’t 1 1
19.17 - > 19.18 - 2 ;19.19 = DT 19.20 - DT
(t-2) cos”t (1+ cost) (1 - cost)
1+cos®t 1 t2+t-1
19.21 - $19.22 19.23

sin“t ' trcos®t’ Ce?xJa-t2)?

cos®(t/2) +1 2(3+ch? 1+ 3t?
4 ;1926 —-————; 1

2 ; 19. . 19.26 ;1927 —————— 2
4cos”(t/2) 9sh™t 1+t (1 - cos(t))
6
19.28 - ————19.29 - >3 19.30 2.
tesin®t 1+t°)
20-masala. y funksiya berilgan tenglamaning yechimi bo’lishini
ko’rsating.

y=- [ 4 _ 2
xxyryt-y®=x* (1)
Echim:

3
¢:(—x/x4—x2j=—;x ax3 - 2x) = 22X
g x4 - x? ( a Vx4 - x?

(1) tenglamaga qo’yamiz:

X (= xt = xE == — (=X - x?)? = x*

Ji

Soddalashtiramiz:
xr(2x3 - x) - (x* - x?) =x*
2x* - x? - x* + x% = x4
x* = x*,
Tenglik o’rinli. y funksiya berilgan (1) tenglamaning yechimi
bo’ladi.



X2 sin X
; _

y:xxe_ - —
1. 2. X
xxy¢:(1—x2)y (1) xryt+y=cosx (1)
X
; y:5xe‘zx+% . y=2+cryl-x2
yt+2y=e* (1) (1—x2)xy¢+xy:2x (1)
y = xx4/1- x? y=_¢
5, . 6.° COSX
yryb=x-2x> (1) ye-tgxry=0 (1)
1
= - :| X
7.y 3x+cC s.y n)(((_:;e)
=3y’ (1) y=ett @
y =X -crx y = xx(c-1Inx)
9. 10.
(x2+y2)dx—2xxxdey:0 (1) (x=y)dx+xxdy=0 (1)
_1+x
= al9: T 1-
11. ya—_e I . 12. 11 +X ,
yisinx=ylny (1) ="
1+X
y:b+x y =2+ 3x - 3x?
13. 1+ bx 14, ¢ 1 - 2x .
X =
y—xxy¢:b(1+x2xy¢) (1) yry y (1)
&91+ex('52
y = Ing T +1 y = tgx(In 3x)
15. 2 4 16. )
1+ y)dx=xxdy (1)
(L+e%)ryxyt=e* (1)
y=- 32-1 y=%x-Inx-1
17. X 18

' 3 2 —
14y2 4+ x1yayt=0 (1) Inx+y° -3xxxy“xyt=0 (1)

145
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X _ a
y=a+t y =axtg./— -1
19. ax+1 20. X

y—xxy¢:a(1+x2xy¢) (1) a’?+y?+2xJax-x2xyt=0 (1)

21. iy rvl— y = -1 (1) 22. 2
y y y3\/m y¢—2xy—2XXXe (1)
_ 2 1
y X +1 X y = e 4 2e*
23. 24.

3 _ _ +x2
x><(x3 +1)xyt = (2)(3 _1)y _X 2 (1) yt-y=2xe™* (1)
X

Yy = —=XXCOS X + 3X
25.
xryb=y+x%sinx (1)

_ 1
26. Y= ASINX + X

2sinxxyt+ycosx == y>(xrcosx -sinx) (1)

X
y= X 4% X

27. x-1 287 COS X
xx(x=Dryt+y=x*(2x-1) (1) yt-yrtgx =secx (1)

y = (x+1)"x(e* - 1)

29. n)(y
- —==e"(x+D)" (1
- " e eny (0

Sinx
y=2—— +C0sX
30. X

X*SinXx y+(SinX — X« cosX)y =sinxxcosx - X (1)
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IV BOB. Grafiklar
Funktsiyaning grafigi

1-masala. Birinchi tartibli hosila yordamida funksiyaning
grafigini yasang.
y = x2(x - 2)°.

1) D(y) = (- ¥;+¥).
2) Funksiya juft ham, toq ham emas.
3) yt=2x(x - 2)% +2x%(x - 2) = 4x(x - 2)(x - 1).

iX=2,

yi=0da, fx=1,
:{:X =0

(0;0)- minimum nuqta,
(2;0)- minimum nuqta,
(1;1)- maksimum nugta .

OyHKUUAHUHT rpaduru

1 y=2x3-9x%+12x -9, 2.y = 3x - x>
3.y =(x3-9x%)/4+6x-9.. 4y =2-3x* - %3
5.y = (x +1)(x - 1)2. 6.y =2x° -3x* - 4.

7y=3x*-2-x% 8.y = (x-1)*(x-3)%. o
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y=(x>+3x%)/4-5. 10.y = 6X - 8X°. 11.

y =16x%(x - 1)2. 12.y = 2x> +3x% -5.13.

y=2-12x°% - 8x°, 14.y = (2x +1)%(2x -1)%. 1s.

y = 2x° +9x° +12x. 16.y =12x° - 8x° - 2. 17.

y = (2x -1)?(2x - 3)°. 18.y = 27(x> = x%) /4 -4 .19

y = x(12 - x?)/8. 20y =x*(x-4)?/16. 21

y=27(x3+x%)/4-5. 2.y=(16-6x*-x%)/8. 2
= -(x* - 4)%/16. 24.y =16%> - 36x% + 24x - 9. 25,

y = (6x* - x> -16)/8. 2.y = -(x - 2)*(x - 6)?/16. 27.

y =16x° -12x° - 4. 28.y = (11+9x - 3x* - x%)/8. 29
= -(x +1)*(x - 3)%/16. 30.y =16x° +12x° - 5.

2—masala. Birinchi tartibli hosila yordamida funksiyaning grafigini
yasang.

y=1-3/x% +2x.

1) D(y) = (- ¥;+¥).
2) Funksiya juft ham, tog ham emas.
2X+ 2

3) yt=- .
)Y 33/(x* + 2x)?

yt=0da, x=1; x =0 va x = -2 nugtalarda y¢ mavjud emas.

(-1; 2) — maksimum nuqta .



1.y=2X- 3?{/?.
123/6(x - 1)*

X2 +2x+9

5.y = 2X + 6 - 33/(x + 3)°.

7.y =1-%/x® +4x +3.
63/6x°

X2 +4x+12

9.y = -

13y =3Yx2+4x+3,

15.

(6]

1

~

Ly =2+3/8x(x +2).
19.y = 3x2 +6x+8.

33/6(x +2)?

X2 +8x+24

23y =1-3/x% - 4x +3.
6%&x+3

x% +10x + 33

GWMX 6)°

X2 —8X+ 24

_ 3/6(x -1)?

S 2(x2+2x+9)

21y = -

25.

27.

29.

Funksiyaning eng katta va eng kichik giymatlari

3—-masala. Berilgan kesmada funksiyaning eng katta va eng kichik

y=63/(x-2)? -4x+8.

123/6(x - 2)*

x> +8

4.y =1-3/x% +2x.
63/6(x - 3)°

6.y = |
y X2 -2X+9

8.y = 33/(x - 3)? - 2x +6.
10. y =4x +8 - 63/(x + 2)2 .

12. Y =3/x(x + 2).
__3wax+nz

14y = .
g x> +6x+17

3wa 5)2

X2 -6X+17

18. y = 6X - 6 - 93/(x - 1)°.
20. Y =3/4x(x - 1).

22. Y =3/X(x - 2).
24.y =93/ (x +1)* - 6X - 6.

2.y =

2. Y = 8x - 16 - 123/(x - 2)°.
y =123/(x + 2)? - 8x - 16.

2

®

30. y = 33/(x+4)* -2x-8.

149
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giymatlarini toping.
y = 2X -+E§—5& P,ﬂ.
X
x10.

108 _ 4x°-108
x> X2
y¢=0da, x=3T[2; 4];

x=0T1[2; 4] da yt mavjud emas.

yt = 4x -

y(2) =3,
y@3) = -5,
y(4) =0.
maxy =y(2) =3
[2:4]
miny =y(3)=-5
[2:4]
Ly=x2+28 16 L 4] 2.y:4—x—i2, [L 4]
X X
_ 2(x +3)
3. y=32(x-2)%8-x) -1 [0, 6] 4y _2+5[33]
5. y=2/x -, [0, 4] ay:1+%xx-n x-7), [-1 5]
7.y =x-4J/x+5, [1, 9] &yZEfX [0, 3]
:3 2 —_ -_ -— = -— -—
0.y =3/2(x+1)%(5-%) -2, [-3, 3] 10.y=3-x (+3 [-1 2]
1 y=322(x-3), [-1, 6] y= 2D g
X2 = 2X +2
3. y=x-4x+2+8, [-1, 7] 14 y=32(x-2>%5-x), [1 5]
2
15.y—4+x [—4 2] 16.y:—X7+§+8, [—4, —1].

- 2X(2X +3) [1 4]
X2 +4X+5

17. y =3/2x?(x - 6), [-2, 4]

[
5
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_ 2(x*+3)
X° +2x+5
21.y:X2—2X+£1—13, [2,5] 2 y=2Jx-1-x+2, [1, 5}

-5 20 y=32(x-1)%(x-4), [0, 4]

19.y =

X2
y=32(x+2)2(-x), [-3,4] 2 y= —7+2x+

2 +5, [-2,1]

w

X=-2

zs.y:8x+i2-15, g% 25. 26.y =3/2(x+2)%(x - 4) +3, [- 4, 2]
X
) 16 4 § 14
7. y=x2+dx+-— -9 [-1 2] 28 y=— -8x-15 -2, - ~u.
y X+ 2 [ ] y X2 & 28
10x +10
2.y =3/2(x+1)%*(x-2), [-2,5] 3. y= -1 2]
y =320+ (x-2), [-2,8) soy= == [-1.7]

Javoblar. 3.1 fmax = y(l) = y(4) =4, fmin = y(—2) =-4:32 fmax = y(2) =1
fmin = y(l) =-1;33 fmax = y(O) = y(6) = 3; fmin = y(2) =-1
3.4 1:max = y(_l) =1 fmin =y(@B)=3;35 fmax = y(l) =1 fmin =y(4) =0;
36 fo =YD =1 i\, =Y5)=-3;37f =YD=y =2 f,, =y =1;
3.8 fmax = y(l) = 5; fmin = y(O) = O; 3.9 fmax = Y(—3) = y(3) = 2; fmin = y(_l) = _2?
3.10 1:max = y(O) = 2; fmin = y(_l) = O; 311 1:max = y(6) = 6; 1:min = Y(—l) = y(Z) = _2;
312 f . =Y(@2) =3 i, =y@®=-2;
313 f . =y(-D)=y([7)=3, f;, =y(2)=2; 314, =y =y@) =2
fmin = y(2) = y(5) = 0; 3.15 1:max = y(2) = 1; fmin = y(—2) =-1;
316 frae = Y(=2) =2 fijy = Y(-4) = -2:327 fp, = y(0) = 0;
fmin = y(—2) = y(4) =-4;318 fmax = y(l) =-1 fmin = y(4) = _%;
3.19 1:max =y@)=-% fmin =y(-3)=-3;
320 fo = YM) =y(4)=0; f,, =y(0)=-2;321 f , =y(5)=6; f, =y(3)=-2;
3.22 1:max = y(2) =2 fmin = y(l) = y(5) =1
3.23 1:malx = y(_3) = y(O) = 2’ fmin = y(4) = ‘6; 3.24 fmax = y(O) :1;
foin = Y(=2) =-3;325 = yéég =5 frin =Y@Q) =-3:326 f = y(-2) =3;
€<y
foin = Y(2) =y(-4)=-1;327 f_, =y(2)=7; f.,, =Vy(0)=-1;
328 frge = yg_%é =5 foin = Y(-1) = -3:329 f, = y(5) = 6;
e 29

fo=y(-2)=y@)=-2;330 f_ =y(-1)=0; f_ =y(0)=-5.
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4—-masala. Yugqori tartibli hosilalar yordamida berilgan nuqta atrofida

funksiyani tekshiring.

y = 4x - x* - 2¢0s(X - 2),

Xg = 2.
yb =4 -2x+ 2sin(x - 2), yi(2) =0;
yt = -2+ 2cos(x - 2), y4(2) = 0;
ylt = -2sin(x - 2), y®(2) = 0;
y"V' = —2cos(x - 2), y'V(2) =-2.

y"' 10 ekanligidan x, = 2 nugtada maksimumga erishadi.

1 y=x%-4x-(x-2)In(x-1), , y = 6e*72 - x® +3x? - 6,
Xp = 2. Xp = 2.
; y=2In(x+1) - 2x + x* +1, ) y = 2x - x% - 2cos(x - 1),
X, =0. X =1.
i y = cos®(x +1) + x> + 2X, . y=2Inx+x? - 4x+3,
: y =1-2x - x% - 2cos(x +1), . y = x% +6x+8-2e*"?,
L Y= AxEx® - 2e", o Y= (xrDsin(x+1) - 2x -,
. y=6e*t-3x-x°, " y = 2x+ X% - (x +1) In(2 + x),
13 y =sin?(x +1) - 2x - x2, 3 y = x2 +4x+cos? (x + 2),
. =-1. .X0:—2.
o y=x2+2In(x +2), . y = 4x - x* + (x - 2)sin(x - 2),
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y =6e* - x> -3x? -6x -5, 18y:x2—2x—2ex'2,

17. .
Xg = 0. Xg = 2.

o y =sin?(x +2) - x* - 4x - 4, . y =05 (X - 1) + x* - 2x,

X0:_2. onl.
N y=x%-2x-(x-1)Inx, 22 y = (x -1)sin(x - 1) + 2x - x?,
X =1. X =1.

y = x% - 4x +cos®(x - 2), e x* +4x3 +12x% + 24(x +1- %),
Xy = 2. X =0.

23.

. y =sin®(x - 2) - x? + 4x - 4, . y =6e** - x* - 6x* - 15x - 16,

. y =sin X + shx - 2x, . y =sin?(x -1) - x* + 2x,
"%, =0. X =1.

o Y = C0S X + chx, © y:XZ_ZeX-l,

X =0. 'X0:1_

Funksiyaning aimptotalari

5-masala. Quyidagi funksiyaning aimptotalarini toping va grafigini
yasang.

17 -x?
4x -5

1) D(y) = 8 ¥: 595"’855 ¥_

2) Funksiya juft ham, tog ham emas.
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3.a) lim =-¥
@20 4X-5
2
i 17 -x - ¥,
«@2+0 4X-5

X = %—vertikal asimptota.

6) k=lim f(x)_ 'm17—x— 1.
x®¥ X x®¥X(4x-5) 4

®¥

b = lim (f(x) - kX)-“m§4x 5 4% x®¥16x - 20
: _

1 5 )
Demak, y = - = x - ——0(g’ma asimptota.
y 4 16 J P

- 2X(4x-5) - 4(17 - x*) _  4x* +10x + 68
(4x - 5)? (4x-5)%

4) yt=

:% da y¢ mavjud emas.

5) O’glar bilan kesishish nuqgtalarini topamiz:

17
x=0day=-—.
y 5

y=0da x = +4,12.

217 - X° XC . 68-5x
—1i=lim = -

5

E .



s y= x2 -3
NN

22X +2x% -3x-1

7.
y 2 - 4x°
_x%-6x+4
3x-2
. y_4x‘°’—3x
| 4x°% -1
x* +16
13y =
9x* -8
. y_21—x2
' 7X+9
_2x® -3x% -2x+1
17. y = .

1-3x°

2.y =

x3 - 4x

x> -4
) y_4x3+3x2—8x—2
| 2 - 3x2 '
6y:2x2-6
X-2
. y—X3_5X
7 5-3x%
_2-x?
10,y =
9x° - 4
" y_3x2—7
' 2x +1
y y_x3+3x2—2x—2
| 2 - 3x°
2x% -1
16. y =
X2 =2
18y_x2-11
' 4x -3

155
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X2 +2x -1
21y =
2X+1
X“+6X+9
23.
X+4
X5 =2X+2
25. y =
X+3
_3x%-10
27.y =
3-2x
- 8- x°
29. y =

Ix2 -4

2.y = x3 —b<—3x+2
' 1-x2
5y = x> +x%-3x-1
| 2x% -2
3x% -10
24. =
4x% -1
2x3 + 2x% - 9x - 3
26. Y =
2x% -3
_—x -4x+13
28.y = :
4x + 3
9-10x°
3.y =

Jax? -1

Funksiyalarni tekshirish va grafiklarini chizish

6—masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.

1) D(y)=(-¥% DE(L +¥).

x4 -3x+3

Xx-1

2) Funksiya juft ham, toq ham emas.

3.a) lim
x®1-0 X -1

2
i X°=-3x+3

lim ———— = +¥,

x®1+0 X -1

x = 1-vertikal asimptota.

6) k= lim %) = |

x> -3x+3 _

x2—3x+3_

X®¥ X x®¥ x(x—]_)



. e - 0_
b= (10 -k = I 2 =t

Demak, y = x - 2—0g’ma asimptota.

- (2x-3)(x-1) - (x* -3x+3) _ x(x-2)
R (x-1)2 S (x-12°

ix=0,
T dayt=0
1X=1

x =1 da yt mavjud emas.

(0; - 3)—funksiyaning maksimum nugqtasi
(2; 1)- funksiyaning minimum nugtasi.

(2x - 2)(x -1D? - 2(x -1)(x* -2x) _ 2

?) ¥h= (x-1)°* T (x-1)*

x =1 da y¢ mavjud emas.

6) O’qlar bilan kesishish nuqgtalarini topamiz:

x=0day=-3.
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y =0 da kvadrat tenglama ildizlarga ega emas. Demak funksiyaning

grafigi Ox oqgi bilan kesishmaydi.
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1 y= -
. NG
T 34+x%
. :x2—4x+y
X-4
X2
10. y_(x—l)zl
13.y:9+6x—3x2
X% - 2x +13
_3x*+1
6.y = ——5—.
X
19_y:1-22x3
X
22_y:x2+2x—7
X% +2x-3
x*-32
2%5. Y= ———.
X




159

28y_x2-6x+9 o _ X -27x+54 3Oy_x3-4
Yy X3 . . R

Funksiyalarni tekshirish va grafiklarini chizish

7-masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.
e2(x+1)

2(x +1)

y:

1) D(y)=(-¥% DE(L +¥).
2) Funksiya juft ham, toq ham emas.

2(x+1)

3.a) lim —
x®-1-0 2(X +1)

2(x+1)

lim =
x®-1+0 2(X +1)

x = -1- vertikal asimptota.

2(x+1)
6) k= lim T i & -
x®-¥ X x®-¥ 2(X +1)X

2(x+1)
k = lim ﬂ: lim e—:o
X®+¥ X x®+¥ 2(X +1)X

2(x+1)

) e
b= Ilim
X®+¥ 2(X + 1)

Demak, y = 0—gorizpntal asimptota.

2 yi= 1 2(x +1)et0+D _ o209y +1)e2(X*D
2 (x +1)2 2(x +1)2

x=-05dayt=0,

x = -1 da yt mavjud emas.
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%—%;eg— funksiyaning minimum nuqtasi.
€ g

- (2x? - 2x +1)e*(**D
(x+1)°

5)y

x = -1 da y® mavjud emas.

6) O’qglar bilan kesishish nugtalarini topamiz:

2

e
x=0day=-—.

y 2

y =0 da kvadrat tenglama ildizlarga ega emas. Demak funksiyaning

grafigi Ox oqgi bilan kesishmaydi.

1y = (2x +3)e 204D, 2 y=3In—— 1.
X-3
2-X
3.y = (3- x)e* 2. 4.y:e :
2 -X
5.y =In +1. 6.y = (x-2)e> %
X+2
2(x-1)
7.y:e : 8. y=3-3In X :
2(x -1) X+4
2(x+2)
0. y = —(2x +1)e2t*D, 0.y == .
2(x +2)
1. y=1In LZ - 2. 12. y = (2x +5)e~2(*2),
X_
3-x
13.y:e : 14.y:2lni—l.

3-X X+1
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17

19.

21

23.

25.

27

29

e-2(x+2)

Ly =(4-x)e* . 16. y = - .
y=( ) y 2(x +2)
.y:2InX—+3—3. 18. y = (2x -1)e?d9),
X
-(x+2)
e X
= - : 20.y=2In——-3.
y X+2 y X-4
Ly = -(x+1)el*?, 22y = - ex+3.
X+3
y =1In +5—1. 2.y = —(2x + 3)e2**2),
X
g~ 2(x-1) X -5
y=- : 26. Yy = 1In + 2.
2(x-1) X
X-3
Yy = (x+4)e” ), 28.y:—e 3
X_
.yzlnw—l. 3o.y:2lnx—_1+1.
X X

Funksiyalarni tekshirish va grafiklarini chizish

8-masala. Quyidagi funksiyani tekshiring va ularni grafigini

yasang.

y = %/(2 - X)(x% - 4x +1).
1) D(y) = (- ¥:+¥)

2) Funksiya juft ham, togq ham emas.

3. a) vertikal asimptotalari yo’q.

3/( — 2 _
& k= tim 10 = i Y@=00C - dx+) _
X®¥ X X®¥ X

161
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b= lim 3/(2-X)(x* -4x+1) - x) =

X®+¥

- Iim (2-X)(x* -4x+1) - x°
x®¥3/(2 - x)2(x? - 4x +1)? +x3/(2 - X)(X? - Ax +1) + X2
2 - 9x + 6x* - 2x° -2

= lim =—=2
x@¥3/(2 - x)2(x% - Ax +1)2 +x3/(2 - )(x2 - dx+1) +x2 -1

Demak, y = -x + 2—-0g’ma asimptota.

1 -9+12x-3x° - x?+4x-3

4) yt== .
33 J(z x)2(x2 - 4x +1)° y(z_x>2(x2_4x+1)2

ix=1

:’ da yt=0

T™X=3

=20 ey mavjud

1 , da mavjua emas.

X=2+.3 yrmayl

(1; - i/i)— funksiyaning minimum nuqtasi
(3; Q/E)—funksiyaning maksimum nuqtasi .

- (4x* -16x> +14x? - 8x +10)

5) ytt = ;
3/(2-%)°(x% - 4x +1)°

ix=-0,94,

i ad yt=0,

1X=0,73

iX=2,

da y® mavjud emas.

X =243,
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6) O’qglar bilan kesishish nugtalarini topamiz:

x=0day=%2.
0d |X 2,

=0 da

Y= 'I‘x 2+4/3.

(BN

y =3/(x +1)(x2 + 2x - 2).
Yy =3/(x - 3)(x% - 6x +6).
y =3/x2(x+2)°.
.y-\/(x2 2x - 3)°.
11y = 3/x?(x - 4)*.

13,y = 3(x - D)(x + 2)2.

15. y = 3/(x + 6)Xx°.
17.y:?{/(x—1)2
19. y = 3/(x - 3)x°.
21,y =3/ (x + 2)(x - 4)2,

23. y:W—?{/(x—l)z.

25. y = 3/x(x + 3)2.

w

o1

\l

©

y=-3(x+3)(x* +6x+6).

-3(x-2)2.

2.y =3/(x + 2)(x% + 4x +1).
4 y=3/(x-1)(x? - 2x - 2).
6. y =3/(x? - 4x + 3)°.
8.y =3/x%(x - 2)°.

10. y = 3/x%(x + 4)2.

12. y = 3/(x + 3)x°.

.y =3(x-1)? -¥x2.
16,y = 3/(x - 4)(x + 2)2.
18,y =3 (x +1)(x - 2)2.

20.y =3/(x-2)% -3/(x - 3)2.
2.y =3/(x - 6)x°.
24. y = 3/x(x - 3)°.
2.y =3/(x+2)% -3/(x +3)2.
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27. y = 3/x(x - 6)°. 28. y = 3/x(x + 6)2.
2.y =3/(x +1)% -3/(x + 2)2. 30. y = 3/x(x -1)°.

Funksiyalarni tekshirish va grafiklarini chizish

9-masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.

sin X+cos X

y==¢
1) D(y) = (- ¥;+¥)
2) Funksiya juft ham, toq ham emas.
3. a) — vertikal asimptotalari yo’q.

0) og’ma asimptotalari yo’q .

4) davriy funksiya
T= —%+pn, ntZ.

5) y — esin X+C0S X

J2 cos(x-)
y=e v

J2 cos(x-P
yt = —/2sin(x - %)e Ty
yt =0, u holda sin(x - %) =0,

X:%+,d&, kKTZ.
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_PO
ym:—ﬁcosgx—ﬁge i 4o 4
6) e 4g
P

B po 2c03gx p
+\/§smgx———x\/_sm x-—w ¢ "=
é & 4y

V2 costx-P 2
® 0
=+/2e © 49 cos@x——-h/ 2sin aex_gg =

e 49y
2c039x—
=J/2e %ﬁ cosE x———— 2 COS aex_ggg_
e e 4gg
y¢ =0 npu x:iB+B+2pn, nlZ.,
4 4
6 _p ., P ,
@X 4+4+2pn ntZ. g %+2pn,nTZ.
8 A
ex=-P+P 1ok, kTZ Sx = 20k, kT Z.
e 4 4 P, P
—ap o . . .
x 1 35 +2pn; 2pk = da funksiya botig, chunki y¢> 0.
g

xT gZpk + 2pn da funksiya gavariq, chunki y¢<0.

Egilish nuqtasi:

N\ﬁ

;
(2pke)% 2m;e 2 "

]

(DéO OB
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Sin X + COS X §
Ly = arctgld 0

& V2 g
A 1 0
3.y =(¢— ke
&sin X + cos X g
5. y = arctgsin x.
& 1 0
7. y:g _ ke
Sin X — COS X g
2SIN X = COS X §
9. y = arctg L,
§ V2 g

1
11. = )
Y (sin x + cos x)*

13. y = —arctgcos X.

_ 1
15. Y = — 5
(sin x - cos x)
17. y =x/sin X.
sin X - CoS X
9.y = :
V2
_3
y =3/COS X
y = /COS X.
sin X + Cos X
y=3
2
27. Yy =~/SIN X.
sin X + COS X
29. Yy = :

2

2. Y =In(cos x +sin x).

Ly= eﬁsinx.
6. Y = In(y/2sin X).
8.y = esin x—cosx.

10. Y = In(sin x - cos X).

2.y = a-v2cosx
14. Yy = In(-4/2co0s X).
16. Y = e—sin X-COS X

18. Y = In(-sin x - cos x).
—/2sin x

20.y=¢€ 21.
2. y = In(-+/2sin x). 23,
24,y = ecos. X=sin x. 25

26. ¥ = In(cos x - sin x).

28y = e\/Ecosx

30. Y = In(y/2cos X).
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V BOB. ANIQMAS INTEGRAL

ANIQMAS INTEGRALNING TA’RIFI VA XOSSALARI

Berilgan F(x) funksiyani differensiallashda uning f(x)=F¢(x)
hbsilasini topish talab gilinadi. Masalan: F(x)=x* f(x)=3x*. Teskari
masalani ko’raylik: berilgan f(x) hosilasi bo’yicha shunday F(x)
funksiyani topingki, uning hosilasi f(x) ga teng, ya’ni F¢(x) = f(x) bo’lsin.

1- ta’rif. Hosilasi f(x) ga teng bo’lgan F(x) funksiya f(x)
funksiyaning boshlang’ich. funksiyasi (boshlang’ichi) deyiladi.

1- misol. Berilgan: f(x)=3x?. F(x) boshlang’ich funksiyani toping.

Echish. F(x) = x3, chunki

Fi(x) = (x*)t=3x°.

2- misol. Berilgan: f(x):i. F(x) ni toping.

24/x
1

Echish. F(x)=+/x, chunki Ft(x) = (\/§)¢=m

Ravshanki, agar F(x) funksiya f(x) funksiyaning boshlang’ichi
bo’lsa, u holda F(x)+C ko’rinishdagi istalgan funksiya ham (bu yerda S
— ixtiyoriy 0’zgarmas) f(x) ning boshlang’ich funksiyasi bo’ladi, chunki

[F(x)+C]t=f(x).

3 3
Masalan, agar f(x)=x* bo’lsa, u holda F(x):%+2; F(x)=%—5;

¢
3 3 A

F(x) = +In6, chunki 2 +22 =X _52 =X 4+ |n6? =x2.
3 R :

g
2- ta’rif. Agar F(x) funksiya f(x) funksiyaning boshlang’ichi
bo’lsa, u holda F(x)+C ifoda f(x) futsksiyaning anigmas integrali

deyiladi: va quyidagicha belgilanadi:
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(‘)f(x)dx.

Shunday qilib, ta’rifga ko’ra agar Fix)=f(x) bo’lsa,
Of(x)dsz(x)+C.

Bu yerda f(x) — integral ostidagi funksiya, f(x)dx — integral
ostidagi ifoda, 0 — integral belgisi, x — integrallash o’zgaruvchisi.

f(x) ning boshlang’ich  funksiyasini  topish amali funksiyani
integrallash (integral olish) deyiladi.

Anigmas integralning xossalari

Agar Fi(x) = f(x) bo’lsa, u holda

K
§0 f(x)dxg = f(x).

=

) 0
2. dgo f(x)dxb f (x)dx.
3. OdF(x):F(x)+C.
4. (‘)Af(x)dx :A(‘) f (x)dx, bu yerda A= const.

5, (‘)[fl(x) + f,(x)]dx = 0 fu(dx £ F,(x)dx.

Bu xossalarning to’g’riligi differensiallash orqgali tekshiriladi.

Integrallashning asosiy usullarini garab chigishdan avval asosiy

integrallar jadvalini jiddiy kengaytiradigan bir muhim integrallash

goidasini ko’rib chigamiz. Agar 0f(x)dx=F(x)+C va z=j(x) bo’lsa, u
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holda
Of(z)dx: F(z)+C. (1)

Bu qoida. integrallash  formulasining ko’rinishi integrallash
0’zgaruvchisining xarakteriga bog’lig emasligini bildiradi. Bu goidaning
to’g’riligi (1) tenglikning har ikki tomonini differensiallash orgali oson
tekshiriladi. Jumladan,

1. 0 f (ax)dx :1(‘) f (ax)d (ax) = 1 F(ax) + C.
a a

2. T (@x£b)dx=" {1 (axxb)d(ax£b) = F(ax£b)+C.
a a
Masalan:

v 1. 1
gsin 3xdx = gosm 3xd (3x) = -gcos3x +C.

X X " X
NeZdx = 2 e2dE XY= 262 +C.
0 0°°%%5,

\ X =£0d(3x_5)=lln|3x—5|+c.
3x-5 3V 3x-5 3

INTEGRALLASHNING ASOSIY USULLARI

Quyidagilar integrallashning asosiy usullari hisoblanadi:
1. Yoyib integrallash usuli.
2. Bevosita integrallash usuli.
3. O’rniga go’yish usuli.
4. Bo’laklab integrallash usuli.

Yoyish (integral ostidagi ifodani yoyib integrallash) usuli
Agar f(x)=f(x)x f,(x) bo’lsa, u holda 1- § dagi 5- xossaga ko’ra

yozish mumkin:

0 f (x)x :(‘)[fl(x) + f,(X)]dx = 0 fi(dx £ F,(x)dx
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1 §(2-3vx)%dx = § (8 - 36+/xdx + 54xdx - 27+/x%)dx =
=8 dx - 36(/xdx + 54 dx - 27 ¥/xdx =

3 5
X2 x2 x2
=8X - 36><—+54X——27X—+C =
3 2 °
2 2

= 8X - 24X~/X + 27> -%x%ﬂ:.

Shuni  gayd qilib o’taymizki, har qgaysi qo’shiluvchini
integrallagandan so’ng ixtiyoriy o’zgarmasni yozish shart emas, chunki bu
0’zgarmaslarning yig’indisi yana o’zgarmas bo’lib, uni biz eng oxirida
yozishimiz yetarli.

3 2
Ox 2x2+3x+1 § -2+3+i9dx—

X——2x+3|n|x|——+C.
2 X

3 (‘Jcoszgdx :%(‘)(1+ cos)dx :%(‘)dx+i(‘)cos Xdx :1(x+sin X) + C.

4. ctg2xdx = & —1 dx
00 08sm2x g Osm X

dx - gdx = -ctgx - x + C.

Bu misollardan ko’rinadiki, yoyish usuli bilan integrallaganimizda
integral ostidagi funksiyani elementar matematika vositalari yordamida
shunday qo’shiluvchilarga yoyganimizda ulardan olingan integral
jadvaldagi integraldan iborat bo’Isin.

Bevosita integrallash usuli

Bu usul asosida (1) goida yotadi. Unga ko’ra anigmas integrallarni
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hisoblaganda integrallash o’zgaruvchisi x erkli o’zgaruvchi yoki z=j(x)

funksiyadan iborat bo’lishidan gat’i nazar 1- § da bayon gilingan 1 — 5

xossalarni va | — XVI jadval integrallarni tatbiq gilish mumkin.

Bu usulni tadbig’ini quyidagi misollarda ko’rsatamiz.

oA 1, dx) _1
0cos?27x 70602 7x

0(2-3x)°dx = —%0(2—3x)5d(2 -3x) =

3. 6
__1.(2-3x)
3 6
4.() dx > :loﬁx)z:larctgi%x+c.

1+9x° 3°1+(3x)° 3

Ko’pchilik hollarda dastlab integral ostidagi funksiyani yoyib olib,

+C:-i(2-3x)6+c.
18

so’ngra bevosita integrallashni tatbiq gilishga to’g’ri keladi.

g1 0 1
1. Atg?(ax)dx = ~1:dx = —tg(ax) - x + C.
019" (2x) Ogcosz(ax) 5 ag( )
2. Ozx_ldx:(‘)wdx:(‘)gl— * Ogy =
2Xx+3 2Xx+3 e 2Xx+3g
= x-43 Xy _2In|2x+3]+C.
2X+3
x° +3 X° -4+7 2 7 4
0 dx=()————dx=(¢Xx+2+——=dx=
3 X-2 X - 8 X=-2g
' 2
= (X* 2" I x-2|+C.

Integral ostidagi kasrning surati maxrajining differensalidan iborat

bo’lsa, integral maxrajning logarifmiga teng bo’ladi.
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 (°-Ddx _1,d(x* -4x+1) _

4, g = ; —lln‘x4—4x+ﬂ+c.
X*-4x+1 47 x"-4x+1 4
+
5. ax :(‘)d(l Ir]X):In\1+lnx\+C.
X(1+ In x) 1+Inx
3 3 2
6. % lax= g T 2y XD XED =2,
Xx+1 X+1 Xx+1
2y2 _ § 3 2
= XTox+l 2 jdx:X——X—+x—2In|x+1|+C.
g x+1 X+1j 3

1-masala. Anigmas integralni toping.

1

1 - cos X | x=sinx=t | dt_ .,
0 — 5 Ox = Tz =t +C = —+C.
(x =sinx) (L-cosx)dx=dt| "t X -sin x
1. § (4 - 3x)e~**dx. 2. parctg/4x - 1dx. 3. (3% + 4)e>*dx.
4.9 (4x - 2)cos2xdx. 5. (4 -16x)sin4xdx. 6. §(5x - 2)e**dx.
7.0 (L - 6x)e**dx. 8. o In(x* + 4)dx. 9. (2 - 4x)sin 2xdx.

10. parctgy/6x -1dx. 11 j(4x -3 dx. 12 (2 - 9x)e"Fdx.
13. jarctgv/2x -1dx. 14 jarctg~/3x - 1dx. 15. jarctg~/5x - 1dx.
16. § (5x + 6) cos 2xdx. 17. § (3% - 2)cos 5xdx. 18 §(X~/2 - 3) cos 2xdx.

19. ) (4x+7)cos3xdx. 20.§(2x-5)cos4xdx. 21 (8- 3x)cos5xdx.

22. (X +5)sin 3xdx. 23. (2 - 3x)sin 2xdx.  24. §(4x+ 3)sin 5xdx.

25. 3 (7x - 10)sin 4xdx. 26. §(~/2 - 8x)sin 3xdx. 2. dx.

cos? x

X . X COS X
dx. 29. ) Xsin? xdx. 30. )~

sin? x sin® x

28. dx.
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Javoblar. 1.1 = In

[ 2
LR LR P In|x|+%|n2x+C;1.3—arcsinﬁ+c;
X X

X2 2 1 2 1 4 2
14—+In“x+C;15=In|x" + = +/x" +x° +1/+C;
2 2 2
1 In? cos X
1.6 - —x(arccosx)* +arccosx + C; 17 - +Ci18 ————+
4 2cos“(x +1)

1.91X|n(X2+1)+ 21 +C;110- 1_ +C:111 - 1 +C:
2 2<x +1; X =SInXx X XSIn X

X2 —%+\/x4 -x% -1
1.14§X'\3/(X—1 ° +%X§/(x -1)? +C;115 In(x—1)+%ln2(x—l)+C;

116 - 2 - - +C;1.171(4arctg2x—ln(1+ xz))+C;
12 (x* +3x+1)* 2

1.12EXIn‘x4+q+£xarctgx2+C;1.13EXIn +C;
4 2 2

1.18 %xz - 2In(x* +4)+C; 119 %x In‘x2 + 2sin x‘ +C;

120 - 1 +C ;121 In‘l+4x2‘—%xarct922X+C;

2x(2sin x - 3cosx)?
1+/x% +1

X

1.22 - +C:

L +C;1.23 1><arctgx2 +C;1244x*+1-1n
JX + X 2

125/ %x%2 +1 —%In

Vx2+1-1
NxZ+1+1

5
1.27 %x In‘1+ xz‘ - @+ C;128 %(x2 - In(x? +1))+ C;

+C ;126 %(arctgzx +In(L+ x2))+ C:

1 : .
1.29 3 v (arcsin x)® +arcsin x + C ; 1.30 2arctg~/x - In|x +1[+C.
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Bo’laklab integrallash usuli.

Bo’laklab integrallash usuli quyidagi formula orgali topiladi:
gudv=uv-gvdu, (2)
bunda, u(x), v(x) lar uzluksiz differensiallanuvchi funksiyalar.

(2) formula bo’laklab integrallash formulasi deyiladi.
Bo’laklab integrallashning mohiyati shundan iboratki, berilgan integralni

hisoblashda integral ostidagi f (x)dx ifodani uxdv ko’paytma shaklida
tasvirlab va (2) formulani tatbiq qgilib, berilgan judv integralni jvdu

jadval itegrali yoki osongina olinadigan integral bilan almashtiriladi.

2—masala. Anigmas integralni toping.

u=In(4x?+1) dv=dx 2
3In(4x? +1)dx = 8X = xIn(4x® +1) -8y—>—dx =
duz4x2+1 ' el

= xIn(4x? +1) - 2¢1 - 2dx = xIn(4x? +1) - 26X - %arcthxg +C=
e e ]

4x% +1g
= xIn(4x? +1) + arctg2x - 2x + C.
Maple 7 dasturi yordamida

Int(In(4*x"2+1),x)=int(In(4*x"2+1),X);

§In(4 x?+1)dx=xIn(4x*+1) - 2 x +arctan(2 x)

tekshirib ko’ring.

L dx 2\1+Inxdx N dx

N 0 : N
Xy X% +1 X Xy X% -1
X% +Inx? X arccos® x -1

dx.

4. ) —— dx, 5.0 6. 0
X Vx*+x%+1 V1= %2



3
+
7. ¢ tgx xIn cos xdx. 8, ()Md 9 2x 5 dx.
cos? (x +1) (x“+1
_SIN X - CoS X . XXCOS X +sin X X3+ X
10. — — 12. ) ——dX.
(cos x +sin x) (xxsin x) X" +1
+ -
13. ) X dx. 149 dx. 15, (‘)1 In(x-1) d
x*-x? -1 x? -1 x-1
2 3
X“ +1)dx 4arctgx - X X
16. (3 ) = 179 arctg >—dx 18. w dx.
(x*+3x+1) 1+ X +4
. X+COSX . 2C0s X+ 3sinX . 8x —arctg2x
19. 0 —adx. 20 0—— 5 dX. 21 ¢ >—dX.
X“ +2sin X (2sin x = 3¢os x) 1+ 4x
TR g g
0 X. 23. () X. 24. () X.
(\/; +x)* x*+1 Nx?+1
X - +
25. ) dx. 26. (‘)mxzxdx. Yalu (arctgx) dx.
X% +1 1+ X 1+ x2
3 2
X rcsinx)” +1
28. dx. 29.(‘)(a csinx) dx. 0 1- \/_
X? +1 V1-x? J_(X+1)

175

Javoblar. 2.1 (X -1)e™¥ + C; 2.2 xrarctg/4x -1 - %X«Mx -1+C;
23 (X +1)e** +C; 24 (2x -1)sin2x + cos2x + C

25 (4x - 1)cos4dx - sindx +C; 26 %x (15x -1D)e* +C:
2X 2 &XG
27(2 - 3x)e”” + C;2.8xIn(x +4)—2x+4arctggET+C;
elp
29 (2x -1)cos2x -sin2x + C; 2.10 xxarctg«/6x—1—%xx/6x—1+C;
1 -2x 1 -3X
2.11§X(1—4X)e +C;2.12§X(1+9x)e +C;

213 xxarctg«/2x—1—%xx/2x—1+c;2.14 xxarctg«/3x—1—%xx/3x -1+C;



176

2.15 Xxarctgv/5x -1 - %x\/Sx -1+C;216 %(5X +6)sin2x + %cost +C;
217 1(3x — 2)sin5x + 3 c0s5x +C ;218 1(x\/f - 3)sin2x + Qcost +C;
5 25 2 4
1 : 4 1 : 1
2.19 5(4x +7)sin3x + 50053x +C;220 Z(ZX -5)sin4dx + gcos4x +C;
1 : 3 1 1.
221—=(8 - 3x)sin5x - —co0s5x + C ; 2.22- = (X +5)cos3x + =sin3x + C;
5 25 3 9
1 3. 1 4 .
2.23 E(3x - 2)C0S2X - Zsm 2X+C ;224 - g(4x +3)Ccosbx + 2—53|n 5x+C;

2.25 — Zxcos4x + %sin 4x + %cos4x +C; 2.26%(8X - /2)cos3x - gsin 3x+C;

227 Xxtgx + Injcos x| + C ; 228 - Xt ctgx + Injsin x| + C ;

2 -
X . 1 X X + COS X ¥SIn X

229 - —XSIN2X - =xCc0S2x + —+ C;2.30 - — +C
5 8 4 2sin“ X

Kvadrat uchhadni 0’z ichiga olgan
funksiyalarning integrallari
Kvadrat uchhadni 0’z ichiga olgan

. AXx+B o Ax + B
0 dx;

0
ax? +bx+c Jax? +bx + ¢

dx; (‘Nax2 +bx + ¢ dx

funksiyalarni integrallash jadvalidagi fomulalarga Kkeltirib integrallash

uchun avvalo kvadrat uchhaddan to’lig kvadratni ajratib olish kerak

bo’ladi. Bu holda ax? +bx + ¢ kvadrat uchhad quyidagi ko’rinishga keladi:

2 & c b%0
ax® +bx+c= agx + = x+—__a9x+—_x + o=
e e a a 4a@
2
& b ¢ 0
= aGix+—2 xk?%
e 2ag p

So’ngra almashtirishlar yo’li  bilan yuqoridagi integrallarni

integrallash jadvalidagi formulalarga keltirish mumkin.



Masalan,

. dx . dx _
032 v ex+7 OX2+2X5 L2225,
4
X+
dx 2
= = ——arctg +C =
an 55° 3 ~3 V3
QX+—+ + - A
e 29 4 2
2 2X+5
= ——arct +C.
BB
3
-2X - —
\ 3x+1 dX:—E‘ 2_dxz
- X2+ x+2 272+ x-x2
1-2x-= 2 dex-_=
=32 = 3y02rxoX) 5y e 2
252+ x-x2 20 J2+x-x2 3 9 &, 19
4 8 2,
=-3 2+x—x2+§arcsin Y of
2 3
(‘J\/xz—2x—1dx:0w/(x—1)2—2dx=
+C.

3.
:%(x—l)\/x2 —2x—1—|n‘x—1+\/x2 -2x-1

\ 1 (v
3—-masala. f —————— dX aHUKMAac UHTErpaTHA XHUCOONAMITHK:
0.2 p

X+ X-2
: 1 dx =) 1 dx 159(\) dx 3 dx 9:
X“+X=-2 (x-D(x+2) 8 x-1 X+2g
“Linx-1-Linpx+21+c =22t
3 3 |[x+2

Maple 7 dasturi yordamida

> Int(1/(x"2+x-2),X)=int(1/(x"2+X-2),X);
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tekshirib ko’ring.
s
X“+X+5
., X+2

4. \————dx
02 ox+3

7‘—E£:Z—dx
032 ax+8

dx
X% - x+14
1&0—;§ié—dx
X“+Xx+9

., 3x-11

1&0

16. () dx

X% +8x +18
X+ 2
19. f——————dx
0%z Zox -3
X+ 2
22. f———dx
02 %3
dx
X2 +4x -12
dx
X% - 6X + 34

250

2&0

Javoblar. 3.1 —

J_'

X+4
3.3 ——
2

arctg ——

2X+1

N 72

X +8x+25+%|n X2 +8x + 25| +

i

1
X+ XxX=-2

2.} dx
V6 - 4x - 22
5. ) dx
8. () ax
V2 +3x - 2%°
dx

14.
0 /35 —6x + 9
. IXx-8

17. dx

x> +5x+17
. dx

20. 0 >

VX5 -6X+3

. 3x+4

23.) dx

x> +7x+14
dx

26. (
0 32 _ox + 12
. X+7

29. ) dx

X2 +11X + 42

+C. 3.2

X+4+

+
1 ——arcsin Tl +C.

dx:—%ln(x+2)+%ln(x—1)

30Jx2+8x+2&m

6. V8 +2X - X“dX

. X+7 d
9.0 X
X“+11x+42

120 5 X dx
3X°-8x+9

150Jx2+4x+1&k

18 A ﬂdx
'0x2+x+5

21. )5+ 4x - x*dx

240 5 X dx
3X“+4x+5

X-3

27. 0 dx
052 —ox+23

0. dx
0 X% + 6X + 34




2 +C. 36

. +
3.4 %In(x2 + 2x+3)+ 1 X +1+ C. 3.5 arcsin X

—arctg———
N NG

x-2 1 2+9arcsm—1+C

8+2Xx-X

2X+ 3+C 38 1 arcsinA'X_3
J23 V2

3 2x+11 2 2X - 1
arctg

+C. 3.10 arctg
Ja7 J55 r
+C.312 = In(3x2 8x + 9) arctg

arctg

3.7 gln(x2 +3X +8)

@

3.9 %In(x2 +11x+ 42)+

6x8
\/_

Xx+1

5

= arctg

NG

NT

313%In(x2+x+9)+—arctgzx 1+C314iln‘x 1++/3x% - 6x+9

T
2\/x2+4x+13+%ln

316§In(x2 +8X +18)

J35 J3
x+2+\/x +4x+13

——arct
f 9y f
3.17zln(x2+5x+1) arctg2X 5+C.
2 V43

C.

X +
3.15 +C.

2X + 1+
J19 J19

3.19 —%In|x+1|+%ln|x—3|+c. 3.20 In‘x—3+\/x2 -6x+3

3.18 In(x2 + X+ 5)— arctg

+C.

321 X225+ 4x -2 +%arcsinX;2+C. 3.22%In|x+3|+%ln|x—l|+c.

2

3.23 gln(x2 +7X +14) \/_arctg 2)\(/_7

3.24 %In(:%x2 +4x+5) \/_arctg 63_4 +C.3.25 —In x+€23 +C

326 %In‘x ~1++/3x2 - 6x +12‘+c.

3.27 %In(x2 -9x + 23)+ \/i’_larctg 2i</_9

3.28 %arcthT_3 +C.3.29 %In(x2 +11x + 42)+ \/3_7 arctg 21(/:_711 +C.

3.30 larctgiB +C.
5 5

+C.

179
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Ratsional kasrlarni integrallash.

Ratsional kasr deb,

Qn(X) _bpx™ +bx™*+. +by,
P.(X) apx"+ax"t+..+a,

Ko’rinishdagi kasrga aytiladi, bu yerda P, (x) va Q,,(x)— darajalari mos
ravishda n va m gateng bo’lgan x ga nisbatan butun ko’phadlar.

Agar n3m bo’lsa, ratsional kasr noto’g’ri, n <m bo’lsa, to’g’ri kasr
deyiladi.

Har ganday noto’g’ri kasrning suratini maxrajiga bo’lish natijasida
butun gismini ajratib, uni biror ko’phad va to’g’ri kasr yig’indisi shaklida
yozish mumkin:

Qm (X) — q(X) + Qk (X)

, k<n.
Pr (%) By (%)

4

Masalan, noto’g’ri kasrning suratini maxrajiga bo’g’sak,

X2 +3x -1

quyidagiga ega bo’lamiz:

4
-3x+

2X—+4:X2 _3x+10+ﬁ_

X“+3x-1 X“+3x-1

4—-masala. Anigmas integralni toping.

X3 -3x%2-12
0 X.
(X =4)(x-3)(x-2)

Kasrni bo’lamiz
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x3 -3x?-12
x> - 9x® + 26x - 24
6X° - 26X +12

x3 - 9x% +26x - 24
1

X2 - 3x% =12 ¥ 6x° -26x+12 ©
dx =q3Cl1+

0 X—Og B
(X-4(x-3)(x-2) (x=4)(x=-3)(x-2)4

6x° - 26X +12
(Xx=-4)(x-3)(x-2)

ko’rinishida yozamiz:

to’g’ri kasrni sodda ratsional kasrlar yig’indisi

6x*-26x+12 _ A B _C _
(x-4dH(x-3)(x-2) x-4 x-3 x-2
_Ax=-3)(x-2)+B(x-4)(x-2)+C(x-4)(x-3)
B (x - 4)(x - 3)(x - 2) |

A(X = 3)(x - 2) + B(X - 4)(x - 2) + C(x - 4)(x - 3) = 6x* - 26X +12.

A, B, C noma’lum koeffitsiyentlarni topish uchun maxrajni nolga
aylantiradigan son giymatlarni x ning o’rniga qo’yish bilan topamiz.

Odatda, bu usulni xususiy giymatlar usuli deyiladi.

x=4da 2A=4b A=2

x=3da, -B=-12b B =12;

x=2da 2C=-16 PP C =-§;
Bundan

¥ 6x> -26x+12 0, @
061+ dx=po¢l+ + :
g (Xx=4)(x=-3)(Xx-2)y4 & X-4 x-3 X-2g¢
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= x+2In|x - 4+12In|x - 3 - 8In|x - 2+ C.

Maple 7 dasturi yordamida

> Int((L+(6*xN2-26*x+12)/((X-4)*(X-3)*(X-2)),X))=int((1+(6*x"2-26*x+12)/((X-4)*(x-3)*(X-2)),X));

. 2
gl 6x°-26x+12 dx=x+2In(x-4)+12In(x - 3) -8 In(x - 2)

T x-4)(x-3)(x-2)

tekshirib ko’ring.

3 3
X" +1 3x"+1
1. dx. 2.0 dx.
"2 Zx "1
3 3
X" =17 2X°+5
3. f———dx. 4. ) ———dx.
"% _ax+3 "2 %2
2% -1 C3x3+25
50—7————dx ao—?—————dx
X“+X-6 X“+3x+2
X3 +2x% +3 33 +2x% +1

7.0 X
(x=-D(x-2)(x-3)

X3

9. dx.
(x-D(x+D(x+2)

A3+ x2+2 3x%-2
11. X. 12.0— dx.
X(X-1)(x-2) X® =X
3 2 5 3
- - - X° +
13. X" -3 -12 X 14. 0X2—X1dx.
(X -4)(x - 2)x X% - X
X +3x3-1 2x° -8x3 +3
15. 5 dx. 16. () 5 dx.
X“ + X X® = 2X
3 -12x3 -7 =x°+0x3+4
17. ) 5 dx. 18. () 5 dx.
X +2X X“ + 3X
=X +25x% +1 - x% -5x% +5x+ 23
19. 5 dx. 20. () X. 21
X“ +5X (x-D(x+1)(x-5)

8. §
(x+2)(x-2)(x-1)

Cox3-3x%-12
10. X
(X =4)(x-3)xx




\x5+2x4—2x3+5x2—7x+9dx 2x* -5x? -8x -8

0 22.

(x-3)(x-Dx

X(X-2)(x+2)

\4x4+2x2—x—3d 3x*+3x3-5x% +2

23. ) 24.

X(x-1)(x +1)

2x*t +2x3 - 41x% + 20

25. 0 dx. 26. ()
X(X - 4)(x +5)

3 - x% -12x -2 2xt+2x3 -3x% +2x-9
27. dx. 28.
X(x+1)(x - 2) X(X-1)(x +3)
2% - X2 -Tx-12 _2x> -40x-8
29. 0 dx. 30. ) dx
X(x-3)(x+1) X(x+4)(x - 2)

2
X
Javoblar.4.17+x—ln|x|+2|n|x—1|+C;

2
42 3%+2In|x—1|+ln|x+1|+c;

2
4.3%+4x+8|n|x—1|+5In|x—3|+C;

44 X2 +2x+7In|x-2]|-In|x+1|+C;

45 X% = 2x+11xIn|x + 3| +3xIn|x - 2| +C;

3x?
4.67—9x+22In|x+1|—In|x+2|+C;

47 X+3In|x-1]-19In|x - 2|+24In|x - 3| +C;

483x-1,25In|x+2|8,25In|x - 2| -2In|x -1|+C;

4.9 x+EXIn|x—1|+EXIn|x+1|—EXIn|x+2|+C;
6 2 8

410 X+In|x-4|+4xIn|x-3|-In|x|+C;
411 4x+In|x|-7xIn|x -1]-19xIn|x - 2| +C;

4.123x+ZXIn|x|+%XIn|x—1|—gXIn|x+l|+C;

4.13x+%XIn|x—4|+4XIn|x—2|—§XIn|x|+C;

X(Xx-1)(x +2)

X -x*-6x3+13x+6

X(x=3)(x+2)

183
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4 3

X" X
414 —+—-In|x|+In|x-1]|+C;

4 3

X4 3

4.157—X—+2x2 _4x - In|x|+5In|x+1[+C:

4 3
016 2+ P2 S+ 3 x - 214C
23 2 2

4
X o3 = Din x|+ Lin|x + 2]+C
1 2 2

4
a18 - X+ + 20| x[- 2| x +3]+C
4 3 3

4 3
a10 -2+ 2 1 Lk = Lin x4+ 5]+C
2 3 5 5

420 X = 3¢In|x=-1|+In|x+1|+2xIn|x - 5| +C;

3
4.21%+ x+4xIn|x +3[+2xIn|x = 1| -3xIn | x| +C :

422 x2+2x|n|x|-§x|n|x-2|-gxln|x+2|+c;

423 2x% + 3xIn| x| +In| x - 1| +2In| x + 1| +C;

3x?
4.247—In|x|+|n|x—1|+|n|x+2|+C;

4.25x2—In|x|+%XIn|x—4|—éXIn|x+5|+C;

3
4.26%—In|x|+3XIn|x—3|—2><In|x+2|+C;

427 3X+In| x| +2xIn|x+1|-In|x - 2|+C;

4.28 X° —2x+BXIn|x|—gxm|x—1|+1—21xm|x+3|+c;

429 2X +4xIn| x| +In|x - 3| -2xIn|x +1|+C;

430 2x +In|x|+In|x+ 4| -6xIn|x-2|+C.

417
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Noma’lum koeffitsiyentlar usuli.

Agar integral ostidagi kasr to’g’ri (n >m) bo’lsa, quyidagicha ish
tutamiz:
1. Q,,(x) maxrajni ko’paytuvchilarga yoyamiz. Aytaylik,
Qu () = (x = @) ¥ (x = b) x (X% + pyx+ o) ¥ (x* + pox + )"
bo’lsin, bu yerda a - sodda haqiqiy ildiz, b - karraligi a bo’lgan haqigiy
ildiz, x* + px+q, va x?+ p,x+q, — okmpleks qo’shma ildizlarga ega

bo’lgan uchhadlar.

Alebradagi teoremaga ko’ra to’g’ri ratsional Qn (X) kasrni

P ()
quyidagicha yozish mumekin:

Qu¥)_ A B B . . B . Mx+N
P.(X) x-a x-b (x-b)> =~ (x-b)? x*+px+q
Mix+Ny . Mox+N, Myx+N,
X2+p~‘7X+qg (Xz"'pgx"'%)z (X2+ng+GIg)b.

Masalan, agar Q. (x) = (x -1)(x + 2)3(x? + 2x + 2)(x? + 3x +5)* bo’lsa, u
holda yoyilma quyidagicha bo’ladi:
Qn(X) _ A+ Bl+ 822+ 833+ 2MX+N
P,(X) x-1 x+2 (x+2)° (x+2)° Xx“+2x+2
N M, X+ N; N M,X+ N, |
X2 +3x+5 (x°+3x+5)?

Bu yerda A,B;,B,,B;,M,N,M;,N;,M,,N,— hozircha noma’lum

koeffitsiyentlar. Bu koeffitsiyentlarni topish uchun yoyilmaning o’ng
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tomonini umumiy maxrajga keltiramiz va chap hamda o’ng tomondagi
suratlarni aynan tenglaymiz. Hosil bo’lgan ayniyatda x ning o’ngdagi va
chapdagi bir xil darajalari oldidagi koeffitsiyentlarni tenglab, noma’lum
koeffitsiyentlarni topish uchun tenglamalar sistemasi tuziladi. Tenglamalar
sistemasini yechish bilan noma’lum koeffitsiyentlar topiladi. Bu usulni

odatda noma’lum koeffitsiyentlar usuli deyiladi.

5-masala. Anigmas integralni toping.

X3 +6x%+13x+9
(x+1)(x +2)°

x> +6x% +13x+9

(x+D)(x+2)° to’g’ri kasrni sodda ratsional kasrlar yig’indisi
X +1)(x +

ko’rinishida yozamiz:
X>+6x*+13x+9_ A B B, By _
(X +1)(x +2)° X+1 x+2 (x+2)° (x+2)°
_ A(X+2)° + B (X +1)(X +2)® + By(X +1)(X + 2) + By(x +1)
(X +1)(x + 2)° '

A(X+2)% + By (X +1)(x +2)% + B, (X +1)(x + 2) + By(x +1) = x> +6x* +13x +9

x=-1da, A=1,
x=-2da, -B;=-1P B, =1

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
x>: A+B,=1P B, =0;

x: 8A+4B +2B,+B,=9P B, =0;



Demalk,

x> +6x°+13x+9 1

(x+1)(x+2)° x+1+(x+2)3'

Bundan:

& 1

%

Maple 7 dasturi yordamida

1

5
+ sidx=Inx+1]-——=+C.
X+1 (x+2)°g

2(x +2)?

INt((X"N3+6*x 2+13*x+9)/((x+1)* (x+2)"3),X)=int((x*3+6*Xx2+13*x+9)/((x+1)* (x+2)"3),X);

pa

XC+6x2+13x+9
(x+1)(x+2)°

tekshirib ko’ring.

L X3 +6x° +13x +8
| x(x +2)*

X3 +6x% +14x+10
3. dx

(X +1)(x + 2)°

X3 +6X% 11X+ 7
5, dx

(x+1)(x+2)°

X2 +6x% +10x +10
7. dx

(x -1)(x+2)*

. x> - 6x% +13x - 8
| x(x - 2)*

X3 -6x%+14x -6

11.
(x +1)(x - 2)°

X+ X+2

3. dx.
’ (x+2)x3

1

dx=|n(x+1)—%

dx.

dx.

1
(x+2)?

X3 -6x%+13x -6
(x+2)(x-2)°

X3 -6x% +11x -10
4. dx

(x+2)(x - 2)°

23 +6X% +Tx+1
6. 0 5 dX
(x-1D(x+1)

22X+ BXE +TX+2

8.0 dx.

x(x +1)°

X3 -6x2+13x -7
(X +1)(x - 2)°

12.

(X +1)(x - 2)°

3x%+9x% +10x+ 2
14. 3
(x-D(x+1)

X3 -6x% +10x -10
dx

187
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23+ x+1

. dx.
’ (x +1)x3

15
- 2x3 +6x% +5x

Tl

2x3 +6X% +5x+4
19. -
(x-2)(x+1)

X +6x2+14x+4

21.
(x - 2)(x +2)*

X3 +6x%+10x +12

P x - (x+ 2)°

25.
(x - 2)(x +2)°

2% - 6X% + TX
’ (x +2)(x-1)3

217.

X2 -6X%+13x -6
(x - 2)(x +2)*

Javoblar. 5.1 In | X| -

1
2(x+2

s3ln|x+1|- >
+

s5In|x+1|+

2(x + 2)?

s7In|x-1|+

+2)?

59 1In|x|-

2)?

X3 +6x% +15x+2
dx

+C;52In|x+2|-

+C;s54ln|x+2|+

+C:s562In]x-1| -

+C;582In|x]|-
2

+C;510lIn|x+1|-

22X +6x2 +T7x+4
(x+2)(x +1)°

2x3 +6X° + 7X

\

B X C (x4 1)

X3 +6x2 +4x+24
20. -
(Xx-2)(x+2)

X2 +6x%+18x -4

22.
(x - 2)(x +2)*

X2 -6x%+14x -4

24,
(x+2)(x-2)°

2x3 -6x2+7x -4
26. () ;—dx.
(x-2)(x-1)

X3 +6%x% -10x +52
28. { A
(x=-2)(x+2)

X2 +6x%+13x+6
(x - 2)(x +2)*

1

+C
2(x - 2)*

2(x - 2)? '

1 i C

2(x +1)?

+C

X +1)°

1
2(x - 2)°

+C
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s1tn|x+1|- > +Ci512In|x+1|+ ;+C
(x-2) (x-2)
1 1
513IN|x+2|-—+C;5143In[x-1|-— - +C
2X 2(x+1)
1 1
515 2In[x+1|-—+C; 516 2In| X+ 2|-—— -+ C
2X 2(x +1)
1 1
517 2In [ X+ 2|+ ———+C; 518 2In|x-2|-—5+C
2(x+1) 2(x+1)
5.192In|x—2|+;2+c;5.20In|x—2|+ > +C;521
2(x+1) +2)
2In|x—2|—;2+C;5.22In|x—2|— 3 > +C
2(x +1) (x+2)
523l |x - 2|+~ +Cis20In[x+2] -~ +C:
+2) (x-2)
3 1
525 IN|x-2|-————+C;522xIn[x-2|-—— 5 +C
2(x +2) 2(x -1)
5.272xm|x+2|—%+c;5.28In|x—2|+ 11 ;+C
2(x-1) (x+2)
520 Tl [ x - 2|+ 2xln | x+ 2+ S0 T3 o
16 16 4(x +2)
1
530 In|x-2|-—-—+C
2(x +2)

Maxrajining ildizlari kompleks va karrali.

6—masala. Anigmas integralni toping.

X3 +5x% +12x +4
U (x+ 22 (2 +4)
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X2 +5x% +12x + 4

to’g’ri kasrni sodda ratsional kasrlar yig’indisi
(x+2)2(E+d) ° Yo

ko’rinishida yozamiz:
x3+5x* +12x+4 A , B Cx+D_
(x+2)%(x*+4) x+2 (x+2)* x*+4
A(x +2)(x% + 4) + B(x? + 4) + (Cx + D)(x + 2)
(X +2)%(x? +4)

A(X + 2)(x% +4) + B(x? + 4) + (Cx + D)(x? + 4x + 4) = x> + 5x* +12x + 4.
x=-2da, 8B=-8P B=-1;

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
x> A+C=1P A=0;
X AA+4C+4D=12P C =1,

xX’: 8A+4B+4D=4P D=2

Bundan:
&1 2+x2+2% _ 1 +E$ 2X 'o+20 2dx _
(X+2)° X" +4y X+2 2 éx%+4g X°+4
1
= —In‘x +4‘+arctg—+C
X422

Maple 7 dasturi yordamida

INt((XN3+5*XN2+12%X+4)[((X+2)N2* (X 2+4)) X) =Nt ((XN3+5* X2+ 12*X+4) [ ((X+2)"2* (X 2+4)),X);
§x3+5x2+12x+4 1

1 2 l 0
X = + 2 In(x“ + 4) + arctang = xz
(X +2)° (X° +4) x+2 2N ) EZ )

tekshirib ko’ring.
X3+ A%+ Ax+ 2 X3+ 4x%2+3x+2
10 5, 2 dx. 2. 0 5, 2
(x+D(x“+x+1) (x+D“(x° +1)




2x +TX% +7X - 1d
(x+2) (X% +x+1)

x> +6x2+9X+6
5.0 5, 2 X
(Xx+D“(x“+2x+2)

3x3+6x2+5x-1
0 5, 2 dx
(x+1D“(x“ +2)

7.

x +6%X>+8x+8
(x+2) (x +4)

T S22~ x +1)

o 3x> + x + 46
O x-1)%(x2 +9)

22X +3x2 +3x+2
Y + x+ 1) (X% +1)

15.

o X2+ x+3
17. 07— > X
(x“+x+D(x°+1)

=3x3+13x% -13x +1
dx

16.

18. p

23+ TP+ TX+9
19. )—, 5
(X +x+D(x° +x+2)

3x% + 4x% + 6X

21. ¢

X Hx%+1
23.07 > 5 X
(x“ +D(x° -x+1)

o2x3+2x+1
25. 0 5
(x“ +D(x“ -x+1)

X
Y+ 2)(x% + 2x + 2)

191

23 +4Ax® +2x -1
0 5, 2 dx
(x+1D)“(x°+2x+2)

2x +11x° +16x+10d
(x+2) (x +2X +3)

‘X3+9X2+21X+21dx
(x+3)*(x* +3)

2x ~ 4x% -16x - 12d
(x 1)%(x? + 4x + 5)

o X3 +2x% +10x
12. 5, 2 X
(x+1D°(x* -x+1)

Ax3 + 24x% + 20% - 28
14. dx.

O X+ 3)2(x2 + 2%+ 2)

X3+ x+1
07 2 2 X
(Xx“+x+1)(x° +1)

253 + 4X% + 2x+ 2
0(x2 + X +1)(x? + X +2)

AX% +3X + 4

20. ( X
Y +1)(x% + x +1)

- 2x% - x +1 .
Y Sx+ 1) +1)

X2+ x+1

24. 0 X
Y2 —x+1)

X+ 2x% + x +1

26. ( dx.

Y+ 1)(x% + x +1)
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X+4 dx 2x +2x% +2x +1
u +2)(X2 + X +2) * D+ (X% +x+1)

O3+ TX+12x+6 C2x3+3x% +3x+2
9. 05— 5 dx. 30.0— 5 dx
(x“ +x+3)(x° +2x+3) (x“+1)(x°+x+1)

1 xarctgae—zx 19+C

N

1 1
Javoblar. 6.1 — —— + =xIn(x? + X +1) + ——

x+1 2 J3

62 -+ Lynlx? +]4+arctgx+C;
Xx+1 2

1
+In(x* + x+1) - ixarctgae 2x+19

1 v
X+ 2 BB g

1
64——+In(x® +2x+2) - arctg(x +1)+ C:
TR ) - arcg(x +1)

+C;

6.3

2 1
65 - ——+—In(x> +2x+2) +arctg(x +1)+ C
AL ) +arctg(x +1)

eX+10

+In(x® +2x+3) - — i+ C;

2
xarctgc——
X+2 f %2 4

6.7i+§ln(x2 +2) +ixarctgi+C;

X+1 2 J2 J2

X
6.8 ——+—In‘x +3‘+—xarctgg— +C;
e

J3 39

+£In(x2 +2) +1xarctg§+c;
2 2 2

6.6 —

e.eil+ In(x? + 4x +5) - arctg(x + 2) + C ;

+C;

611—L——XIn(x - x+1) - ﬁxarctgazx 10,

X=-2 NE

612i+—XIn(x —x+1)+lxarctg§2X_19+C;

X+1 2 J3 § V3

5 3
613 - — + xIn(x®>+9 +—xarct ——+C
x-1 2 ( ) 3 g(; 39




6.14 —

+2In(x? + 2x + 2) - 8arctg(x +1)+ C :
— 5+ 2in( ) - Barctg(x +1)

22x+10
xarctg———=++ —x In(x? +1) + arctgx + C ;
f N

6.16 In(x* + x +1) - Ex In(x? +1) + C ; 6.17

6.15 %x In(x? + x +1) + ——

In(x2+x+1)+j_xarc § :(/_ ;—In(x +1) + arctgx + C ;
- In(x? +x+1)+%xarctgé%g+2ln(x +X+2)+C;

6.19 j_xarctgz%gﬂn(x +X+2)+C;

6.20 3xarctgx+%xarctgzzf/_l; +C;

6.21 In(x? +2)+2 In(x? + 2x + 2) - arctg(x +1) + C;

ezzéxm(x —x+1)+%xarctgae2XT19—%XIn(x +1) + arctgx + C;
ezséxm(x —x+1)+%xarctgg \/_19+arctgx+C

6.24 \/gxarctgng/glé+—ln(x +1)+C;

ezséxm(x —x+1)——XIn(x +1)+\/_arctgae2X\/§12+C,

6.26 \/Z_xarct zZXT—+—XIn(x +1)+C;

627 In(X + X +2) = In(x? +2) + %xarctgg%g +C:

e;.zs%XIn(x2 +x+l)+%xarctg§2XT31é+EXIn(x +1)+C;

6.29 In(x2+x+3)+%XIn(x2 +x+3)+C:;

193

6.18
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14
6.30 %x In(x? +x +1) + ixarctgacs 2x+10 %x In(x? +1) + arctgx + C..
e

V3 V3 g

0x" (a+bx")Pdx differensial binomlari integrali,

bu yerda a, b - 0’zgarmas sonlar, m, n va p-ratsional sonlar.
0 X" (a+bx")Pdx ko’rinishdagi integrallarni hisoblash m, n va p

ratsional sonlarga bog’ligligini rus matematigi P.L.Chebishev ko’rsatgan

va uchta holdagina elementar funksiyalar orgali ifodalanadi.
1. Agar p-butun son bo’lsa, u holda integral x =t° 0’rniga qo’yish
yordamida (bunda s - kasrlar maxrajining m va n ning eng kichik

umumiy karralisi) ratsional funksiya integraliga keltiriladi.

0&(2 ++/x)?dx integralda p = 2 - butun son. Hisoblaymiz

m=1; n=1
(‘)xé(x+x5)dx: 3 2
x =t®, dx = 6t>dt
= 6 (47 + 410+ ) dt = 6E o t® + Sty L0
g2 11 14 ¢4

:\t:&\:3W+%W+$W+C.

= t?(2+t%)%6t dt =

+ : :
2. Agar m+l - butun son bo’lsa, u holda integral a +bx" =t° o’rniga
n

qo’yish bilan ratsional funksiya integrallanadi, bunda s son p kasrning

maxraji.
0X°3/(L+ x”)“dx integralda m=5, n=3, p—g, =3 =2 -hutun
n

son. s =3, ya’ni p kasrning maxraji.

Tegishli o’rniga qo’yishdan, 1+ x3 =t3, x = (3 -1)7, dx =t2(t* -1)*dt.
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Demak,
) -1 xt2at?(t° ~1) s dt = §(° - tédt =j (7 - t*)dt =
8 5 2 )
ST R L oS
8 5 = &8 5.
X 0’zgaruvchiga qaytib, uzil-kesil topamiz:

0X°3/ (L + x%)dx = (1+x)§ b +C.

IZJ

3. mrTl + p-butun son bo’lganda ax™" +b =t° 0’rniga qo’yish bilan, bu

yerda s son p kasrning maxraji.

7—-masala. Anigmas integralni toping.

R1+¥x
0 g

7

5 7 1.1
Berilgan integralni () 1: =X °(@+x%)°dx ko’rinishda yozib
X XA/ X

olamiz. Integral ositidagi ifoda x™(a+bx")" ekanligidan

m—_z n—l p—l m+1+p—_1
5 3 5 n '

X7 +1=t° 0’rniga go’yishdan foydalanamiz.
=(t5-1)°, dx=-3(t° -1)*5t%dt ga egamiz.

7 1.1 21 1 (— 4
(‘)X_E(1+ Xg)ng — O(t5 _1)5(1+ (t5 _1)—1)5 %dt =

3= S
:—Et6+C-——( 3+1T+C-—§ae—1:\&g +C.
6 2 2§ Ix 5
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dx.

1+3/x
Xx~/X

R+

6.

3.

x X3 x°

dx.

1+x

X2 x+/X

+ X
—
o
o
>
o)
[q\]
—~
N
> &
o
o ><
+ 2X
A=
o
=)
~

dx.

a3y

X x8/x

3 (1+4 X3)2

12.

V@+3%)7 dx.

XX12 X7

dx.

A+ x)°
0
xx&/x’
A1+
13.
0 XZXW

10.

x2 x4/x

15.

dx.

31+4X3

14. ()

dx.

>
©
™
—~
< ||y <
xfx AT
o | 1o &5
+ |~ ™ <
| x ,.I_._HX
<~ >
=) 40
< .
N ~
o~
pd
o P
I\ ©
—~
4&7\.)
X < |[w
=z =%
+2X + [
A= | x
@ ™
) I
X S
> )
© >
o)

31+8/x4

22, §
x2 18/x

xx3/x
‘41+Wd

0

S31+4x

25.

XX15 X4

Sh+3¥x
6 & X, 299
XX/ X

28.

+C;

(1+3¥/x)°
X

173 -2

3 4
38/(L++/x) v
23/x2

+C:72 -

4,1+ +x)°?
34x

Javoblar. 7.1 —
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.5
2 3/v 0
+C 76—9931:&i +C;
5¢V ¥x
2¢ |1+ 63
+C -5t Shil QG
3 X g
7
6X4 +3X2
+C:712- C
78X
4., _3 --%
+C;7.15——§x4+19 +C:7.16
5 g
9 2 | i/ﬁbg
51— —~"% +C; 8_2551\/7 : +C:7.19
e /]
2 Fog 2 [ s/40
4
Y + Y
_ 2061+ VX N +C;720—§g L L OF
27¢ 4/%3 Gg 8/ x4
4 5
5 +8/x* 150 + §/x* F 3@+§/x7)3
7.21 — —X +C:722 - +C:723 - +C;
6 X X/X 16 x5 x16 4§/X74

7 4
4 ad 1 a3 ®
7.24-§§x3+194+c 7.25 - 3§x‘1‘+1°3+C 726—E 1+ \/_ +
7 o 5 § x

05

: +C;
g

4

P 4 3 3
27—E941+\/_T +C; 728— +\/X7 +C; M+C;
56V ¥x 3 58/x° 4x*

6 1 o
730 - >3f%1+ -2 +C,
5\!g VX g

Aniq integral mavzusida Nyuton—Leybnits formulasi bilan tanishasiz

VI BOB. Aniq integral.

va uni aniq integrallarni yechishdagi tatbiqi, hamda boshlang’ich
funksiyalarni topishda qo’llaysiz. Undan tashgari geometrik masalalarni

aniq integrallar yordamida yassi figuralarning yuzi, egri chiziq yoyi
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uzunligi va jismning hajmini topish bilan bog’lig masalalarni
0’zlashtirasiz.

Agar F(x) funksiya [a,b] da uzluksiz f(x) funksiyaning

boshlang’ichi bo’lsa, u holda quyidagi formula o’rinlidir:

b b
0 f(x)dx=F(x)| =F(b)-F(a). (1)

Nyuton-leybnits formulasi deb ataluvchi (1) formula anigmas integral

bilan aniq integral o’rtasidagi bog’lanishni ifodalaydi.
Aniq integralda o’zgaruvchini almashtirish.

Bu holda ushbu formula o’rinli bo’ladi:

b b
o f()dx =g f i @]ttt

bu yerda j(t) va jit) lar, [a, b] kesmada uzluksiz funksiyalar,
a=j(a), b=j(b).

8
xdx . i i o i
Masalan, ¢ integralni topish talab etilsin. ~/1+ x =t belgilash
2«/1+x J P g

kiritamiz, u holda 1+ x =t?, dx = 2tdt. Yangi 0’zgaruvchi t ning o’zgarish

chegaralarini topamiz: x o’zgaruvchi [3, 8] intervalda o’zgaradi. x =3 da

t=41+3=2; x=8dat=+41+8=3.

Demak,

8 3 /.2 3 3 =3

. oxdx _ T(tc-D2tdt .| ,.» &t 0" 32
= =20(t° -Ddt =26— -t3 ==,

NI AR E A

1-masala. Aniq integralni hisoblang.



1/\2 8x - arctg2x

1+ 4x2

0

= In‘1+ 4x2‘

e+ + In(x - 1)

dx:()

1/2 1 5
- —arctg”2x
0 2

L0
e+l x-1

; ! 4arctgx - x
-0
o 1+x?

2P X + COS X

5.0 dx.

2 -
p X + 25sIn X

4 1 41
702X X
1 (VX +X)
V8 ox+1
0. (‘)4de.
BAXZ+1

V3 arctgx + X

1. § —————aX,

0 1+ X2

13
13. 0 ——dx.
o X~ + 1

3 1_
\1ﬁ|

X+

€1+ Inx
17. )—adX.
1

15.

X

¢ x% +In x>

19. j———dx.

dx.
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1/2

dx - (arctg2xd (arctg2x) =
0

2 2
:|n2_0_%x/17_6+0:|n2—§—2.
L (x* +1)dx
0 +3x+ D)2
) 2 x3dx
s

P14 2cos x +3sin X

2 d _ Z0x.
o (2sinx-3cosx)

6

1
xdx
8. ) ———dX.

0X4+1
V8 ox -1
10. § ——==dX.
BAUXZ+1
NE 4
X — (arctgx
12. (a Ct2g ) dx.
o 1+x

sinl : 2
arcsin x)- +1
4. ( ) dx.

0 1-x?
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L x3dx pla
210 22. ( tgxIn cos xdx.
0 (X" +1) 0
O tg(x+1 N2 (arecos x)° -1
23, OM. 24. ) ( )2 dx.
S1c0s% (X +1) 0 1-x
2P 1-cos X P14 sin x - cos X
25. () —ax. 26. () —dx.
p (X-sinx) o (X-=sinx)
P12y cos x +5sin X Ly +
27. () ———dx 28, o—dx
pra  (Xsinx) o X*+1
E xadx 9 xdx
200 T 30. 03 :
X -x -1 o NVX-1
Javoblar. 1121 12 i 3,0——4an 42-2In2;151In2; 16—E 171 182

3 8

5 pa—
191+In\/7 1101+In\/7 111—+In2 112In2—’05;1.131 Ir]2;1.14ﬂ;
5x3 2 3

2
115£—In2 1.16 In\/§ 117— 118ﬂ 1.19 +1;1.20 In1/3+2\/§;
6 2 2 12 2 3

_ 2
1.21 In4 1;1.22——XIn2\/— 1.23 9 1;1.2 15'5) _P. 125i 126—3'
2 2 2 4 2p 16
1.27 4\/5_2;1.28 In48+,0;1l29 In 5+2\/§;130 231.
p

Bo’laklab integrallash.

Agar u(x) va v(x) lar [a, b] kesmada differensiallanuvchi funksiyalar

bo’lsa, u holda ushbu formula o’rinlidir:

b b b
Oudv:uv —Ovdu.
a a a
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2—masala. Aniq integralni hisoblang.

0
3 (x? - 4) cos3xdx =
2

0 0
:%(x2 — 4)sin 3x

-2 -2

2% 0 0

=—-— —EXCOS3X
3§ 3

-2 -2
2%

-— —gcos6+£sin3x
3§ 3 9

0§
Y

0
1. §(x? +5x + 6) cos 2xdx.
-2
0
3. §(x +2)% cos3xdx.
-2

p
5. 3 (2X2 + 4x + 7) cos 2xdx.
0

p
7.0 (8x% +16x +17) cos 4xdx.
0

2p
9. §(2x* -15)cos 3xdx.
0

2p
11. (1 - 8x%)cos 4xdx.
0

3
13. § (X2 - 2x)sin 2xdx.
0

u=x°-4 dv=cos3xdx
du = 2xdx

_2 0 Xsin3xdx =

+1 ( COS3xdxz =

4
9

V= 1sin 3x
3
u=x dv=sin3xdx

du=dx v= —%cosSx

I--1-O:

(S

CoS6 - isin 6.
27

0

2. 0 (X + 4x + 3) cos xdx.
-1
0

4. 9 (X? + 7x +12) cos xdx.
4

p
6. 0 (9x* + 9x +11) cos 3xdx.
0
2p
8. §(3x° +5)cos 2xdx.
0

2p
10. (3 -7x%)cos 2xdx.

0

0
12. §(x* +2x +1)sin 3xdx.
-1

p
14. § (x* - 3x + 2) sin xdx.
0
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pl2
15. ((x® - 5x + 6)sin 3xdx.
0

pla
17. ¢ (x* +17,5)sin 2xdx.
0

3
19. §(3x - x%)sin 2xdx.
pla

2
L In? xdx
- 0
1 X

1
23. 3 (x +1) In?(x + L)dx.
0

0
25. 3 (x +2)° In%(x + 2)dx.
-1

e
27. 9/ x In? xdx.
1

1
0. y x%e>*dx.
0

5-cos4-sin4
Javoblar. 2.1

-22 4-2c0sl-2sinl;23

0
16. §(x* + 6x +9)sin 2xdx.
-3

pl2
18. §(L-5%%)sin xdx.
0

2
20. 9 xIn? xdx.
1

81n? xdx
22.

1 3

3
24. 3 (x -1)% In?(x - 1)dx.
2

2
26. 0 (X +1)% In®(x +1)dx.
0

1
28. ) x2e ™%/ 2dx.
-1

0
20. §(x? +2)e* 2dx.
)

12 - 25in6_

8p

247+C0S4-2sin4;25p;26-2p -2;27p;28 2p;2.9?;2.10 -7p;211-2p;

2.12

7 +2c0s3 3sin6 +cos6 -1 5
- ;213 ;214 p° =3P ;215

27 ' 4
p

p-6+2c0s6 - 6sin6

67—3p_216_17+0036_

3

217 17 +—;21811-5p ;219
2 8

22186 -16:2226In°8-36In8+54;2232In?2 - 2In2+Z;

224 4In? 2 - 2In2+E;2.25 4In%2 - 2In2+E;2.26 9In?3-6In3+1=".
32 32 27

- 2.20 2In22—2ln2+z;

3

25
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10ee-16 . 26 o7 Be-2 o0 44

27 22 Je 27 e

2.27

R(sin X, cosx)dx ko’rinishdagi integrallar

R(sin x, cos x)dx ko’rinishdagi integralar (R - sinx va cos x larga
nisbatan ratsional funksiya) tg g =t almashtirish yordamida ratsional

funksiyalarning integrallariga keltiriladi.

X
L PR
sinx = = 5

1+tg2 1+t
2 X
) _1_tg E_l_tz
sin x 5
1+tg2 1+t
X = 2arctgt; dx= dt.
J 1+1t2

2 o
R(sin X, cosx)dx:(‘)R§ 2 1-t°0 2dt ko’rinishga keladi. Bunday

1+t '1+12 ﬂ1+t

almashtirish universal almashtirish deyiladi.

3—-masala. Anig integralni hisoblang.
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X _ —t2 1—t2 _ 2t
pézcosx—sinxdx_ th—t cosx—1+t2 ‘fl)l+t2 1+t2 . 2dt
- 5 = - 2 2
0 1+sin X) dx = 2 5 dt sinx= 5 0 %14. 2t 0 1+t
1+t 1+t & 1+t2g
_T2(1-2t-t?)
= Z dt.
o (@+1)
2
2(1(1 Ztt4)t ) to’g’ri kasrni sodda ratsional kasrlar yig’indisi ko’rinishida
+
yozamiz:

2—4t—2t2):A+ B , C ., D _
@+t)* 1+t (@Q+t)° @+t (@+1)*
AL+t +BL+t)2+CA+D)+D
) (L+t)* |

AQ+t)® +B@A+t)>+C(1+t)+ D =2-4t-2t%
=-1da, D=4
x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
t3:  A=0;
t*: 3A+B=-2PB=-2
t: 3A+2B+C=-4PB C=0;

Demak,
1 N N
& 0 & 0|1
(‘)g 4 i 2 Zidtzg_ 4 Tl 2 T :_i+1+£_2:1_
8@+)" (A+t)7g 3(L+1)° 1+t 3x8 3 6
2arctg2 dx P12 cos xdx
1. 0 2

12 Sin? x(1-cosx) ' 8 2+C0SX



2arctg?2 d X

3.0 — _
pr2 SIN X(L+cos x)

2arctg3 dx

' zarﬁtgz cos (1 - cos x)

pl2 dx

7. 0 - 5
2arctg? (1+SIN X - €OS X)

2p13  1+sinx
9. —— dx.
o 1+cosXx+sinx

P2 (1+ cos x)dx

11. —,
o 1+cosx+sin X

2arctg; 1+ sin x
13. 0 Y dX
o (@-sinx)

2arctgl
arctds cos Xxdx

0
0 cos xdx

17. ) —
_ps2 (L+cosx -sinx)

1 .
2192 (1 - sin x)dx
19. 0

oo COSX(L+cosx)

pl2 sin xdx

21. _ >
o (1+sinx+cosx)

0 cos? xdx

23. - 5
_2p13(1+cosx -sinx)

2p /3 cos? xdx

25. - 5"
o (L+cosx+sinx)

o (1+cosx)(1-sinx)

P2 cos xdx

. 0 3
2arctg3 (1-cosx)

2arctg; dx

6. 0 — —
2arctg? SIN X(1 - sin x)

8/’(2 cos xdx
| I
o 9+4cosx

cos xdx
0 : :
p/3l+sinX-cos X

pl2
10. ¢

P12 sin xdx

12. —.
o 1+cos x+sin X

D
2 COS X

14. -
ol+cos X +sin X

dx.

0 cOS Xdx

6. | —
_2p/31+COS X -SINX

pl2 cos xdx
0 - .
o (L+cos X +sin x)?

18.

P12 sin xdx
20. 0 —2
o (L+sinx)
0 sin xdx
22.

0 S—
_pr2 (L+cos x -sinx)?

ple sin? xdx
24. - 5
o (L+cosx+sinx)
2ar(‘:th dx
26. () —

12 SiNX(L+sinx)

205
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pl2 dx P2 gin xdx
27. () . 5 28. ) ———

o (L+sinx+ cosx) o 2+sinx

pla dx P12 sin xdx
29. : 0. § ————.

o Cos X(1+ cos x) o 5+3sinx
Javoblar.3.1§;3.2 M;ssli;m—4;3.51+In2—ln3;3.6In3—|n2+1;

6 18 24 6

3.72— In§;3.8£—§xarctg1;3.9ﬁ+ In2;3.1o£xm2—£;3.11 EXIn2+B;
3 8 3 3 2 12 2 4

3.12 —EXInZ+B;3.13§;3.14B—£|n2;3.15 —1—2Ing;3.16g—ln2;
2 4 3 4 2 3 3 3

3.17 —1+|n2;3.18 —£+In2;3.19 —£+2|n§;3.201;3.21|n2—Ls.zzl—In2;
2 2 2 2 3 2 2

J3

3.23 — - In2;3.24£—lln2;3.25£—In2;3.26 In2—1;
2 2 2 3

- - barctg2 + arctg 2
3271-1In2:328 P - 2p £3.29 V2 2—In(\/i—l);s.e.o i J 94
2 33 V2 6

0tg"xdx va jtg™xdx (bu yerda m - butun musbat son) ko’rinishdagi

integrallarda mos ravishda

dt
tgt =t, dx =
: 1+t?
dt
ctgt =t, dx = -
: 1+t2
sin2x = 2gx _ 2

1+tg2x  1+t2

o’rniga qo’yish orgali hisoblanadi.

4-masala. Aniq integralni hisoblang.
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arctg3 dx th =1

dt sin2x= 2 =

0 - =
3tgx +5)sin2x  |dx = 1+12
pla ( g ) 1+t2
3 dt 13 dt
_0 —0 .
1(?>t+5) (1+t ) 2:1(3t+5)
1+t?

1 _A, B _A@t+5)+Bt

t(3t+5) t 3t+5  t(3t+5)
A3t +5)+ Bt =1.

t=0da, A:E,
5
t:—gda, B:—g;
3 5
Shunday qilib,
1321

1
18l 8 84— L (k- inist+5) =L (In3-In14-0+n8) =
10§ 3t+5g 10 (nH n3t+8) =g (n3-In14-0+ing)

_1,.24_ 1, 12

014 107
.o 2otgx+1 o H V1) 3+ 2tgx 0
'arccos(a,ﬁ(Zsinx+cos x)2 Y 2sin?x+3cos’x-1
arctg3 _ arctgz N
Y ees o T B0
pia 1-sIn2x+4c0s” X o 18sin“ x+2co0s” X
arccos2/3 tgx + 2 g pr4 6tgxdx
5. 0 -~ 2 X. 6. 0 - >
o SIn“x+2cos”x-3 arcsin(l/ /37) 351N 2X +5C08“ X
pl4otn2y _ _ 0
2 2tg“x - 11tgx - 22 dx N \ 3tgx +1

0 4 - tgx _arctg(1,3)23in 2X-5c0s2x+1
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arctg3 1+ ctax arccos(1/+/3) tox
9. ) — J 5 dx. 10. 0 — 9 5 dx.
pla (SIN X+ 2C0S X) pra  SIN“X-5c08°x+4
P4 6sin? x arctg3 4 + tgx
11, ) 12. — >— dX.
o 3C0s2x-4 o 2SIn°x+18cos” x
N arc‘th 12+th » 3 arctg$2/3) 6+th i
: 3sin2 2 ' ' - 2 2 '
o 3SIN° X+12c0s” X o 9sin“x+4cos” X
N arcsin V3/7 tg 2 xdx N PI4 74 3tgx i
: - L 16 ) —— :
o 3sin®x+4cos’x-7 ¢ (sinx+2cosx)?
, aresin(3/\10) oty 45 _ 0 3tg?x - 50 i
: 0 - : 0 —— X
arcsin(2/./5) (5 - tgx)sin 2x -arccos(l//10) 2tgx + 7
pla 5tgx + 2 arcsin(2/+/5) Atgx - 5
19. ) — 20. \ 5 : dx.
o 2SIn2x+5 pia  4C0S” X -sin2x+1
N aresinV7/8 g 5jin? xdx 22 0 11-3igx
: 0 : : 0 ——0oX.
o 4+3c0s2x _arccos(l/y5) (GX +3
y arcsin(:\%/m 2tgx - 5 i o arccos(\l/\/276) 36dx
: - . 24, 0 - :
o (4cosx-sinx)? pra (6-tgx)sin 2x
PI44 - Tgx 48 2 - tgx
25. —tgdx 26. 0 . '9 5 dx.
0 2+ 3tgx _arcsin(2/+/5) (SIN X +3C0S X)
arcsiny/2/3 8thdX arccos(l/ /26) 12dx
27. - . 28 0 - :
pl4 3cos? x +8sin2x - 7 arCCOS(1,m(6+5tgx)sm 2X
: pI3 tgzx arccossll\/67) 3t92x_1d
9. 0 30. ———dx.
o 4+3co0s2x 0 tg°x +5
Javoblar. 4.1 2In2—%;4.2 %arctg%+ In%;m 2In2 —%;4.4%+Ig—62
45 —M;M EIn%;m 2In3-6In2 —52;4.8 EIn§;4.9—lng+i;
4 6 11 4 7 4 5 15




4.10%In%;4.11 —%+iarctgﬁ;4.12£+In—2-413£+|n—2-414£+ In2

V3 3

415 = —+——;4.16 3In§+l;4.17 2|n§;4.18 —1In7 - In10 - 7arctg3;
8 32 2 6 2 2

N 6 4 "2 6 T4 18°

4.19 %In% 14.20 2 In% - %arctg%; 421 @ - arctg+/7 ; 422 In45 + 3arctg2;

4.23%— IN16:; 4.24 In?5;4.25 2In5—3|n2—£;4.265— In4.

772 -2
5

4 4 105 3
427 —xIn - —xInj2 = /2|: 428 In—: 429 /3 - /7 xarct
21 422 420 0 428 V3 - T arctg 3

7 ;

p
430 —— - arctg+/5.
H g

gsin™ xxcos" xdx ko’rinishdagi integrallar,

bu yerda m va n-butun sonlar.
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1. Agar m va n sonlarning hech bo’Imaganda bittasi toq musbat son,

masalan, m =2k +1 bo’lsa bo’lsa, u holda quyidagicha yo’l tutamiz:

sin?**1 xxcos" xdx = (‘)sin2k xxcos" xxsin xdx =

o

= -( (- cos® x)* xcos" xd (cos X).

Masalan,
\ - 5 2 _ \ H 4 2 - —_
Sin” xxcos xdx—osm X XC0S“ X xsin xdx =
= - (L - cos’ x)° xcos’ xd (cos x) =

1 2 1
= -—cosx+=cos® x +=cos’ x +C.

3 5 7

Agar m va n sonlardan biri toq musbat son, boshqgasi

hagigiy son bo’lsa ham xuddi yuqoridek yo’l tutamiz.

2. Agar m va n juft musbat sonlar bo’lsa, integralni

istalgan
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1-cos 2x cos? _ 1+ cos2x

i 1. .
sin xxcosx:Estx, SInN“ X =

Trigonometrik formulalar yordamida hisoblaymiz.

Masalan,

§sin® xcos* xdx = ¢ (sin xxcos x) cos” xdx =

2
_ 08|n42X A+ CgSZXdX - %b(sinz 2X +5sin? 2xxcos 2x)dx =

_1 0% +i03|n 2xd(sin2x) =

lax sindxg 1

2+ —sin®2x+C=
16 4 g 48
18 sin4x sin®2x0
=—CX- + +C.
16§ 4 3

3. Agar m va n juft-togligi bir xil bo’lgan butun manfiy sonlar
bo’lsa, integral

2

1+tg%x = 12 , 1-ctg’x = _12 yoki _12 :1+tgx

COS“ X sin” x sin“x  tg°x
formulalar yordamila hisoblanadi.
. dx 1 dx
0 4.0 =((L+tg*x)*d (tgx) =
cos* x “cos® x cos X

3
:tgx+—tg3X+C.

5-masala. Anig integralni hisoblang.
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p . .
52° cosBaélgdx = coszgﬂ = l(1+ oS X)| =
0 29 29 2
p p
= §(L+cosx)*dx = §(L+2cosx + cos” x)*dx =
0 0
p
= (L +3cosx +6c0s” X +4¢0s° X + cos”* x)dx =
0
p . p
= (‘)ae§+3005x +Zc032x+1cos4x9dx+ 44(L - sin® x)cos xdx =
Og 8 2 8 1] 0
4o p
:g§x+33inx+zsin 2% + L sinax? + 441 -sin® x)d(sin x) =
e 8 4 32 go o
D
:§p+4(sinx——sin3x) :ﬁp.
8 8
P88 Pt ;6 2
1. (2" sin® xdx. 2. 027 sIn” Xcos“ xdx.
pl2 0

2p 4 4
3. §SIN” XCcos™ xdx.
0

0
5. 2% sin® xdx.
-pl2

p
7.02% sin* x cos* xdx.
0
2p X A
0. § cosE> Jdx.
0 edyg

0

11. §2%sin® xcos? xdx.
-p
P o i 2 6

13. 27 sin“ x cos” xdx.
0

20 e X§ X
4§ sin26>2cos®E > .
o ed4s ¢4y

p
6. §2%sin® xcos? xdx.
pl2
2P P2 6
8. 9sin“ xcos” xdx.
0

p m
\ . 8& X0
10. § 2% sin®¢ = 2dx.
0 gZEJ
2P 8 i 4 4
12. §2°sin” xcos™ xdx.
pl2
2p g
14. (COS" XdX.
0
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2p

. g X P4 . s8X0 X6
15. § sin® = dx. 16. 9 2% sin®& 2 cos2& ~ Yaix
0 4 0 2¢ 29
0 8 cin4d 4 P 8 ain 2 6
17. 2°sin” xcos™ xdx. 18. (2 Sin“ xcos” xdx.
-pl2 pl2
P 4 8 P 8
19. 927 cos” xdx. 20. §sin® xdx.
0 0
2P saX( X ( P4 o a8 X0 X {
21§ sin®E > 2cos2E2 2dx. 2. §2% sin*E-2 cos*E = 2dx.
0 edyg edy 0 29 29
0 8 ain 2 6 P 8 8
23. (27 sin“ xcos” xdx. 24. )2° COS” xdx.
-pl2 pl2
P4 ;8 P 2
25. )2 sin” xdx. 26. (SIin> X cos* xdx.
0 0
P 4pX{ X § P4 . 28XD X {
27, ¢ sin*€=2cos*E > . 28 §2° smzage—gcosﬁg—gdx.
0 edg edg 0 29 29
O 8 3 P . 4 4
29. (2° Cos” xdx. 30. (sin™ 3xcos™ 3xdx.
-pl2 0
Javoblar. 5.1 350 ;5.2 5—’0; 53 3—; 5.4 5—’D; 55350 ;5.6 5—’D; 5.7 3—’D; 5.8 5—’?;
8 64 16 4 2
5.9 35'0;5.10 35’0;5.1110,0;5.12 9,0;5.135—’0;5.14 @;5.15 Si;
64 8 8 64 64

5.16 ?; 517 3P ;5.18 5P ; 5.19 3

op

35p 5p 3p

; 5.20 ;521 — ;522 —;

64 64 8

523 5p;5.24105p ; 5.25 @;5.26—;5.273—'0;5.28 5—’0;5.29 35p ;5.30 3—
8 64 8 6
e b Py 5 P2
. a maX+bgg zax+bg ’ .
JREX,& 2% §ETU% | Ugx ko’rinishdagi integrallar, bu
g écx+dg écx+dyg U

yerda p;,q;, P,,Q,,... — butun sonlar. Agar barcha q,,0,,... maxrajlarning
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b _ 0’rniga

eng kichik karralisi k bo’lsa, u holda ushbu mtegral
cx +d

go’yish yordamida ratsional funksiyadan olingan integrallarga keltiriladi.

6—masala. Aniq integralni hisoblang.

9 - 2Xx _t2
- -
e B W TP Y S
V2x-21 lge= 12 (t2 +1)
(t°+1)
£2 t =tga
=12y = da |=123tg?cos®ada =
0(t2+1)2 dt=——— 0
cos’ a

=12jsin® ada = 6y (1 - cos 2a)da =6arctgT - 3sin(2arctgt) =

g - [9- K
= ¢6artctg 9-2x —33in&2arctg 9-2x 9
g 2x - 21 g 2X - ZlmJ

= Barctg~/3 - 3sin(2arctg~/3) - 6arctg% + 3sin(2arctg %) =

2p p__ N3, .3
=2 3sin— - + 3sin™= 3—+3——
p - 3 P 3 =P 35 5, =P
1(}) A1-x -/3x+1 i 2641 &+2?d_
o (Vax+1+aVI-x)3x+17 '1X+2ff
e,
-14/15(X+2) x+1 0 (5+ X)V/25 - x?

12/6- L \/:( dx
5. 0 X dx. 6. (€ :
x-14 0 1+ x)V1-x?
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1073 x+2++/x-2 e
5,2(Jx+2 VX - 2)(x 2)?

; ?x+\/3x—2—10dx
O Bx-2+7

? (442 - x = /2x + 2)

11.
0 (sz +2 + 442 - x)(2x + 2)?
4 4-x
13. (‘)e@ 0x :
0 (4 + X)V/16 - x?

o 3x+5+2
. 1+33x+5

T X+ 25dx

17. ( :
D (x+25)2/x +1

dx.

2 2_X

dx
19. je ' 2+

0 (2+X)\/4—X2.

5Vx+1 ix
1/24(X+1) Jx

% (441 - x - \/2x +1)dx

21.

0(\/2x +1+44J1- )(2x+1)

i 4/3 4\/7
.0
16/15X Vv X
% B6-Vx+4x
0
\/7 X - 6\/7
3e\/(3 X) /(3+Xx) dx

o (3+ X)V9 - x°

2

. 5 byx+24 N
D x+ 202 0x

0 xdx

12. .
D2+ 2x+1

% 15V X +3
1/8 (x+3) \/7

3 [3-2x
160 oy 7dx.

? (4+/2 - x = /3x + 2)dx

0 («/3x +2+42-x)(3x + 2)

20. w/z;dx.
3 X_6

6\4 (2+\/_)dX
&+ X+ X)X

6 e1/(6 X)/(6+Xx) dX
o(6+x)x/36 X°

} (44/1- x = /x +1)dx
o(M+4V X)(x +1)%

? (4+/2 - X = /x + 2)dx
o(«/x+2+4«/ X)(x +2)%




Javoblar. 6.1 iIn5;6.2 6Inﬂ;6.31;6.4e—_1;6.54—p;6.6e—1;6.71+ln2;
1 3 2
6.81;6.9 —g;e.lodf—p; 6.11 i|n5;6.12Z—3|n§;6.13lx(e—l);6.14 3;
8 27 6 2 4
6.15§+|n3;6.16£;6.17i;6.18i|n5;6.196—_1;6.202—p;6.213;
3 3 40 32 2 3
6.222,0;6.23i|n5;6.2430|n§—6;6.252;6.266—_1;6.274"1% 2 9;6.281“’]5;
12 2 6 é22+15 8

-1 4p

6.296—_1;6.30 1In5.6.1 iIn5;6.2 6Inﬂ;6.3 1;6.46—;6.5—;6.6 e—1;6.71+ In2:
3 4 16 3 5 3 2

6.81; 6.9 —g;mo 4—’0; 6.11 iIn5;6.12 ! —3In§; 6.131X(e—1);6.14 3;
8 27 3 24 6 2 4

6.15%+ In3:6.16 B;G.l? i;6.18 iIn5; 6.19 e—_l; 6.202?'0;6.21 3:

g 2 9 1
¢ ;628 —In5;
£24/2 +1p 8

6.22 20 ; 6.23 iIn5; 6.24 30In§ -6;6.252;6.26 e—_l; 6.27 41n
12 2 6

6.29 e—_l; 6.30 1In5.
3 4

R(x,\/a2 + x2) va R(x,\/x2 - az) ko’rinishdagi integrallar.
b
1. (‘)R(x,\/a2 - x? )dx;
a

b
2. (‘)R(x,\/a2 + X2 )dx;
a

3. SR(X,\/Xz -a’ )dx;

bu yerda R - ratsional funksiya.
Agar a) x=asint yoki x=acost

b) x=atgt yoki x=actgt

215
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c) x=asect yoki

X =acosect

trigonometrik o’rniga go’yishlardan foydanilsa, bu integrallar

0 R(sint,cost)dt ko’rinishdagi integrallarga keltiriladi.

7—-masala. Aniq integralni hisoblang.

8 dx

8(9+X2)3/2 = dx =

_ 3 Pl4cesdt
=— 0
27 o cos’t

16
1. /256 - x°dx.
0

dt =

5

N dx
3.0 :
0(25+ x?)V25+ x>
2x% -1

5. 5" dx.

5/2 2

X“dx

13 ()42dx.
0 V25-X

X = 3tgt

p
- 37 costdt:isint
27

pla 3dt _
8 (9 +9tg?t)%/2 cos? t
p/4_\/§
o 18

1
2. X241 - x%dx.
0

AT
a g —W
V212 x4y
6. 8 jyszjii?n
L x*dx

80" 5 a3/
0 (2 _ X2)3/2

2

10. 94 - x2dx.
0
4

12. § X24/16 - X dx.
0
5

14. § X2/ 25 - x%dx.
0



15.

17.
19.
21.
23.
25. (
27. (

29.

Javoblar. 7.1 64p ;72 —
16’
79%—2\/5 710 P ; 711% 71216p ;713 ——

716 —;7.17 —;718 20 - 6p ; 7.19 ——
16

p 3 __ 3 _ 42
24 — + 0 7.25 ; 7.26 1 7.2
3 2 32 8

4
V16 - x?dx.
0

24/2
04(j
/2 x4

3
X249 - x2dx.
-3

2 dx

0 /(16 - x2)°

6.2
X -9
0———dx.

V2 x4dx
) ——>—=5
0 (4_X2)3/2

L x2dx

8V4—x[

N
64

43 dx
16. :
0 /(64 -x°)3
2V2 x*dx
18.

0 .
0 (16 - x%)V16- x°

V3 dx

20. ) ———.
141+ x?)3
2 x*dx

22.

07—/

0+/(8 - x?)*
1

24. /4 - x2dx.
0

12 8

; 7.20

8lp  3-+2 43
8

;721 —;72210-3p ;723 —;
48 72

o 30
=

2

3p -7.281:7.29 —

p vﬁ
2

Yassi figuralar yuzlarini hisoblash

250 25V3 1, 625D

. g dx
0(4+X* W4+ x°
1/+2 dx
28. ) .
(1- x%)V1-x
3/2 x2dx
30, ) ————
0 49 -x?
f f I 5 3p 3
76 ———;77—; 7.8 — —
15 4 8 4

;715 4P ;

NG

217
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1. Uzluksiz y = f(x) (f(x)30) egrichizig, x=a, x=b to’g’ri
chiziglar hamda Ox 0’gning [a, b] kesmasi bilan chegaralangan egri

chizigli trapetsiyaning yuzi

b
S =y f(x)dx

formula bilan hisoblanadi.
2. Uzluksiz x =g (y) (J(y) 30) egrichiziq, y=c, y=d to’g’ri
chiziglar hamda Oy o’gning [c, d] kesmasi bilan chegaralangan egri

chizigli trapetsiyaning yuzi
d
S =qJ(y)dy
c
formula bilan hisoblanadi.

8—-masala. y =(x-2)°, y =4x-8 chiziglar bilan chegaralangan

figuraning yuzini toping.



2

0

2
S =2)(4x-8-(x-2)%)dx = 2y(4x -8 - x> +6x* -12x + 8)dx =
0

219

2 2
= 25 (6x% - x> - 8x)dx = 2(2x* —%x“ —4x%)| = 4x2° -%xz“ -8x2% =8.
0

Ly=xJ9-x2, y=0, (0£xE3).
2. y=4-x2, y=x*-2x

3. y=sinxcos’x, y=0, (0£XEB).
4y:JZjPl y=0, x=0, x=1.
y=x34-x%, y=0, (O£XE2).
y=cosxsin’x, y=0, (0ExE£2).

.y=4e*-1, y=0, 0ExE£In2

1 3

ol

[op}

~

Y =
o. y = arccos x,y =0,x=0.
0.y =(x+1)?%, y*=x+1.
11.y=2x-x>+3, y=x*-4x+3.
1 y=xJ36-x2, y=0, (0£xXE£6).
13. y=arccosy, x=0, y=0.

14. y = xarctgx, y=0, X = /3.

15,y =x28-x2, y=0 (0£xXE2,/2).
1ay:J5i1 x=0, y=In2.

7. y=xJ4-x2, y=0 (0£xE?2).

y=0, x=1 x=e".

0
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18. Yy = , =0, x=1
TN Al
19. y = 1 , =0, XZ%, x:—%
1+ cos x

20.x=(y-2)°, x=4y-8.
21. y =cos’xsin2x, y=0, (0E£xXE2).

X

=X y=0 x=1
(X2 +1)2 y

22. Y

23 X=4-y? x=y?-2y.
1

o X=——=_ x=0, y=1, y=¢°
yyl+iny y y
1/x

5. y=—, y=0, x=2, x=1.
X

26. Yy =x*v16-x>, y=0 (0£x£EA4).

27.X:W, x=0, y=0, y=1
28.y=(x-1)?% y*=x-1.

2. y=x%cosx, y=0, (0EXEp/2).
20.Xx=4-(y-1? x=y*-4y+3.

Javoblar. 8.1 9;82 9;83 %; 8.4 % + 73; 85 ;86 %; 87»0,43;882;891;8.10 1;

8.119;812 72;8131;814 P In2;8154p ;816 » 0,429;8.17 %; 8.18 g -2In2;819 2;

J3
p 1

8.20 8;8.212;8.22£;8.23 9;8.24 2;8.25e—\/z;8.2616p;8.27£+—;8.28—;
7 4 2 3 3

2
8.29'0—— 2:83009.
4



221

Yassi figuralar yuzlarini hisoblash

3. Uzluksiz y = f,(x) va y = f,(x) (f,(x) £ f,(x)) egri chiziglar
hamda, x=a, x=b (a<b) to’g’ri chiziglar bilan chegaralangan

figuraning yuzi

b
S = §(f(x) - f,(x))dx

a

formula bilan hisoblanadi.
4. Uzluksiz y = j;(x) va y = j,(x) (§,(X) £ ,(X)) egri chiziglar
hamda, y=c, y=d (c<d) to’g’ri chiziglar bilan chegaralangan

figuraning yuzi
d
S = (7, (%) =41 (x))dx
C

formula bilan hisoblanadi.

9-masala. Quyidagi chiziglar bilan chegaralangan shaklning

yuzasini hisoblang.

x = 2v2cos’t,
i

Ty =+/2sint,
x=1(x31).
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b
S = § y(t)xi(t)dt.
a

2J2c0s°t 3 1Pt TS —%+2pn,p+2an

g
pla
S =S aacoe - Sagpe = §V2sindtx64/2 cos® tx(-sint)dt =1x1 =
-pla
p/4
123sin“ tcos®tdt -1=12 —(cos4t—4c032t+3)X—(1+c052t)dt 1=
-pl4
2-PI4 1 1
=— ¢ (-cos4t-=cos2t+=-cos6t+1)dt-1=
16 54 2 2
-pl4
-Eé-lsmm-isun2t+ism6t+t° -1=1,7.
16¢ 4 4 12 0l pia
Ix=4v2cos’t, Ix =+/2cost,
I 1 _
L Ty = 24/2sin’t, 2. Ty = 24/2sint,
X=2(x32). y=2(y 3 2).
IX = 4(t - sint), Tx =16cos’t,
| I
3. 7Y = 4(1 - cost), 4 Fy = 2sin’t,

y=4(0<x<8p,y=4). x=2(x32).



X = 2cost,

5, ':‘y =6sint,
y =3(y 23).
Tx =16cos’t,

7. %y =sin’t,
X = 6+/3(x 3 6+/3).
ix=3(t -sint),

9. %y = 3(1 - cost),
y=3(0<x<6p,y=33).

Tx =22 cost,
11. "Ify = 34/2sint,
y=3(y 23).

Tx =32cos’t,
13. %y =sin’t,
X =4(x34).

IX=6(t -sint),
15, ':‘y = 6(1 - cost),

y=6(0<x<12p,y 36).

Tx =6cos’t,

17. %y = 4sin’t,
y = 24/3(y 3 24/3).
Tx=+/2cost,

19. "Ify = 4/25sint,
y=4(y 2 4).

223
X =2(t-sint),
6. ':*y =2(1- cost),
y=3(0<x<4p,y33).
iX = 6cost,
8. ':‘y = 2sint,

y =~/3(y 2+3).

Tx=8+2cos’t,

10. "Ify =/2sin’t,
X=4(x34).
X =6(t -sint),

12 ':‘y = 6(t - cost),
y=9(0<x<12p,y39).

1X = 3cost,
14, ':‘y = 8sint,
y=4(y 34).

Tx =8cos’t,
i
16. Ty = 4sin’t,
X = 3./3(x 3 3/3).

ix=10(t -sint),
18. ':‘y =10(1 - cost),
y =15(0 < x < 20p,y 315).

iX=t-sint,
20. ':‘y =1-cost,
y=10<x<2p,y31).
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Tx =8cos’t,
i

21 Fy =8sin’t,
x=1(x31).

X =8(t -sint),
23, ':‘y =8(1 - cost),

y=12(0< x<16p,y312).

X = 3cost,
25. ’:‘y =8sint,
X = 4~/3(y 3 44/3).

Ix = 4v2 cos’t,
i

27. Fy =/2sint,
X=2(x32).

X = 4(t -sint),
29. ':‘y = 4(1- cost),
y=6(0<x<8p,y=s36).

ix=9cost,
22. ':‘y = 4sint,
y=2(y32).

Tx = 24cos’t,
i

24. Fy = 2sin’t,

X = 9/3(x 3 94/3).
X =2(t -sint),

26. ':*y = 2(1- cost),
y=2(0<x<4p,y=32).
Tx =22 cost,

1 .

28. Ty = 54/2sint,
y =5(y 29).
Tx =32c0s’t,
i

30. Fy = 3sin’t,

X =12+/3(x 3124/3).

Javoblar. 9.1 gp -2:92 p-2;9324p +64;944p;954p - 37396 24/3;

97p;98»112;99 2—27,0 +36;9.10 gp +2;9113p -6;912 36p + 81J/3;

013 4p +3+/3;9.14 8p - 64/3;9.1518p + 72;9.16 2p - 3v/3;9.17 4p - 6+/3;

9.18 100p + 225+/3;9.19 2P - 4:9.20

3

> +2;92180;92212p - 9V/3;

9.23 484/3 ; 9.24 3p - 97; 925 2174;926 2p +8;9.27 37’0; 9.28 5p -10;

9.2916p + 36+/3; 9.30 6p - 94/3.

Figuraning yuzini qutb koordinalar sistemasida hisoblash
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Qutb koordinatalar sistemasida berilgan uzluksiz r =r(y) egri chiziq

va J =a,J=b (a<b) nurlar bilan chegaralangan figuraning yuzi

b

1, oy -
:Eol’z(j)dj

formula bilan hisoblanadi.
10-masala. Tenglamalari qutb koordinatalari sistemasida berilgan

chiziglar bilan chegaralangan shakining yuzasini hisoblang.

r=4cosy, r=2 (rs2).

4cos3jf 32,
cos3y 3=
Demak
_%+2pn£3j£%+2pn,nTZ

-£+ﬂ £] p_l_%pn ntz,

3
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1b
S =9’ U,

a
10 0
S=6x= § 16cos*3jdj =24 §(L+6cosf)dj =
-p/3 -pl3

i a0 p.1l
=24(y +=sin6y) =24(0+0+%=+>x0)=8p.
6 _pl3 3 6

.r =cos2j.
r=+/3cosj, r=sinj (OEjEpI2).
. r=4sin3y, r=2 (r32).

-

N

. r=2c0sfj, r=2y/3sinj (OEjEpl2).

5.1 =sin3j.

6. r =6sin3y, r=3 (r33).

7.r =C0s3j.

X =CoSj, r=~2sin(j-pld) (-pl4EjEpPI2).
o.r=sinj, r=~/2cos(j-pl4) (O£ j£3pla).
10.r =6¢cos3y, r=3 (rs33).

11 r—1+sinj
L :

12.r=cosy, r=sing (OE£JEp/2).



13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

r=v2cosf-p/4), r=v2sinG-pl4) (p/4£jE3pl4).
r=cosj, r=2cosj.
r=sing, r=2sinj.

r=1++/2cosj.
-l+cosj
; .

r=1++/2sinj.

r:§sinj r:§sinj
2 7 2 7

3 . 5 .
r=_cosj, r=_cosj.

2
r =4cos4y.
r=sin6j.
r=2cosjy, r=3co0s]J.
r=cosj +sinj.
r=2sin4y.
r=2cos6j.
r=cosj -sinj.

r=3sing, r=>5siny.
r=2singy, r=4sinj.
r=6singy, r=4sinj.

Javoblar. 10.1 %; 10.2 5—’0 - ?; 10.3 4?’0 + 2\/§; 10.4 %0 - \/_ » 0,88: 105 %;

106 3p + ——;10.7 P, 0,78; 108 P_ l; 10.9—;10.10 —; 10.11 — ; 10.12 1;
2 4 4 4 4 2 4 2

10.13

24

9.3 p-1 9p 3p

p+2 ;10.14 37'0; 10.15 37’0; 10.16 11,94 ; 10.17 37’0; 10.18 20 ;10.19 P ; 1020 P ;

227



228

10.21 8P ; 10.22 % :10.23 5—’0; 10.24 P ;10.25 P :10.26 2 ; 10.27 % :10.28 4P ;1029 3P ;

10.30 5p.

Yoy uzunligini hisoblash

Agar y = f(x) funksiya [a, b] da silliq egri chiziq (ya'ni f¢(x)

uzluksiz) bo’lsa, u holda uning yoyi uzunligi

b
| = g1+ yt*dx
a

formula bilan hisoblanadi. Bunda a va b yoy uchlarining abssissalaridir
(a<h).
Agar egri chiziqg x=y(y) (c£y£d) ko’rinishda berilagn bo’lsa,

yoy uzunligi
d
| = g1+ xt?dy
C
formula bilan hisoblanadi.

11-masala. Tenglamalari to’g’ri burchakli koordinatalar sistemasida

berilgan egri chizig yoyining uzunligini hisoblang.

y =+/1- x? +arcsin X, 0£x£g.

1 -1-X

X
(= - - =
g J1-x2 J1-x3 J1-x%

b
| =51+ (vt dx,
a




8/9 | +1)2 8/9 [1-y2 4+ v2 49y +
= 1+(X 1)2 dx:(‘)\/l X X 22X 1dx—
0 1-x 0 1-X

8/9

8/9 2 8/9 dx 8/9\/7
= ; —d)(:\/i > =45 [—
8 V1-x 8 A1-X 8 1-X|o

:-2(\/2_m-ﬁ):-2M+2ﬁ:¥.

y=Inx, ~3£xE15.

x> Inx

=—-——, 1EXE2.
y 4 2

y =+1-x% +arcsinx, O£x£g.

.yzln%, J3EXEAS.

[

N

w

I

5. y=-Incosx, O£ xXEp/6.
.y=e*+6, In+/8ExEIn+/15.

y = 2+arcsin/x +vVx - x%, %£x£1.

»

~

[0

y=In(x*-1), 2£x£3.

0. y = In(L - x?), O£x£%.

10.y=2+chx, O0£x£EL
11. y=1-Incosx, OE£XEp/6.

12.y=e*+13, In/15 £ x £ In~/24.

.y = —arccos~/x +vx - x2, 0£x£%.

1

w

14.y=2-¢*, InJ3£x£In/8.

229
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: 2 15
15. y =arcsin X - v1-x°, OEXEE.

16. y=1-Insinx, p/3EXEp/2.
17.y=1-In(x*-1), 3E£xE£A4

18. Y = v/ X - X> —arccos/x +5, %£x£1.

19. y = —arccos X + V1 - x* +1, 0£x£%.

20.y=Insinx, p/3EXEp/2.

21.y=In7-Inx, ~/3EXES.
22.y=chx+3, O0£x£L

23. y =1+arcsin x - V1- x?, 0£x£%

24.y=Incosx+2, O0E£XEp/6.
25.y=e*+26, InJ/8E x£In/24.

X -X
2% y =" ;e +3, 0EXE2

27. y = arccos~/x - v x - x% + 4, O£x£%.

e2x +e—2x +3

28. Y = . 0EXE?2.
y 3

20.y=e*+e, In+/3£xEIn+/15.

_ X_ -X
20y =2 e2e . 0E£XE£3.

2.2

Javoblar. 11.1 EIng+ 2:11.2 §+£In 2:11.3—: 114 1+1In§; 115 In/3
2 5 4 2 3 2 2



11.61+%In§; 1171+ Ing; 1181: 11.9In2 —%; 12.10 shl: 1111 In~/3: 11.121+£In£;

11131; 11141+ %Ing; 11.15 i; 11.16In—3; 11171+ |n§; 11.18 ﬂ ; ll.lgi; 11.20 %InB;

J2 2 5 3 J2

11211+ %Ing; 1122 Sh1:11.23 /2 : 11.24 In~/3:11.25 2 + %In%; 11.26 %(e2 - e'z);

11.27 +/2 ; 11.28 1(e4 - e'4); 1129 2 + 1Ing; 11.30 E(e3 - e'e).
2 2 5 2
Parametrik ko’rinishda berilgan egri chiziq yoyining uzunligi

Agar egri chiziq
x=J ()
y=y®)p
ko’rinishida berilgan bo’lib, gi(t), y(t) uzluksiz funksiyalar bo’lsa, u

atteEb

holda egri chiziq yoyining uzunligi

b
| = g/ (it + (vce) ot

Formula bilan hisoblanadi. Bunda a va b lar t parametrning yoy

uchlariga mos giymatlaridir (a < b).

12—-masala. Parametrik ko’rinishda berilgan egri chiziq yoyining
uzunligini hisoblang.
X =4(cost +tsint),
1y = 4(sint -t cost),
OL£tE2p.

Xt = 4(-sint +sint + tcost) = 4t cost,
yt = 4(cost - cost +tsint) = 4tsint.

231
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b
= 04/ ()2 + (yh)dt,

2p

0

X =5(t -sint),
1. %y =5(1 - cost),
OLt£p.

Ix = (t* - 2)sint + 2t cost,
i

3. Fy = (2 - t?) cost + 2t sint,
OLtEDp.

Tx =e'(cost +sint),
5 'Tl'y:et(cost—sint),

OE£tEp.

\:, :%COSI—%COSZL
S U O

-T-y—zsmt—zsm2t,

pl2EtE£2p/3.

Ix = (t* - 2)sint + 2t cost,
9-'Tl'y:(2—t2)c01=,t+2tsint,

OEtEp/S.

Tx =e'(cost +sint),
11-'Tl'x:et(cost—sint),

pl2EtEp.

X =3,5(2cost - cos 2t),
13. 1y = 3,5(2sint - sin 2t),

OEtEpP/2.

2p
| = § /16t% cos?t +16t2sin? tdt = §4tdt = 2t2
0

2p

0

iX=3(2cost - cos 2t),
2 ':\y =3(2sint -sin 2t),
O£t £2p.
ix=10cos’t,
4, "Ify =10sin°t,
0EtEp/2.

X =3(t -sint),
6. ':‘y = 3(t - cost),
p EtLE2p.

ix =3(cost +tsint),
8. ':‘y:3(sint—tcost),
O£tEp/3.

ix = 6cos’t,
]
10. Ty = 6sin°t,
OELtEp/S.
X =25(t -sint),
12. ':‘y =2,5(1 - cost),
pl2ELED.
ix =6(cost +tsint),
14. 1y = 6(sint - tcost),
OLtEp.

=21(2p)* =8p?.



Ix = (t* - 2)sint + 2t cost,
15. -Tl-y = (2 -t?)cost + 2tsint,
OLtEp/2
Tx =e'(cost +sint),
17. %y = e'(cost -sint),
O£t E£2p.
ix=2(2cost - cos 2t),
19, ':~y = 2(2sint -sin 2t),
OLtEpP/S.
Ix = (t* - 2)sint + 2t cost,
21. -Tl-y = (2 -t?)cost + 2tsint,
0E£t£2p.
Tx =e'(cost +sint),
23, 'T"y = e'(cost -sint),
O£tE3p/2
ix =4(2cost - cos 2t),
25. ':~y = 4(2sint -sin 2t),
OL£tEp.
Ix = (t* - 2)sint + 2t cost,
27. -Tl-y = (2 -t?)cost + 2tsint,
O£t £ 3p.
Tx =e'(cost +sint),
29. 'TI'y =e'(cost - sint),
pl6EtEpP/A.

3

Javoblar. 12.1 20: 122 48:; 123 %;

ix =8cos’t,
|
16. Ty = 8sin’t,
OELtEp/6.
X =4(t -sint),
18. 1y = 4(1 - cost),
pl2EtE2p]3.
ix =8(cost +tsint),
20. ':~y =8(sint -tcost),
OLtEp/A4.
ix =4cos’t,
|
2 Ty = 4sin’t,
pIGELED]A.
X =2(t -sint),
24, ':\y = 2(1- cost),
OLtEp/2.
ix =2(cost +tsint),
2.1y = 2(sint - t cost),
OLtEpP/2.
ix =2cos’t,
|
2. Ty = 2sin°t,
OLtEp/A4.
Tx = (t* - 2)sint + 2t cost,
|
0. Fy = (2 - t?) cost + 2t sint,
OfEtEp.

12415;125 2(e” -1);12612;127 /2 -1; 128

2

233
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3

12.9 %; 12.10 2747; 1211 2(e” - eP?) ;1212 52 ;1213 14(2 - +/2) ; 12.14 3p?;

3 2
12.15 ’2—4; 12.16 3;12.17 21 (6% -1); 1218 8(v/2 - 1) ; 12.19 8(2 - +/3) ; 12.20 pT;

3 2
12.21 8%; 1222 +¥;1223 2(e%'? —1); 1224 4(2 = \/2) ; 12.25 32, 12.26 pT;

3

3
1227 9p>; 12.28 o 1229 2(eP'* - eP'%); 12.30 p_

Qutb koordinatalari sistemasida berilgan egri chiziq

yoyining uzunligi

Qutb koordinalar sistemasida berilgan sillig egri chiziq

r=13), J, £ £ J; yoyining uzunligi
J:
| =g’ + r’dj
Jo

orqali hisoblanadi. Bunda j, va j;—qutb burchagi g ning yoy uchlaridagi
giymatlari (Jj, < Jy).

13-masala. Tenglamalari qutb koordinatalari sistemasida berilgan
egri chizig yoyining uzunligini hisoblang.
r=2e%"3
-pl2EJEpI2,
b

L=+ r*+(rt)’dj;

a

ri=Sg4ils



pl2 _ _ pl2
L= \/4e81/3+f;_4e81/3dj: \
-pl2
_|pi2 g 2P %P
_10,3 64513 " _5¢es g7 f=5xsh2—p
34 | 2§ p 3
1 r=3e¥"% ; r=+2e
—pl2EjEpPI2. -pl2EJEpI2.
r=6e'2/5 r=3%"%
a, 5.
~pI2EjEpPI2. OLjEpI3.
: r=+2e . r=5¢12
0EJEPI3. 0EJEpPI3.
r=1-siny, r=2(1-cosy),
10. 11.
-pl2EJE-pl6. -pEJE-pl2.
r=4@Q1-siny), r =50-cosy),
13. 14,
OLEjEple. -pI3EJEO.
r=701-siny), r=8(1-cosj),
16. 17.
_pl6EJEpPI6.  -2pI3EjEO.
r=2j r=2jp,
19. } 20. _ 5
OEjE£4/3. 0£_]£E.

/ _ pl2
0 24%2981/3Qj': 0
pr2 V9 -p12
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\e4j/3dj —

r=56%12

3.
_pI2EJEPI2.
r=4eY'%

6.
0EJEpPI3.

r=12e'4"5
9.
0EJEPI3

r=3@+sinyj),
12.
-pl6EJE£Q.

r =6(1+siny),
15.
-pl2E£ 5 £0Q.

r=2j,
Y oEjE3IA

r=2j,

21.
0£j£%.
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r=4j, r=3j, r=s1
22. ) 23. ; 24, _ 12
O£ j£3/4. OLJE4]/3. O£J£E'
r=2cosy, r =8cosj, r=6c0sy,
25. 26. 27.
“0EjEp/6. 0EjEpIA. "0EjEPI3.
r=2sinj, r=8siny, r=6sinj,
28. _ 29. . 30. -
OELJEpISG. OLJEpP/A OLJEpP/S.

Javoblar. 13.1 1Oxsh3?p; 13.2 4X8h%; 13.3 26X3h2—'3; 13.4 13xsh6?p; 135 5x (eP* -1);

136 gX(e“"’/9 ~1):137 2x(eP?® -1); 138 13x(e%/* -1); 139 13x(e**/5 -1);

2 0
1310 2; 1311 - 4+/2 ;1312 6(+/3 - +/2) ; 1313 8(+/3 - +/2) ; 13.14 ZOgl - \/gj;

]
13.1512(2 - +/2) ; 13.16 10,249 ; 13.17 16 ; 13.18 "E ji+1+ %In‘j + .\ J? +1‘;

13.19§+ In3;13.2o£+ In§;13.21§+5; 13.22§+ In4;13.23£+§ln3;
4 2 8 3 2

13.24 8 + > In5;13.25 % ;13.26 2 ; 13.27 2P ; 13.28 % :13.29 2P ;13.30 2P .

Aylanma jism sirining yuzi

1. y=f(x) (a£ x£Db) sillig egri chizig yoyining Ox 0’qi atrofida

aylanishidan hosil bo’lgan jism siritining yuzi

b
S =2p( yy1+ yt*dx
a

formula bilan hisoblanadi.

2. Agar silliq egri chiziq



x=4(){
y=y®)p

Parametrik ko’rinishda berilgan bo’lsa, sirt yuzi

atteb

S = ng y(t)/x0? + yt2dt
a
formula bilan hisoblanadi.
3. Agar silliq egri chizig qutb koordinalar sistemasida
r==1(x)., JoEiti

ko’rinishda berilgan bo’lsa, uning qutb o’qi atrofida aylanishidan
hosil bo’lgan jism sirtining yuzi

7
S=2prsingr’+r’dj
Jo
formula bilan hisoblanadi.

Jismlarning hajmini ularning ko’ndalang kesimlari bo’yicha

hisobalash

Agar ko’ndalang kesim yuzi S ni Ox o0’qqga perpendikulyar tekislik
orgali x ning funksiyasi sifatida S = S(x) kabi ifodalash mumkin bo’lsa, u
holda hajm differensiali uchun asosi S, balandligi dx bo’lgan silindrning
hajmi olinadi, ya’ni

dV = S(x)dx.
[a, b] intervalda integral olib, berilgan jismning hajmini hisoblash uchun

formula hosil gilamiz:

b
V = S(x)dx.

a
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14—-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmini

toping.

Jismning ko’ndalang kesimida z = const ellips hosil bo’ladi:

9 16 64
X2 y2
_2+b_2 =1 ko’rinishidagiellipsning yuzi p xaxb ga teng.
a

Ellipsning radiusini topamiz:
2 2
9Xz - 16Xz - 64
64 64

azgx/z2 - 64: a:%\/z2 - 64

S :pab:,oxgx\/z2 -64 :%DX(ZZ - 64).
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16 16 »116
0
V:(‘)S(z)dzzg—p(‘)(zz—64)dz—3—p z _ead =
16 | 16 § 3 i
3 3 0
=PI 64n16-2 + 6418l =
16§ 3 3 :
P 83,4090 50004-3:212 4 345120
“168° 3 3 ’

1% (4096 - 3072 - 512 +1536) = 128p.

x2+y?=9, z=y, z=0 (y30).
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2 2
11.X—+y7:, z=y~/3, z=0 (y30).

3
12.2=2x*+8y?, z=4
2 2
32+ Y 7221 7=0 =2
81 25
2 2 2
14.X—+y——z—:—1, z=12.
4 9 36
2 2 2
15.X— y—+Z—:1, z=3, z=0
16 9 36
X2 y2 A ag
16. —+=—=1 z=vy~3, z=0
3 16 y (y=0)
17.2 = x> +5y?, z=5.
x° y 2
18. —+-—-z°=1 z=0, z=4.
9 4
X 7°
19.—+y -—=-1 17=20.
9 25 100
2 2
X* ¥y _ _ Yy _
20.—+-—=1 z=—"-—, z=0 30).
27 25 J3 (y=0)
21 2=4x* +9y®, 7=6
y2
2 x>+ -72=1 7=0, z=3.
4
2 2 2
23.X—+y—-z———l, z = 20.
25 9 100
2 2 2
24.X—+y—+z—:1, z=5 z=0.
16 9 100
2
X 2 _ _y
25 —+y =1 z=—"-—, z2=0 30
TR NE (y=0)



2.7 = 2x° +18y°, 7 =6.

2 2

2 X+ 221 7=0, z=2.

25 9

2 2 2
28.X—+y——z—:—1, z =16.

16 9 64

2 2 2
29.X—+y—+z—:l, z=6, z=0.

16 9 144

2 2 2
30.X—+y—+z—:, z=7, z=0

16 9 196

3p

Javoblar. 141 2;142 p ;143 72p ;144 48p ;14511p ; 146 26 ; 147 7; 14812p ;

149 44 ; 1410 22p ; 1411 32;14.12 2P ; 1413 210p ; 14.14 48p ; 14.15 33P ;
50~/5

14.16 32; 14.17 ;1418 152p ; 14.19 200p ; 14.20 1250; 14.21 3p ; 14.22 24p ;

1423 2000 ; 14.24 55p ; 14.25 2 ; 14.26 3P ; 1427 7T0p ; 1428 128p ; 14.29 66p ;
1430 77p .

To’g’ri burchakli dekart koordinatalar

sistemasida aylanma jism hajmi

241

1. y=f(x) egrichizig Ox o’qva x=a, X =b to’g’ri chiziglar bilan
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chegaralangan egri chizigli trapetsiyaning Ox 0’q atrofida aylanishidan
hosil bo’lgan jism hajmi

b b
V =p((f(x)*dx =pjy°dx
a a

formula bilan hisoblandi.

2. x = f(y) egrichizig Oy o’qva y=c, y=d to’g’ri chiziglar bilan
chegaralangan egri chiziqli trapetsiyaning Oy o°q atrofida aylanishidan
hosil bo’lgan jism hajmi

d d
V =py(i(y)’dy =pgx“dy
c c
formula bilan hisoblandi.

3. y = f(x) egrichizig Ox o’qva x=a, y=Db to’g’ri chiziglar bilan
chegaralangan egri chiziqli trapetsiyaning Oy o°q atrofida aylanishidan
hosil bo’lgan jism hajmi

b
V =2p(xydx
a

formula bilan hisoblandi.

4. Umumiy holda, y = f,(x), y = f,(x) (0£ f,(X) £ f,(X)) egri
chiziglar va x=a, y =b to’g’ri chiziglar bilan chegaralangan egri
chiziglar bilan chegaralangan figuraning Ox va Oy o’qlari atrofida
aylanishidan hosil bo’lgan jism hajmi mos ravishda quyidagi

b
V, =py (7 (x) - f7(x))dx

a
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b
Vy =2px(f, (x) - f (x))dx

formula bilan hisoblandi.

15—-masala. Quyidagi chiziglar bilan chegaralangan shakini Ox o’qi
atrofida aylantirishdan hosil bo’lgan jismning hajmi toping.

y=2X-X%, y=-x+2.

Echim:

Ox 0’q atrofida aylantirishdan hosil bo’lgan figuraning hajmi:
b
V =pjyldx.
a

Natijada:
y=2x-x°=-x+2Pbx =1 x, =2.
Sirtning hajmi:
V=V, -V,,

bunda
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2 2 ® X3 X4 X5('j
V, = pry(2x - x2)%dx = pry(4x° —4x3+x4)dx:pxg4—— 2+ g
1 1 3 4 5(;)
1
:px§%4§_4g+gg_&4l_4l+l99:px%g_16+g_ﬁ+l_l9:
'3 74 55 €3 4 5gp 3 3 3 ° by

228 316 28x5-15x15+31x3 8
_pr——15+—+_px —px—
e 3 59 15 15
2
2 2 2 2 35
V, = prg(=x+2)2dx = pry(4-dx+x2)dx = prax -4 + 2 3 =
1 1 g 2 3y

80 _
39

100_ 88 _, 1o_1

B, 1
=P85t 35 83 T3y 3°

§4-2+

Demak,

8 1 8-5 3 1
V=V -V,=pi—-prx==px =" p==Zp.
N LA LTI T L

15-masala. Quyidagi chiziglar bilan chegaralangan shakini (1-16

variantlarda) Ox o’qi atrofida, (17-30 variantlarda) Oy o’qi atrofida

aylantirishdan hosil bo’lgan jismning hajmi toping.

y=-x*+5x-6, y=0.

[XY

N

2x-x2-y=0, 2x*-4x+y=0.

w

.y=3sinx, y=sinx, O0E£XEp.

4, y=5c0sX, y=cosx, x=0, x30.
5. y=sin®x, x=pl2, y=0.

x=3/y-2, x=1, y=1

(o3}
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7.y=xe*, y=0, x=1.
8. y=2X-X?, y=-x+2, x=0.
o.y=el™, y=0, x=0, x=1.
10. y=x2, y?-x=0.
1. X2 +(y - 2)% =1.
12.y=1-x% x=0, x=,/y-2, x=1
13.y=x%, y=1 x=2.
14.y = X3, y=+/x.

15. y :Sin%, y = X2,

X
16. y = arccosg, y =arccosx, Yy=0.

17 y-arcsinE y =arcsin x y-B
: 51 ' 2

18.y=x%, x=2, y=0.
19.y=x*+1, y=x, x=0, x=1.
20.y=~/Xx-1, y=0, y=1 x=0,5.
21. y=Inx, x=2, y=0.
2. y=(x-1? y=1.
3. y>=x-2, y=0, y=x° y=1.
2 y=x3, y=x°
X X
25.y =arccos—, y=arccos—, y=0.
5 3
26. y =arcsinx, Yy =arccosx, Yy =0.

27. y=x?-2x+1, x=2, y=0.
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_y3
28. Y =X, Y=X
29. y =arccosx, y=arcsinx, x=0.

20.y=(x-1? x=0, x=2, y=0.

2 2
Javoblar. 15.1 E; 15.2 16—’D; 15.3 4p2; 154 4p ;155 3L; 15.6 44—’0; 1570 ¥ © 1;
30 5 16 7 4
9p 2 3p 2 26p Y

158 —; 159 2p x (e -1); 1510 —; 1511 4p“; 1512 OP ; 1513 ——; 15.14 —;

5 P ) 10 P P 5 14
1515 0,3p ; 15.16 19,739; 15.17 6p ?; 15.18 8P ; 15.19 5?’0; 15.20 96?—60;
1521 p X§4In 2 - gg 15.22 8—’0; 15.23 24—’D; 15.24 B; 15.25 4pp?; 15.26 B;

e /]
p 4p p . p° 4p

1527 ——; 15.28 —; 1529 — + —; 1530 —.
6 15 2 4 3

llovalar
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Elementar funksiyalarning hosilalari jadvali

u=u(x), v=v(x) funksiyalar differensiallanuvchi funksiyalar
bo’lsin.
1.y=C, yt=0.
2.y =u+v+w, yb=ut+ v+ wt
3.y =Cu, yt=_Cut.
4.y =uv, yt=uvt
5.y=u", yt=nu""ut.

_ulv —uvt

V2

6.y=—, yt

7.y=a", yt=a"lInaxut.

8.y=¢e", yt=e"ut.

¢
9.y=lInu, y¢:u—.u>0
u

¢
10. y =log, u, y¢:u—logae.u >0
u

11. y =sinu, yt=utcosu.

12. y = cosu, yt = -utsinu.

13. y=tgu, yt= >
COS” X
¢
14. y =ctgu, yt=- -u2
sin“u
: ¢
15. y =arcsinu, yt= u
1-u?
u¢

16. y = arcsinu, yt = -
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17. y =arctgu, yt =

1+u?
ut
18. y = arcctgu, yt= - .
y gu, 'y 144
19.y = f(u), u=u(x), yt= ff(u)xug
20. x=x(t), y=y(), y{ = z—g

Asosiy integrallar jadvali

m+1

X

I.Ax"dx = +C, (m1-1).
0 o ( )
\ dx

Il.n—=In|x]|+C.

0 = Inix]

III.Osin xdx = -cos X + C.

V. Ocos xdx =sin x + C.

\ aX
V.na*dx =
0 Ina

+C.

VI. (‘)ede =e* +C.

dx

cos? X

VII.(\) =tgx + C.

- =arctgx + C.

= =arcsinx + C.

XI. (‘)tgxdx: ~In|cosx|+C.



XIL. (‘)ctgxdx: In|sinx|+C.

vodx 1 X
XIIIOW—garCtgg‘FC

= arcsm — + C.
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V BOB. Anigmas integral
Anigmas integralning ta’rifi va xossalari

Integrallashning asosiy usullari
Yoyish (integral ostidagi ifodani yoyib integrallash) usuli

11
13
15
17
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30
35
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42

46
60

84

92

98
101
104
128
131
135

147

147
149
153
156

167
167

169
169
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Bevosita integrallash usuli

Bo’laklab integrallash usuli

Kvadrat uchhadni 0’z ichiga olgan funktsiyalarni integrallash
Ratsional kasrlarni integrallash

Noma’lum koeffitsientlar usuli

Maxrajning ildizlari kompleks va karrali

0x"(a+bx")?dx differentsial binomial integrali

VI BOB. Aniq integral

Aniq integralda o’zgaruvuchini almashtirish
Bo’laklab integrallash
R(sinx, cosx)dx ko’rinishdagi integrallar
gsin™ xxcos" xdx ko’rinishdagi integrallar

Py Py
gax+bga gax+boe

U
T ,C = ,..Udx ko’rinishdagi integrallar
gcx+dg écx+dyg H

é
y REX,
0 g

R( ,va+ x2) va R(x,\/x2 - az) ko’rinishdagi integrallar.
Yassi figuralar yuzlarini hisoblash

Figuraning yuzini qutb koordinalar sistemasida hisoblash
Yoy uzunligini hisoblash

Parametrik ko’rinishda berilgan egri chiziq yoyining uzunligi

Qutb koordinatalari sistemasida berilgan egri chiziq yoyining uzunligi

Aylanma jism sirining yuzi

Jismlarning hajmini ularning ko’ndalang kesimlari bo’yicha hisobalash
To’g’ri burchakli dekart koordinatalar sistemasida aylanma jism hajmi

llovalar
Foydalanilgan adabiyotlar ro’yxati

170
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180
185
189

194

197

197
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203

209
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217
224
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230
233
235
236
241

246
249
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