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INIPENNCJIOBUE K TPETBEMY N31AHWUIO

Tperbe nznanue cOOPHUKA 33189 BEIXONUT CIIyCTS UYEThIPE TOMA ITOCIIe
Toro kak yiren u3 xwuszHu ['apuii IlerpoBuu I[aBpumoB. Co BpemeHnm
npeneinyiiero m3nanus nporuto 11 jger. HeobxommMocTh mepem3maHus
OIIYIAJIACh MABHO, IMOCKOJIbKY COOPHUK aKTUBHO KCIIOIB3YETCS BO MHO-
TUX BYy3aX IS OPOBENEHUS YIPaXKHEHWHN MO MUCKPETHON MaTeMaTUKe.
OTauamst 5TOro M3HAHUS OT MPENLIAYIIEr0 He3HAUNTEIbHEL. VcnpaBieHs:
OMeUYaTKN U HEKOTOpLIe ommOku. HekoTophIM m3MeHEeHusSM IOOBEPIIINCh
TeopeTudeckue BBemeHus K riaBaM. CyIeCTBEHHBIX M3MEHEHUHN He II0-
TpebOBaJIOCH, TOCKOJIIbKY MaTepruajl KHUATU IIO-TIPEXHEMY COOTBETCTBYET
IpOrpaMMe N0 MOUCKPETHOW MaTeMaTWKe s yHuBepcuTeToB Poccuu.
Hekoroprie mamenenus HaszpeBaioT. Hampumep, B riaBe, MOCBAINECHHON
TEOPUU AJITOPUTMOB, CIIENOBAJIO OBbI, BUANMO, IOMECTUTEL 330491 TI0 CIJIOXK-
HOCTU AJITOPUTMOB U CBOOUMOCTH. DTO HAIpaBiieHue OYPHO Pa3BUBAETCS
11 HaXOOUT BCe OOMbIMe IpuiIoxXeHusa. B komOnHaTopuke 1 Teopuu rpadoB
BCce 0OoJiee 3HAUUTENBHYIO POJIb HAXOMSAT BEPOSITHOCTHBLIE MeTONLI. AJre6-
pamdeckue MeTONbl TEOPUM KOAWPOBAHUS HAXOMSAT BCce OOmbIlee IIpUMe-
HEHNE B KPUITOrpaduu. OTH TEHOCHIIUM OIMYIIAIOTCS 1, IO-BUOUMOMY,
CKOPO HAWOYyT CBOE OTPaxKeHWe B BY30BCKUX IPOTPAMMaX U yueOHUKAX.

[Momb3ysace cnyvaeMm, BBIpaXaio MPU3HATEIHLHOCTH BCEM KOJIJIETAM,
AKTUBHO HUCIOJB3YIOIIAM KHUTY B CBOEU IIPENONABATEILCKON U HAYYHOU
NEesITEeILHOCTHU U BHICKA3ABIINM CBOUW 3aMEUYAHUS U IMPEIJIOKEHNIS, 8 TAKKe
CTYIEHTAaM ¥ AaCIUPAHTaM, OKA3aBIIUM TOMOIINL B IIOATOTOBKE HOBOTO
M3 OAHUI.

A. A. Canoxcenxo



INPENNCJIOBUNE KO BTOPOMY MU3OAHWIO

OTo0 mocobue SBIISETCS CYIIIECTBEHHOU mepepaboTkon Hairero «C6op-
HUKQ, 33189 TI0 UCKPETHON MaTeMaTHUKes, BuIMeninero B 1977 .

B npensaraeMol BHUMAHUIO YATATEIS KHUTE 3HAUUTEIILHO PACIIAPEH
Ha0Op 33184 TPEHUPOBOYHOIO XapaKTEPa (YIIPAKHEHWIT) U 33,084 CPEIHETO
YPOBHSI TPYIHOCTH.

[Tocobue mpenHa3HAYEHO B OCHOBHOM IJIsI CTYIEHTOB MJIAIIINX KyPCOB
YHUBEPCUTETOB M TEXHUUYECKUX BY30B, HO MOXKET OBITH IOJIE3HO TaK-
Xe CTYOEHTAM CTapIIuX KYyPCOB M ACIUPAHTAM, MPUMEHSIOITIM METO-
Ibl U KOHCTPYKIIUM OUCKPETHOW MATEMATUKHU U KEJAIOIIUM YriIyOuTh
cBOM 3HaHUS B dToi obmactu. IIpernomaBaTenu MOryT MCIOIB30BATEH €0
IpKU TOATOTOBKE YIPaXXHEHUW M ceMuHAPCKuX 3aHaATuil. (OCHOBHBIM
TEOPEeTUYIECKIM PYKOBOACTBOM IO PAa3desiaM MUCKPETHOWM MaTeMaTUKH,
IIPENCTABIIEHHBIM B MaHHOM cOopHuKe, sBiseTcs kaura C. B. d6momckoro
«Benenue B muckpetuyio marematukys» (M.: Hayka, 1986). Ipyrue 6u6-
auorpadrIecKre NCTOYHUKY, MOTYIIIE OKA3aThCS IOJIE3HBIME IIpu paboTe
HaJl PA3INUYHLIMU TJIABaAMU, YKA3aHLI B CIIUCKE JIUTEPATYPHI, ITOMEIIIEHHOM
B KOHIIE TAHHOTO ITOCOOMS.

B cbopruke necsaTh riaB. [lepBble ATH IJ1aB TOCBAIIEHBI aJireOpe J10-
TUKY, k-3HAYHBIM JIOTUKAM, TEOPUHU aBTOMATOB U Teopuu ajroputmon. Ha,
MaTepuaJje dTUX IJIaB YUTATEIb MO3HAKOMUTCS C TAKUMU BAXKHBIMU IIO-
HITUSAMU OUCKPETHBIX PYHKINOHAJIBLHBIX CUCTEM, KaK OysieBa u k-3HaIHaS
bYHKIIUM, OTUCKPETHLIA peobpa3oBaTeNb (ABTOMAT), BEIUUCIAMAS U Pe-
KypCcuBHas QyHKIUU, PYHKIMOHAIILHO MOJHAS CUCTEMA, ONEPAIlAN CYyIIep-
MO3UIINY, OOPATHOW CBSI3W, IPUMUTUBHON DPEKYPCUU U MUHUMUBAIUU, 3
TaKXe COCTABUT JOCTATOUHO UYETKOE TIPENCTABIIEHNE O PA3JIMIHBIX CIIOCO-
6ax 3aHaHUsl MUCKPETHBLIX GYHKIUN (TAOIMIHOM, C MOMOIIBIO TOJINHOMOB
U HOPMAJIBHBEIX (OPM, C IMOMOIILIO NUATPAMM, KAHOHUIECKUX yPABHEHUN
U cXeM ), 00 SKBUBAJIEHTHLIX TPE0Opa3oBaHusaX GopMyit, 3hGHEKTUBHON BbI-
YUCIUMOCTHY ¥ HEKOTOPBIX KOHKDPETHBIX (hOPMAX ONpENeSIeHus aJIrOPUTMa,
(Mmamuuax ThoOpUHTa U PEKYPCUBHBIX (DYHKIIUIX).

B rimase VI comepxarcs 3amaum mo Teopuu rpados, ceren u cxem. lenn
5TOM I'JIaBBI — MO3HAKOMUTH YUTATENS C SI3BIKOM U OCHOBOIIOJIATAIOIIIAMUI
MOHSITUSAMHU W MeTOmaMu Teopuu rpadoB, IMIUPOKO MPUMEHSIEMBIMHU IIPU
OTIMCAHUY U UCCIIEMOBAHUY CTPYKTYPHBIX CBOMCTB OOBEKTOB B PA3ITUUHBIX
06acTsIX HAYKU U TexHuKu. [[puBoasITCS 3a0a49m OJ1s 3aKPEIIeHns] OCHOB-
HBIX MTOHSITUHN Teopuu rpadoB, Ha BLISIBIEHUE IIJTAHAPHOCTH U TI0 PACKPACKe
rpa¢oB, Ha moacdeT OOBEKTOB C 33JaHHOU T'€OMETPUUIECKON CTPYKTYPOR



8 IIpeducaosue Ko emopomy u3danuo

1 T.I. ABTOPBHI HAIEIOTCS, YTO IMPEIONABATENbL HAMOET 30eCh U TaKue
33,0291, C TIOMOITIBIO KOTOPBIX YAACTCA OOyIUTh CTYOEHTA MATEMATUICCKN
CTPOTOMY MOKA3ATEIILCTBY T€OMETPUUECKN «OUEBUMHBIX®> YTBEPXKICHUMN.

B raaee VII mpencraBnieHbl 3a0aum O CBOMCTBAaX aJihaBUTHLIX KOIOB,
KOJIOB C MUHUMAJIBHON M30BITOYHOCTHIO U CAMOKOPPEKTUPYIOIIAXCS KOMOB.

I'masa VIII moceaiena komOuHaTopuke. [Ipu m3ydenum nuckKpeTHON
MATEMATUKN YaCTO MPUXOAUTCS CTAJKUBATHCS C BOIPOCAMU CYIIECTBO-
BAHUS, TOICUETA W OIEHKUW YWCIIa PA3IUIHBIX KOMOWHATOPHBIX OOBEK-
ToB. IlosTOMYy moIe3HO OBIBaeT 3HATH OCHOBHBIE TPWHIUIBI W METOIBI
KoMOuHATOPpHOTO anHaim3a. B rimaBy VIII BkitoueH He TOIBLKO TPaauUIiu-
OHHBI KOMOMHATOPHBIN MaTepuail (MMePecTAHOBKU, COUETAHUS, CBOACTBA
OMHOMUAIBHBIX KO3GPUIIMEHTOB, MPUHITAT BKJITFOUEHUI-UCKITIOUEHUS, BO3-
BpPaTHBIE TTOCTIEMOBATEILHOCTHY, PEKYPPEHTHBIE COOTHOIIIEHUS, TTPOU3BOMSI-
1e GyHKINN), HO U COBPEMEHHBIE PA3IeIbl KOMOMHATOPHON MATEMATUKY
(Teopus Iloia, aCUMITOTUYECKNE ONEHKN M HEPABEHCTBA,).

B rimae IX 3aTpOHYTHI BOIIPOCHI, OTHOCAIITAECS K MUHUMU3AIUUA OY-
JIEeBBIX (QYHKIUA. 30eCh IPENCTABIEHEL 33 0a4M O CBONCTBaxX OyieBa Ky0a,
XapaKTEePU3aIuAX NU3BIOHKTUBHBIX HOPMAJIbHBIX (OPM, aJITOPUTMAaX Ha,
MHOXECTBaX IO.H.Q.

I'naBa X comepxuT 3amadum M0 peaan3aiiuy OyneBbIX GYHKIIINA CXeMa-
MU 13 QYHKIIMOHAJBHBIX 3JIEMEHTOB, KOHTAKTHBIMU CXeMaM®u u (HOpMYy-
JTAM.

Hns ymobcTBa YuTaTeNsT aBTOPHI COWIN MEeIeCOO0OPa3ZHBIM TOMECTUTH
B KaxXOoM Tmaparpade HeoOXOommMble TeopeTudecKue crpaBku. MHorwme
3a0aur CHAOXKEHBI OTBETAMU M YKa3aHuUIMU. K COXaJeHU0, OrpaHnIeH-
HBII O0OBEM HE ITO3BOJIWMJI BKITIOUMTH HOATOTOBJIEHHBIE HAMU IOAPOOHBIE
VKa3aHUS U PEIIeHUs 3a/1a9 CPENHEr0 W BBICOKOTO YPOBHEW TPYOHOCTH.

I[To mpomcxoxnennio MaTepualsi, BKIIOUEHHBIN B 3a/IaYHUK, BECHMA,
pa3HooOpa3seH. EcThb u «DOIbKIOpHBIE® 331841, €CTH 3a1a41, BOSHUKIIIIE
pu 00pabOTKe XKYPHAIBHBIX CTATEN, OTAEIIbHBIE 330a9l 3aMMCTBOBAHBI
u3 apyrux pykoBoacTB. OCHOBHAasS 4YaCTh 330a4 MPUAYMAHA aBTOPAMU
IIPY MOATOTOBKE K CEMUHAPCKUM 3aHATUSM U IIPOBENEHUIO YK33aMEHOB TIO
MUCKPETHOU MaTeMaTHUKe, a TaKXe IPU HAIUCAHUU MAHHOTO TOCOOUs mu
paHee BHITIENIIEr0 COOPHUKA, 3a,0a.

[Ipy HanwcaHuUM HACTOSIIETO MOCOOUS MBI IBITAJIKUCHL YYECTh BCE 3a-
MEUaHUsI, KOTOpBIe OBIIM BBICKA33aHBLI HAM KOJIJIETAMU U YUTATEISIMU,
IIPUCIIABIIIME CBOX OT3BIBEI O comepxkanuu « CO0pHMKa, 33,084 M0 TUCKPET-
HOU MaTeMaTukes». BceM mM MBI BBIpakaeM UCKPEHHIO OJIaromapHOCTh.

B sakmiouenune orMeTuM, UTO paboTa HaO mOcOOMEM pacIpenesisiach
crenyrommM obpasom: riasel I, III-V, a Takxke § 1, 2 rimaser VI u orBeTH
KO BCceM 5TuM rjaBaM u maparpadam nvanucanwor ['.II. ['aBpumoBbiM,
rinaBel 11, VII-X, a Takxe § 3 rmaBel VI m OoTBETHI K HUM HAIUCAHBI
A. A. Canoxenko.

I'. II. I'aspunos, A. A. Canoxrcenxo



['maBa 1

CIIOCOBBI 3AIIAHUS U ITPOCTEUIINE CBOUCTBA
®YHKIINMN AJITEBPbI JIOTUKHA

§ 1. ®yukIUM aarebphl JIOTUKA U CIOCOOBLI UX 3amaHuUs.
Omnepaliusa Cynepro3uiinu

1. OcHoBHBIE TIOHATHA U (GaKThI, CBA3aHHBLIE ¢ 6yJIeBbIM KyOOM
u GyneBwiMu pyHkmusMmu. Habop (o, as, ..., ay), toe «; € {0, 1},
1 <i < n, Ha3BIBAETCA OYae6biM WA JBOUUHBIM Habopom (6exmopom).
OmeMeHTHl HabOpa YacTO HA3BIBAIOT KOMNOHEHMAMU WA KOOPIUHA-
mamu. Kparko mabop (ai, as, ..., a,) 0003HaUalOT uyepes a' wim Q.
Yuciio n HasweiBaeTcsa daunoti mabopa a”™. Becom (wmum mopmoti) wa-
6opa a™ (obosnauenue |[@"||) HA3LIBAIOT YMCIIO €r0 KOOPOWHAT, PaB-

n
erx 1, T.e. ||[a”|| = > a4
i=1
MHOXeCTBO BCeX OBOMYHBIX HAOOPOB MJIWHBI N 00pa3yeT n-MepHbiil
6yaee (mmu deouunblli) Ky6, KOTOPBLIA HA3BIBAIOT TAaKXKe eJUHUUHbIM
n-meprbim Kybom 1 OOLIYHO obo3HauaroT B" (a mmorma EY). Ilpumenss
TeOMETPUUECKYI0 TEPMUHOJIOIMI0, HAOOpEI " € B"™ HAa3LIBAIOT GepuLi-
wamu xyba B™. MmoxecTBo Bcex BepinmmH Kyba B, umerornux Bec k,
HasbIBaeTCa k-m caoem wyba B™ (obosmauenwe B}'). Kaxmomy msomu-

n
HOMY HAbOpy a” MOXHO CONOCTAaBUTHL uucio v(a™) = > «;-2""" —
i=1

nomep nabopa a™. Habop a™ gBisercs OBOMYHBIM PA3JIOXKEHIEM CBOETO
Homepa v(a™).

Paccmognuem (Xommunea) mexny BepmmuHamu @ u 3 xkyba B" Ha-
n

3piBaeTcs uuciio p(a, B) = > |a; — B;|; oHO paBHO uYmCily KOOpOWHAT, B
i=1

KOTOPBLIX HAOOpEI @ 1 (3 OTIAMYAlOTCA ApyT OT mpyra. Paccrosame XsM-

MUHT 3, ABJIAETCI Mempukot, a Kyd B"™ — mempuueckum npocmpancmeom.

Haboput a = (a1, as, ..., an) u 8= (01, B, ..., Bn) u3 B"™ Ha-

3LIBAIOTCA cocednumu, ecnu p(a, B) =1, u npomusonosoxcubimu, ec-

ma p(a, B) =mn, T.e. cocenuue HAOOPHI PA3IUYAIOTCI TOIBLKO B OIHOM
KOOPOWHATE, a TPOTUBOIIOJIOXKHBIE — BO BCEX KOOpAWHATAX. ['OBOPIT, YTO
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Habop a™ npedwecmeyem HAOOPY 5" (umu me 6oavbure HAGOPA 5”), n
[IPUMEHSIIOT 0003HaueHne ' < B”, ecim o; < 0; mnaBeex ¢ =1,...,n.
Ecnmn a, < Bn u o £ B”, TO TOBOPAT, 4TO HabOp a™ cmpoeo nped-
wecmseyem HabOPY 5” (i cmpoeo mewvbuie, WK MeNbULE HABOPA, 5"),
U UCIOJBL3YIOT OOo3HaueHme ' < B ", Habopwr a™ u B " Ha3BLIBAIOTCS
CPaABHUMbIMUY, eci JInb0 a™ < ,g”, b8 (010) Bn < a”. B cayuae, xorma Hu
OITHO W3 HTUX OTHONICHMI He BEIIONHACTCS, HAGOPH & " 1 3" HA3LIBAIOTCH
necpasrumbimu. I'oBopaT, uTo Habop a” wmenocpedcmeenno npeduecm-
syem HabOPy B", ecmm a" < A" m p(a™, B”) = 1. Oruomenne < (ero
YaCTO HA3BIBAIOT OMHOUEHUEM NPEOULECTNB0B8AHUL) ABIISETCI UACTIHbIM

1 1110
10 01 1100

00

Bz

Puc. 1.1

nopadxom ua muoxectse B"™. Ha puc. 1.1 npuBeneHsl quarpaMMbl Iac-
TUYHO YIOPSAMOYEeHHLIX MHOXecTB B2, B® u B*.

dyuxuusa f(z, ..., x,), onpenenennas uHa Muoxkecrse B™ = {0, 1}"
U OpUHUMAOMAs 3HaueHuss u3 MuoxectBa {0, 1}, maseBaercs @ymk-
yuet aa2ebpvr aoeuxy (a Takxke 6yaeeoti wmu Oyaesckot Gynryued).
HaGop cuMBOIIOB mepeMeHHBLIX (I, ..., L) OymeT 0603HAYATHCSA TaK-
XKe depes T miIm T, a MHOXECTBO TEX K€ CUMBOJIOB IIEPEMEHHBIX —
vepe3s X". MuoxecTBO BCex OyneBBIX (QYHKIINNM, 3aBUCIIIMX OT I€pe-
MEHHBIX L1, ..., Lpn, OymeM 0003HauaTh uepes Po(X™). Ilpu sTOoM 06bIU-
HO moJiaraioT, 94to n > 0. Hysbmecmuvimu OyneBbiMu GyHKIuAME (T. €.
coorBercrByommmu 1 = 0) sBisiorcs koucTanTs 0 u 1.

Bynesy dyukmuio f(z™) mpu n > 1 moxuo 3amars Tabmumein T'(f)
(Ttaba. 1.1), B xoTopoir Habopur ¢ = (01, 02, ..., Op_1, Op) BBHIIKUCHIBA-

Tabauma 1.1

T1 T2 ... Tp—1 Tn | f(T1, X2, ..., Tno1, Tn)
0 0 .. 0 0 7(0,0,...,0,0)
o 0 ... 0 1 £(0,0,...,0,1)
0o 0 ... 1 0 £(0,0,...,1,0)
11 1 1 FO,1,...,1,1)

I0TCsI B TIOPSIIKE BO3PACTAHUSA UX HOMEpOB (CBepxy BHU3). Mes B Bumy
TakKoe cmandapmmuoe pacnosoxcenue nabopos, GyneBy dyukumioo f(Z™)
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yOOOHO 3a0aBaTh G6EKMOPOM €€ 3HAUEHUT: &? = (g, A1, .., Qan_1),
rIe KOOPIMHATA (v; paBHa 3HadeHumio ¢yukuvu f(Z") Ha Habope 0,
umeroriem Homep ¢ (1 =0, 1, ..., 2" — 1).

CumBonom Ny obosuagaior MHoxkecTBO {0" | (0" € B") & (f(o™) =
= 1)}, T.e. MHOXeCcTBO Bcex HabOpoB ¢ u3 B™, Ha KOTOPBIX (YHK-
mus f(z") obpamaercs B 1.

Bynesa dyukuus f(z™) npu n > 2 MOXeT ObITH 33IaHA TPIMOYTOIIb-
woit Tabnuueit Iy ,,—x(f) (Taba. 1.2), B koTopoit 3suauenune f(oy, ..., o,

Tabauma 1.2

0 0 . e Ok+1 . e 1 Tr4+1
0 0 . e Ok42 . e 1 Tr42
o 1 ... On .. 1| zn
1 H i) Ik
0 0 0 I
0 0 1 :
01 02 o | f(O')
1 1 1
Oktl, -5 On) Oyukuum f(Z™) mOMeIIAeTCs HA TMEPECEUEHUU «CTPO-
kus> (01, ..., o) u «cTonbuay (ogy1, ..., 0p), 1<k <n.

byneBbr ¢pyuxmum, 3amaBaemble Tabn. 1.3 u Tabn. 1.4, 6ynyt cum-
TATBCI IAEMEHMAPHOIMU.
Tabnumna 1.4

Tabauma 1.3 L1 | 22 fa | falfs | fe | fr | fa | fo

xr 0 1 f1 f2

0ojjoj1{0]1
1{40(1] 110

0 0 0
0 1 0
1 0 0
1 1 1

[ G S
O = = O

1 1
0 0
0 0
1 0

O = = =

1
1
0
1

[IpuBenem 0603HAYUEHMS I HA3BAHUSI STUX (DYHKIIUI.

1. ®yukiuu 0 1 1 HA3BLIBAIOTCSI COOTBETCTBEHHO (MOHCIECTMEEHHBIM )
nyaem 1 (mosxcdecmeennoti) edunuyedi.

2. ®yuxknuus fi; Ha3BIBaeTCA moxcdecmeennoti dynxyuett u 0603HA-
YAeTCs Yepes .

3. Oyuknus fo HA3BIBAECTCS OMPUYGHUEM T, 0OOO3HAUACTCA T WX 1T
(umraercs «He T»).

4. Oyukuus f3 HA3LIBAETCI KOWDBIOHKYUElH T1 U To, ODO3ZHAYAET-
c1 x1 &z WM Xy - T, WIK X1Xo, WM min (1, T2) (UUTaETCI «T1
n $2>>).
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5. Oyukuusa f, HaspIBaeTCsS Judblonkyuetd T1 U To, 0003HAUAET-
ci Ty V To wmm x1 + o, wim max (x1, o) (uuTaeTca <«
WA T2>).

6. OyHkIusa f5 HABBIBAETCSI CYMMOTU N0 MOJYa10 2 1 U T, 0603HAUA-
eTcst L1 D To Wi Ty + To (YATAETCSI «T1 IUTIOC To>).

7. Oyukuus fg HA3BIBAETCA oKsusadenyuet (WM IKEUBALCHN-
HOCBIO) T1 U T, OOO3HAUAEGTCS T ~ Lo WIA X1 = Lo, WIA T > T2
(unTaeTCs «r1 SKBUBAJEHTHO Lo>).

8. Oyukiusa f; HasbpIBaeTCI uMnaukayueld x, U To, ODO3HAUAET-
CI T1 — To WIA T1 D To (YATAETCSI «T1] UMIUIAIUPYET To» WIA U3 Tp
CIIEIYET T2>).

9. Oyuknus fg wHaseBaeTcs wmpurom IHlepdepa xr1 u xo, 0603HAIA-
eTcs T1 | Z2 (UMTAETCS «He T7 WU He To» WM KT U To HE COBMECTHELS).
B rexuumueckon mureparype GYHKUMS Iy | Lo HA3BIBAETCS OOBIUHO GHMU-
KOHBIOWKYUEl NITA «He — U>.

10. ®yukiusa fg maswiBaeTcsa cmpeaxoti [Tupca x1 u X2, 0603HATAET-
ca 1 | To (UMTAETCS «HU X1, HU To> WIN HE T1 U HE To»). B TexHmueckoi
nuTepaType QYHKIMSA 27 | To OOBIYHO HA3LIBAETCS GHMUOU3BIOHKYUETD
ui «ne — uauy (a Takxe Pynxyuet Jazeepa u Pynxyuet Bebba).

@ynakmuu 0 mw 1 wHOTZIA PACCMATPUBAIOTCSA KAaK HYJIbBMECTHBIE, T.e€.
3aBUCSIINE OT IMYyCTOTO MHOXECTBA, MEePEMEHHBIX.

Cumponer 1, &, V, @, ~ u T.O., yIaCTBYIOIINE B OOO3HAUEHUIX
5JIEMEHTAPHBIX (OYHKIWA, HA3LIBAIOTCS A02UUECKUMU CEA3KAMU (AT
IPOCTO CEAZKAMU).

BadukcupyeM HEKOTOPHIN ajihaBUT mepeMeHHBIX X (KOHEUYHBIA WK

o n n
cuerHo-6eckoneunsiin). Ilycts & = { fl( 1), 2( 2), ...} — MHOXeCTBO

(OYHKIMOHAJIBHBEIX CUMBOJIOB, I'Ile BEPXHUE WHIEKCHI YKA3BIBAIOT «MECT-
HOCTB» (APHOCTH) CUMBOJIOB. VIHOT A BEpXHUE MHIEKCHI OIYCKAIOTCS, HO
IIPU 5TOM APHOCTH IPEAIONIATAI0TC N3BECTHLIMMA.

Onpenenenune 1. Dopmysotd nad mmoncecmeom P HasbIBaeTCS
BCSKOE (M TOJIBKO TAKOE) BBIPAKEHUE BUIA!

1) fv u fj(zi, %ip, ..., Ti,), TOe fr — HyIbMECTHBIN, & f; —
n-MecTHBI (N > 1) (QYHKIIMOHAJIBLHBIE CUMBOJIBL U Lj, Liny - -y Li, —
TIEPEMEHHBIE U3 MHOXKECTBA X ;

2) fr(Ry, Aay ..., As), vOe fr, — s-MecTHBIA (§ > 1) DYyHKITOHAID-

HBIM cuMBOJ 1 A; — mubo dhopmyna wan P, mubo mepemennas usz X.

s momuepkuBaHust TOro GakTa, 4To B (hopmyse 2 UCIOIbL3YIOTCS
moabko nepemennvie u3 X (He 00SI3aTEIBLHO BCE) WU MOAbKO (Pymk-
yuonasbubie cumeoavt u3 P (Toxe He 00sg3aTENBHO BCE), OymeM MUCATH
coorBercTBeHHO A(X) u A[P].

Nuorna dopmyny suna f(x, y) sanuceiBarorT aubo kak (zfy), mubo
kak zfy, a dopmyny f(x) — xax (fz) wiu fz. Ilpm sToM cumBombL f
HA3BIBAIOT CBA3KAMIU.

B anre6pe sorukm 0OBIYHO B KaUeCTBE CBI30K YIIOTPEOIISIOT CUMBOJIBI
u3 muoxectsa & = {1, &, V, &, ~, —, |, |}.

Ounpenenenue 2. Popmyaoti nad & HaA3BIBAETCS BCSKOE (M TOIBKO
TAKOE) BBIPAXKEHUE BUIA:

1) £ — mobas mepeMeHHasT U3 MHOXeCTBa X ;
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2) (12A), (A&DB), (AVB), ABB), (A~B), (A —-DB), (A|DB),
(A1 B), rme A u B — dopmynsr Han S.

SamMeuanue. AHAJOTUYHO OMPENEISIETCS TMOHATUE HOPMYAbL Ha0
TI0OBIM HEIyCTHIM NOAMHOXeCcTBOM &1 MuOXkecTBa &; m. 1) u3 onpenerne-
HUS 2 HANO OCTABUTH HEM3MEHHBIM, a II. 2) BUIOU3MEHUTDH €CTECTBEHHBIM
obpasom: 6epyTcs TOIbKO cBsa3ku u3 G, 1 popmynst XA u B DOIXKHBI OBITH
dopmynamu Ham ©;.

OOBLIYHO MPUHUMAIOTCS CIAEMYIOIINE COrJIAIIEHNS JIsd COKPAILIEHNs 3a-
nucu HOPMYJl HAII MHOXECTBOM CBI30K O:

a) BHEIIIHUE CKOOKU y (HOPMYII Oy CKAIOTCS;

6) dopmymna (1) samuceBaercs B Bume 2A;

B) dopmyina (A & B) sanucwiBaercs B Bume (2A - B) wim (AB);

I') CUMTAETCs, YTO CBA3KA 1 CHJIbHEE JIIO0ON ABYXMECTHOW CBS3KU U3
MHOXKeCTBa ©;

n) cBaska & cumTaeTcs cuibHee, yeM J00as OPyras OBYXMECTHAs
CBsI3Ka, 13 MHOXecTBa 6.

OTU COoryaleHus MO3BOJISIIOT, HAIpUMep, 3amucaTh dopmyny ((((1z) &
®y)&z) = ((z&(1y))Vz) BBume (Tdy)z — (27 V 2).

YnoTpebiseTcs Takke «CMeIIaHHas» 3amuchb (GOopMyll, Hampumep,
USRS f(y, Z) nmjin ZElf(ZBQ, O, 513‘3) \/Tgf(xl, T2, 1)

[Iycrs kaxmoMy (QYHKIMOHAJIBHOMY CHUMBOJLY fi(”i) 13 MHOXKECT-

Ba ¢ = {fl(nl), 2(n2), ...} comocrapnena nekoropas Gyukuwms F;: B —
— B =1{0, 1}. Tlousrtue gynkyuu py, peasusyemot dopmyaoti A nad
mroxcecmgeom P, ompemensercs (kak W TOHATHE (HOPMYIIBI) IO WUH-
Iy KLV

1) eciu A = fi(ni)(a:jl, Tjys -5 Tj, ), TO I BCAkoro Habopa (au,
Q2 ..., Qp,;) 3HAUCHUN TEPEMEHHBIX Tj,, Lj,, ..., Tj, 3HaueHHe ObyHK-
oum @9 paBHO Fi(a17 a2, ..., anz)7

2) ecmm A = A(y1, ..., yx) = f(™A1, Ao, oo, Ap), vme fEPuA —
mubo dopmyna wam P, mubo mepemennas uz X, 1o @y (Qi, ..., ap) =
= F(01, B2, ..., Bm), roe F'— dyuxuus, comocTasieHHas GyHKIMOHAIb-
HOMYy cuMBOIy f, m 3, — 3HadeHume ¢pyHKumm @o, (p = 1,2,...,m),
IpuIeM

5 = Qg ecnim A, =y,
=
o, (Qpy, -y ap, ), ecmm Ap = Ap(yp,, - - -, Yp,)

(3mech s 3aBUCUT, ECTECTBEHHO, OT D).

n;
Ecm 2 = fl.( )(a:jl, Tjys -+ Tj, ), TO QYHKIUA Qg, Deanusyemas
dopmymoit A, oberaro obosznawaercs uepes Fi(zj,, zj,, ..., a:]n) Ecnnu
xe A= f(™A1, ™A, ..., Ap), TO o obozuauaercs uepes F (v, (Y11,

Y12, - - -, y181)7 PAs (y217 Y22, - -, y282)7 sy PAL, (y??ﬂ) Ym2, - - -, ymsm))7
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3gech F' — (QyHKINSA, COMOCTABIIEHHAS (GQYHKIIMOHAJILHOMY CHMBOIY f,
a o, (Yi1, Yiz, -+, Yis;) — OGyHKIHMA, peamusyemas dopmyson A; (i =
=1,2,...,m).

[lousatue dynrxyuu pg, peasusyemots gopmyaoti A nad mHoxrcecmsom
ceg30kx O, BBOOUTCS (TaKXKe MO MHAYKINK) CIEOYIONMM 006pa3oM:

1) dpopmyme 2A =z, rome = € X, CONOCTABISIETCS TOXIECTBEHHAS
dyrkmms oy (z) = 7

2)ecmm A= (1B)wm A=(B o), rme o € {&,V, D, ~, =, |, |},
TO COOTBETCTBEHHO gy = P, U Py = P ©Pe (3I€CH CUMBOJI © HAMIO
IIOHUMAaTh yXe KaK O0O3HaueHUue NJIsI COOTBETCTBYIOIIEN 3JIEMEHTAPHOU
OyneBoit dyukiuu; cMm. Tabmn. 1.3 u Tabm. 1.4).

HOycts A =A(zy,, ..., zi), B=B(zj,,...,z;) n {z1, z2, ...
...y Tp} — MHOXECTBO TE€X MEPEMEHHBIX, KOTOPBIE BCTPEUAIOTCSI XOTSI
6u1 B omuou u3 dopmyn A u B, T.e. {1, Ta, ..., T} = {xiy, ., T4 } U
U{zj, ..., z;}. Popmyner A um B HA3BIBAIOTCI 9K6UBAAEHMHLIMY
(obosuauenue: A =B win A = *B), eciu Ha BeakoMm Habope (aq, o, ...
..., Q) 3HAYEHUHN MEPEMEHHBIX Z1, L2, ..., Ly 3HAYCHUS QYHKIUN Qg
U g, PEan3yeMbIX COOTBETCTBEHHO dopMmyiamu 2 u B, coBmamarior,
T.e. Yo (Qiy, ..,y a4 ) = @ (0, ..., aj,).

IIycte & — MHOXECTBO GYHKIMOHAJILHLIX CUMBOJIOB WJIN JIOTTYECKUX
CBA30K, 8 P — MHOXecTBO cOOTBeTCTByMomuX uM ¢Gyukimii. Cynepno-
suyueti nad mmoxcecmseom P HazbiBaeTcs Beskas dyukius F', xkoTopyio
MOXHO PeaJim30BaTh GOPMYJION HaI MHOXECTBOM P.

Mycts A =2A[ 1(n1), e 5(”5)] u B= %[ggnl), el ggns)]. ["oBo-
psiT, uTo dopmynel A u B umeoT odunakxosoe cmpoenue, ecau Hop-
Mysa 2 MOXeT OLITh TOydeHa u3 GOpPMYyJbl B MyTeM 3aMEeHBI KaXK-
IOrO BXOXICHNA (DYHKIMOHAJILHOTO CUMBOJIA ggn") HA, CHMBOJI fi(ni)
(1=1,...,8). Crpoerue GOPMYINBI OTPAKAECT WHAYKTUBHBLIA IIPOIECC
ee TMOPOXIEHUsI B COOTBETCTBUU C OmpenesieHneM GhopMyIsl (CM. ompeme-
nenus 1 u 2).

Crpoenne GOpMyITEI MOXHO €CTECTBEHHBIM 00pPa30M XapaKTePu30BaAThH
MUArpaMMon (CIeruaiibHBIM IPpadoM, SBISIOMIMMCS OOBIYHO OPUEHTUPO-
BAHHBIM I'Pa(OM ), BEPIIMHAM KOTOPOI IPUMUCAHBL (PYHKITUOHAIILHBIE CHM-
BOJIBI (MJIM JIOTUYECKUE CBSA3KM) ¥ CUMBOJIBL TIepeMeHHbIX. Hampumep, eciin

popMyBI

A= (g (z, KD (y), P ((w&y), $'V)), B =3,

¢ =gz, z), D= ((2Vy)®2),y, h(2&2))
pacCMaTPUBAIOTCS HAJ HEKOTOPHLIM MHOXeCTBOM P, comep:kalum JIoru-
weckne CBI3KM &, V, & u (QyHKumoHasnbuble cuMmBoisl f(2), ¢(2) p()

©® u © (1, BO3MOXKHO, UTO-TO €Ille), TO UX CTPOEHHE OMUCHIBAETCS
nuarpaMMaMu, n300pakKeHHBIMU Ha, puc. 1.2.
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Puc. 1.2

Ecnu myx)H0 06paTuTh BHUMAHIE MMEHHO HA CTpOoeHue GopMysl A =
= A f1, ..., fs], To ucnonwsytor 3amucy A = C[f1, ..., fs].

2. DuemeHTHI OysieBa KyOa. llepBmumnble mpencTaB/IeHUS O
OyseBbIX QYHKIIMIX.

I[Ipumep 1. Haiitu HOMED OBOMYHOrO HAOOPA,
a=(1...101...10...0), m=>1.
S S N~
m pa3 m pa3 m pa3

Pemenwne. Hnuua mamHoro Habopa paBHa 3m + 1, a ero i-s KoM-

nmoHeHTa paBHa 1 nmpu 1=1,....,m,m+2,...,2m+1 u paBua 0 B
MIPOTUBHOM CJIyYae. CJIe,HOBaTeJIbHO
3m+1 2m+1
Z 23m—|—1—za 223m+1—z_|_ 23m+1 i _
;= E =
) j=m-+2

= 22m+1(2m —1)4+2m(2" — 1) =2m(2*"H — 2™ —1).

[Tpumep 2. Haiitu mBomuHBIN HAOOP, SBASIONIANCI Pal3JIOXEHUEM
qyucia 325 (mepsas cieBa nudpa B Ha60pe NOJXKHA, OBITH paBHA 1).

Pemenne. Tax kax v(a) = Z ;- 2"7% TO NIA HAXOXKMICHUS KOM-

IOHEHT HAOOPa, (Y, MMEIOILIErO Homep 1/( ), MOXHO TIPUMEHUTH MIPOELYPY
«TOCICIOBATEIBLHOTO ACICHAS ¢ OCTATKOM Ha, YHUCIIO 2
a) memuM v(Q&) Ha 2, OCTATOK €CTh Uy, & 9aCTHOE q; = ay + 2" 2 + ...
A ap_o-2+ Op—1,
6) uacTHOEe @1 MOeMUM Ha 2, OCTATOK PAaBEH (,_1, YaCTHOE (2 =
= -2" 34+ ...+0q,_o IOeIUM Ha 2, OCTATOK DaB€H @,_s U T.I.
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0 TeX TOp, MOKa Ha HEKOTOpoM ((n — 1)-M) mIare He MOIydYMM dYacCT-
HOE (,_1 = (1 ¥ OCTATOK (io.

B mamewm ciyuae v(a) = 325. Ucnomb3yeM ONMCAHHYIO MPOLELYPY:

1) menum 325 Ha 2, HAXOONMM YACTHOE ¢ W OCTATOK Qn; 1 = 162,
a, = 1;

2) memum 162 Ha 2, yactHoe paBHO 81, B ocrarke 0, T.e. a,_1 =0,
q2 = 81,

3) menmum 81 Ha 2, g3 = 40, a,_o =1;

4) memum 40 Ha 2, g4 = 20, ay,—3 =0;

) menum 20 HA 2, g5 = 10, an_4 = 0;

) menum 10 HA 2, g6 = 5, a5 = 0;
) menuMm 5 Ha 2, g7 = 2, Qp_g = 1;

8) memum 2 mHa 2, uwacTHOe paBHO 1, B ocrarke 0, T.e. a,_7 =0
n o&p—_g =01 = 1.

CnemoBarenso, n =9 u a=(1,0,1,0,0,0,1,0, 1).

st
6
7

n
Bameuanue. U3 dopmynsr v(a) = > a; 2" BumHO, YTO I
i=1

MOJTyYEHUsT KOOPOWHATHL (; HAbOpPa ( MOXKHO MOCTYIATH CJEOYIOIIUM
obpa3om:

a) MCmonb3ys HepaseHcTBO 2" 1 L v(&) < 27", maxomum n;

6) memam v(a) ma 2"t u momyuaem ocraTox r; = ay-2" ¢+
+ g1 - on—i—l 4 Qp_1 -2+ ap;

B) mermuM v(Q) Ha 2" u momydaeM oCcTATOK i1 = qyiq - 2" 4L,
et an_1 24 ay;

') BBIYUCIISIEM PA3HOCTDL T; — 7'j41 U IEJIIM ee Ha 2n—t,

[TosmyyenHoe YacTHOE M €CTh 3HAUYEHME KOOPOWHATHI ;. Hampuwmep,
eciu V(@) = 325 U HyXHO HalTU (3 (CM. IPUMED 2), TO UMEeM:

a) 2"71 < 325 < 2", 3maunT, n =9, Tak kak 2% = 256 < 325 < 2 =
= 512;

6) memam 325 ma 2973t = 27 = 128, momyuaem ocTaTok, paBHEIL 69;

B) memam 325 ma 2°73 = 26 = 64 u momyuaem B ocTaTke 5;

r) ro — r3 = 64, u mosTomy a3 = 64/64 = 1.

[Ipumep 3. Haiitu nBowuHBIM HAOOD MIIUHBL 171, SIBIISIOITANCS Pa3JyIo-
xenweM uucia 2™ — 2 (m > 3).

Pemenne. IpencrasuM uucino 2™ ! — 2 B Bume cyMMEI CcTemeHeil
JOBOVIKH:

om—l _9=9202m 2 _1)=20@Qm 3 42m 44 4241)=

=2M 2 4 2m S 4 42742,
3HAUUT, COOTBETCTBYIONMI uncay 27! — 2 nBomdHLIN HAOOD IIIWHLL M
takos: (01 ... 10).
N—_——
m—2 pa3

[Tpumep 4. Ha mHOXecTBe HAOOPOB

A={(001 ... 1), (101 ... 10), (10 ... 011), (010 ... 01), (001 ... 10),
S—— S—— S—— S—— S——

n—2 pas n—3 pa3s n—3 pas n—3 pas n—3 paz
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rme 1 > 3, yKa3aTh €CTECTBEHHBIN YACTUYHBIA MOPSANOK < U BBISCHUTD,
UMEIOTCS JIU B HTOM MHOXKECTBE COCENHUE U TPOTUBOIOIOXKHEBIE HAOOPHI.

Pemeunue. Pemas nanuyio 3amaay, yno6HO IpOCMATPUBATH HAGOPHI
B NOpsAKe BO3pacTauus (winm yOBIBaHWS) WX BECOB, T.€. HAUUHATHL C
HAGOPOB MEHBIIEro (M GOIIBIIEro) BECA U MEPEXOAUTD MOCIEA0BATEIHLHO
K HabopaM ¢ GOIBIIMM (COOTBETCTBEHHO C MEHBIIIAM) BECOM.

Cuauana paccMoTpuM ciaydain n = 3. MuOXecTBO A COCTOUT U3 Cite-
nyrownx uHabopos: (001), (100), (111), (011), (000). OueBumuo, UTO
(000) < (001) < (011) < (111) = (000) < (100) < (111). Cocenuumu
spisorcest Haboper (000) w (001), (000) m (100), (001) = (011), (011)
n (111). IMaper nporusomosmoxHbIX HabopoB Takosel: (000) um (111),
(100) u (011).

[Iycte Tenepy n = 4. Torma muoxectBo A Beirasnut Tak: {(0011),
(1010), (1011), (0101), (0010)}. Wwmeem (0010) < (0011) < (1011) m
(0010) < (1010); mabop (0101) He cpaBHUM HEM C ONHMM U3 OCTAJIBHBIX
Habopos. Cocennumu apnstoTcs Haoopsr (0010) u (0011), (0010) u (1010),
(0011) u (1011). IIporuBononoxubIx Habopos Toabko asa: (0101) u (1010).

[Tpennonoxwum, uto n > 5. Torma

A={(0011]...1), (1011 ... 10),(100...011), (0100. ..01), (0011 ... 10)},

l pas l pas l pas l pas l pas

roe | =n —4 > 1. O6o3uauum 5Tu HAGOPHI (B COOTBETCTBUU C TIOPSIIKOM,
B KOTOPOM OHM BBHINUCAHBLI BBIIIE) Yepe3 (1, (o, A3, (G4 U 5. Bo3bMeM
Habop a4 = (0100...01) (ero Bec paBeH 2) um MOCMOTPUM, CPABHUM JIU

l pas

OH ¢ KakuM-aubo mpyruMm HabopoMm. Tak Kak y BceX OCTAIbHBIX HAOOPOB
BTOpBIE KOMIIOHEHTHI HYJIEBBIE, & BECa HE MEHbIIe 2, TO OHU HE MO-
ryT OBLITH CPABHUMEL C HaOOpPOM (y. 3aTeM IepexomuM K Habopy g —
CpaBHUBaeM ero ¢ Habopamum i, Qo U Qy. HeTpymHO 3aMeTUTL, UTO
HAYaJbHBIE OTPE3KM MJIMHBI 3 HAaOOpOB (i M (3, a TaKxke HabOPOB s
I (i3 HE CPABHUMBI. 3HA4YUT, HAOOP (X3 HE CPABHUM HU C (1, HU C Q.
Hamee, paccMaTpuBas TPeTbU U IOCIEOHNE KOMIIOHEHTHI HAOOPOB Qo
U (3, BUOUM, YTO 3THU HAOOPHI TOXE He CpaBHUMEI. bepem Temepn Ha-
60p (1 M CpaBHUBAEM €ro ¢ HabopaMu Qs U as. OUeBUOHO, YTO a5 <X A,
HO (1 ¥ (s — HECPABHUMBIE HAOOPHI (HOCTATOYHO OOPATUTH BHUMAHUE HA
IEPBbIE U NOCICAHNE KOMIIOHEHTEL STUX IBYX Ha60pOB) Hakomner, serko
BUIEThL, UTO 5 < a2 NTak, umeem a5 <a; u as < as. Cocennumu
SABIIAIOTCSI HAOOPHI (1 U (5, & TAKXKE (o U (5. IIpOTUBOMOIOXKHEIX HAOO-
POB IBa: (io U Q4.

[Ipumep 5. Haittu dopmyiny misa umcaa HabopoB a” uz B™, ynos-
nerBopsiforiux yenosuio p(a™, ") =[(n+1)/2] n p(a™, ") < [n/2],
raoe " u " — dukcupoauuse Habopet u p(G", ") = [n/2] + 1.

Pemenue. He orpannumBas oOIIHOCTH PACCYXKOEHUN, MOXHO CUU-
TaTh, o B =0" mu y" = (1 ... 10...0). [Iycte a™ — Takoi nabop,

[n/2]4+1pas
gyro p(a™,0") =[(n+1)/2] u pla™ 7") < [n/2]. lpennonoxum, aTo
2 I".II. T'aBpusio, A. A. CanoxeHkKo



18 I'a. I. Cnocobul 3adanud u ceoticmea Pyrwkyuti aseeOpovl 402uKy

cpenu mepBBIX ero [n/2]+ 1 KOMIOHEHT POBHO j emwHUYHBIX (j > 1).
Torma w3 ocranpHBIX n — [n/2] —1 KOMIOOHEHT emWHUIHBIME OyIyT
[(n+1)/2] — j wryx. CnenoBaTensHO, npy GUKCUPOBAHHOM j HAbGOp "
5 ([n/Q]—I—l) (n—[n/Z]—l) 5
MOXHO BHIODATH ; (n+1)/2] — j ) CrocobaMI, HO MU 5TOM
IOJIXKHO BBIMONHATHCA yesoBue p(a™, ¥™) =[n/2]+1—j+[(n+1)/2] —
—j<[n/2], T.e. 2j 2 [(n+1)/2] + 1.
Takum o6paszoM, ICKOMOE YMCIIO0 HAOOPOB PABHO

s ()
e ([ 5))
B wactHocTu, ipu n = 1 umeem Y (1) : (1 0 ) =1 (ecm B! =01,

12521 M —J

o il :Tl - &1 :§1)7 amnpu n = 2 IIOJIy4a€M >Z> (3) . (1Bj) =2

~

(ecmm 32 =02, 10 ¥2 =12 u &% = (01) = (10)). 3mech momaraem, Kax
OOBIYHO, (8) = 1.

ITpumep 6. Haitm uwmcno GyHKIMN, B3aBUCAIINX OT IEePEMEH-
HBIX T1,%2, ..., Lp (T.€. IPUHAIIIEKAIUX MHOXKECTBY Po(X™)) u ymos-
neTBopstoux ycmopuio: dyukuus f(z") pasua 0 Ha kaxmoMm Habope a”,
BEC KOTOPOT'O HE NMPEBOCXOAUT 7/2, a HA BCEX OCTAJIBHBIX HAOOPAX 3HAUE-
HUS QYHKIUU POU3BOIIbHLIE (1 > 1).

Pemenwne. Hucmo mabopor (u3 B™), HA KOTOPBIX 3HAUEHUs GYHK-
1y f 3adUKCUPOBAHBI, PABHO

n=1 ecam 1 HedeTHOe,

Z (?) - Z (7;) ) on-t +%(nr/b2), ecam 1 geTHoe.

0<i<n/2 0<i<[n/2]

Ha xaxmnom m3 ocTajabHLIX HAOOPOB 3HAauUeHWEe GYHKIUU f MOXHO
3a1aBaTh MPOU3BOJILHO (mojiaras ero paubiM O unu 1). CremoBaTenbHO,

YKCIIO PA3IUIHLIX QYHKIUN, YIOBIETBOPIIONIAX CHOPMYINPOBAHHOMY BhI-
n—1 1

n—1 2 — = n
2 IIPU 7 HEYETHOM U 2 2 ("/ 2) OpuA 71 YeTHOM.

IIIe yCIIOBUIO, PABHO 2

[Ipumep 7. Hasttu uncino dyukuuii B Po(X'™), yaIoBIeTBOPSIIOIIIX
YCIIOBUIO: CYIIIECTBYET IIapa IIPOTUBOIMOJIOKHBIX HAOOPOB, HA KOTOPBIX
dbyuxnus f obpamaercsa B 1 (s passbix GyHkui f Takue napsl HAGOPOB
MOTYT He COBIANATH).

Pemenune. Ilpu perenvu maHHOW 3a/a4UM HPOIE MOCTYMUTH CJle-
YoM 00Pa30M: MOACYNTATE Yuciio GyHkiui B Po(X ™), He ymnoBieTBo-
pAOIMX CHOPMYIUPOBAHHOMY YCIIOBUIO, & 3aTE€M BBIUECTH IIOJIYIEHHOE
qncio u3 |Po(X™)| = 22", ®yukuna f(Z") He yOOBIETBOPSIET YKA3ZAHHO-
MY BBIIIE YCJIOBUIO, €CIIM, KAKOBa ObI HU OBLIa Iapa MPOTUBOMOIOXKHBIX
HAOOPOB, GyHkImUA f(TZ") Ha HUX OO TPUHUMAET PA3HBIE 3HAYCHUS,
aubo obpartaerca B (. Ilpuuem B TOM crnydae, KOTZIa COOTBETCTBYIOIIAE
3HAUEHUs PA3HBIE, HAMO PA3INYATE JBE BO3MOXHOCTH (IS KAXKION AP
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IPOTUBOIOJIOKHLIX HAOOPOB); HAIPUMED, eciiu & u [3 — mmapa MNPOTH-

~

BOIIOJIOXKHBIX Habopoe, To mubo f(a) =0, a f(B) =1, mubo f(a) =1,

~

a f(B8) =0. Takum 06pasoM, Kaxknoi mape MPOTUBOMOJIOKHBIX HAOOPOB
COOTBETCTBYIOT TPU JOMYCTUMBIE BO3MOXHOCTHU. OCcTaeTcs 3aMETUTD, UTO
cymectByer 2"/2 =2""! map mpoTUBOMONOXHBEIX HAGOPOB IJIMHBI T,

u TOorma moiiyyaem: umcyio ¢yHkimi B P (X™), He yHIOBIETBOPSIONINX
211—1

ONMKUCAHHOMY BHIIIIE Y CIOBUIO, PABHO 3 . CnemoBaTeIbHO, ICKOMOE UUCITO

yuKnmit ectb 22 — 32" (Hampumep, mpu n = 1 umeem 22" _ 32’ = 1,
ampu n =2 monyuaem 22 — 32 =16—9 = 7))

[Tpumep 8. llo kamaily cBA3M MOTYT IepemaBaThCsS TPU COOOIIIE-
uus: A, B u C. U3BecTHO, 9YTO K TAHHOMY MOMEHTY BPEMEHU OCYIIIECTBU-
JIOCh KaXK0€ U3 CIIENYIONINX COOBITUM:

1) mepenano He Gosee ueM OmHO u3 coobienuint A u B;

2) coobiienune A MOrJio OBITH MEPENAaHO B TOM U TOJIBKO TOM CIIydae,
eciu 6bLIH TIepemansl 06a coobienns B u O

3) mepemano xoTs 661 onHO u3 coobiernuit A u C.

BrrTekaer nu orciona, uTo coobiienune B He mepenaBajioch, a coOOOIIe-
une C' ObLT0 mepenaHo?

Pemenue. ComocraBum coobmrenusm A, B u C 6yneBHl mmepeMeH-
HBIE X, Y U 2 cooTBeTcTBeHHO. Cunraem, yro ¢ = 1 (amamoruuno y = 1
u z=1) B TOM 1 TOJIBLKO TOM cily4ae, eciiu coobierne A (cooTBeTcT-
BeHHO cooOienue B u coobienne C) GBUIO MEPENAHO MO KAHAIY CBSI3W.
CoburTusim 1), 2) m 3) oTBeuaior ciemyiomme OyJieBbl (QYHKIUU: Ty,
x~yz W rVz (9TO0 HANO MOHMMATHL TAK: BTOPOE COOLITHE, HAIPU-
Mep, OCYIIECTBIIIETCA TOTA U TOJILKO TOTHA, Korma x ~ yz = 1). Byme-
Ba dyukuus f(z, y, z), COOTBETCTBYIOIIAA BCEM TPEM COOBITUSIM, UMEET
Bun 7y - (x ~ yz) - (x V z). lIpeobpasyem 5TO BHIpaKeHuUe:

fle,y,z)=@VY) - (T-yzVa-yz) (xV2z)=
=(T-yzVT-§-y2) - (Vz) =T - yzVy-(FVZ) 2=
=T-(yVz)-2=72-7-2.

Orcona cnenyer, uro f(x,y, z) =1 Torma um TOIBLKO TOrMIa, KOTIA,
x=0, y=0 u z =1, T.e. korma coobiienus A u B He mepenaBajiuCh,
a coobmienne C Obwio mepemano. Takum oOpa3oM, Ha, BOIPOC, MOCTAB-
JIECHHBIA B 3amade, OTBeT yTBepauTenbHbIN. [locnemuuin miar B petie-
HUY NAHHOW 330a9” MOXHO PACIUCaTh NOAPOOHEe: NI BBISCHEHUS TOTO,
BBITEKAET U COOBITME, YKAa3aHHOE B BOIPOCE 33aauM, W3 OCYMIIECTBU-
MocTu cobbiTuil 1), 2) u 3), HAO TOCMOTPETD, BHITIOJIHIETCS JIA SKBUBA-
neHTHOCTL f(%, ¥y, 2) > Y-z =1 (DyHkmus 7 -2z COOTBETCTBYyET COOBI-
THUIO «Coo0IeHne B He mepenaBajiock, a coobierune C' ObIIO EPenaHos ).
Nmeem

T Y 2—=Y 2=Z-Y-2Vy-2=zVy-2Vy-z=xzV1l=1,

T.e. geictBuTenbHO f(x, Yy, 2) > Y-z = 1.

S3ameuanue. I[Ipeobpa3oBeiBas BBIpaXKeHUs, 3a0aiolime OyJeBbI
GYHKIIMY, MBI CTIOIB30BAJIA OCHOBHBIE SKBUBAJIEHTHOCTH aJIT€OPHI JIOTUKA
(cM. 1. 3 mocse 3amaum 1.20).

2*
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1.1. Haitu HOMEpa ClenyoInuX OBOMYHLIX HAaOOPOB:
1) (1011); 2) (11001); 3) (11001101);
4) (010111101); 5) (10...01), m > 1;

N———

m pa3s
6)(1...10...0),m>1; 7)(10...01...10...01), m > 1.
S—— S—— N N
m pa3 2m pa3s m pa3 m pa3 m pa3s

1.2. Hafitu nBomYHBIN HAOOP MIIMHBI [, SBIISIONIANCS Pa3JI0XEHUEM
TUCITIA, N

)I=5 n=28 2)1=8, n=231;

Nl=m+1, n=2"4+1 (m > 1);

Hl=m, n=3-2""2-1 (m >2).

1.3. Ha muoxectBe HabopoB A u3 B" yka3aTb €CTECTBEHHBLIN Uac-
TUYHBLIA [OPANOK <. BHISCHUTHL, ecThb jau B MHOXecTBe A cocemuue u
IIPOTUBOIOIIOXHBIE HAOOPHI, W, €CIIN OHU MMEIOTCS, BHIMUCATDH UX:

1) A = {(00111), (01011), (00110), (10110), (11010), (01010),

(11100), (11011)};

2) A= {(010101), (110011), (101101), (010111), (110111),

(101010), (100010)};

3) A={(10...01), (110 ...0), (110 ... 01), (01 ... 1), (0 ... 011),

n—2 pas n—2 pas n—3 pas n—1 pa3s n—2 pa3s
(01 ...101)}, n>4;
———
n—3 pas
4HA={10 ... 01 ... 1),(10 ... 01 ... 101),
m—?[rpa,a n—nrpaa m—;pas n—mtl pa3
(10 ... 01 ... 1),(01 ... 10 ... 011),
m}')aa n—mzl pa3s n—mzl pa3s m—;rpas
(010 ... 01 ... 1),(01 ... 10 ... )}, n>m+1>3.
mvpaa n—er pa3s n—n‘zrpaa m—‘lrpas
1.4. Hanru:

1) aucno |B}| mabopoB a™ Beca k (n > 1, n >k > 0);

2) uucno Habopos & u3 B"™, ymoemeTBopsommx yciopuio 2771 <
<v@) <2n (n>1);

3) YMCIIO YIOPAMOUYEHHBIX TIap cocenHmx Habopos B B" (n>1);

4) 4aucio yHOprI[O‘—IeHHBIX nap (a”, Bn ) HabopoB u3 B™ Takux, 4TO

pl@®, B =k (n>k>1);

5) uuciio HabopoB &’ u3 B, yIOBIETBOPSIOIINAX Y CIIOBHIO ﬁ <a” <
k

<", roe [3” n ¥" — nBa (PUKCHPOBAHHLIX HAOOpa U p(ﬁ” ") =
(n>k>1);

6) umcno mabopos & w3 B" Taxmx, uto p(a” 87 + pla”, y") #
+ p(an, ¥™), Toe ,8” 1 y" — nBa GUKCUPOBAHHLIX HAOOPA 1 p(,@” ~ ) =1
(n>1>1);
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7) umcno HabopoB &2™ = (ay, ..., Qo) U3 B2™, yIOBIETBOPAIOLINX
-1 _ ¢ I+1
yCIoBmio: —— < Z:lai S —5— VT3 KaXKIOro 1=1,2,...,2m (m>1);
i=

8) umcno HabopoB " B B}, y KOTOPLIX MeXIy JIOOBIMU €IMHUYHBI-
MU KOMIIOHEHTAMK HAXOMUTCS He MeHee T HyJieBbIX KOMIOoHeHT (0 <7 <
<n-—-2, 2<k<n).

1.5. IlokasaTb, uTO:

1) mBa pasnuuubix Habopa B B, UMEOIINX ONUHAKOBLIN BEC, HECPAB-
HUMBL (N > 2);

2) B B" cyiiecTByeT TONBKO [BA CPABHUMBIX ITPOTUBOIOIOXKHBLIX HA-
6opa (n 2> 1);

n—1

3) B B" cyIiecTByeT MHOXECTBO, COCTOSIIIIEE 13 ([ (n—1)/2]
HECPABHUMBIX HAaOOpOB, He cpaBHMMBIX ¢ Habopom (10...0) (n > 2);

4) BCsIKOE MOMMHOXKECTBO B B™, comepxkailiiee He MeHee n + 2 HabOpOB,
CONEPXKUT APy HECPABHUMBLIX HAOGOPOB (n > 2);

5) uncio HaGOpoB B B", He CPaBHUMBIX C (PUKCUPOBAHHBLIM HAOO-
poM a", mmerormmuM Bec k, paBHo 2" —2"F 2841 (n>1m n>
>k > 0);

6) eciiu ™ u " — nBa HecpaBHUMBIX Habopa u3 B" (n > 2), umero-

TIOTIAPHO

mwx | ofmyx equmHmaHEbIX komnorent ([ > 0), u ||[&”|| =r, |87 = s, To
YICJI0 HAOOPOB, KOTOPLIE HE CPABHUMEL HI C OMHUM 13 HAOOPOB a” u B ",
paBHO 27+ 2nH=r=s 4 9l 4 9 9n=T _9n=s _ 9T _ 95 (B yacTHOCTH, eC-
7 HabOpHL & 1 3" IPOTUBONONOKHEIE, TO MMeeM 27 — 207+ _or+l 4 4
HAOOPOB).

1.6. Haititu uncio dyukuuit 8 Po(X") (T.e. GyHKIMIA, 3aBUCSIIUX OT
EPEMEHHBIX Z1, X2, - - -, Ly ), YIOBIETBOPSIOIIAX yCIIOBUIO:

1) ma manHbIX | HAOOpAX 3HAUEHUsA (QYHKIUEA (DUKCUPOBAHBI, 8 HA OC-
TaJIbHBIX npou3BosibHbIe (1 <1< 2" -1, n > 1);

2) pyukmusa f(z") paBua 1 Ha BcskoMm Habope A, BEC KOTOPOrO
ynosieTBopsieT HepaBeHcTBaM (n — 1)/2 < ||a”|| < n/2, a HA ocTambHBIX
HabOpax 3HaYeHUs] QYHKIUK TPOU3BOJIbHBE (N > 2);

3) HA MPOTUBOIOJIOXHBEIX HAOOPAX (DYHKIUA MPUHUMAET ONUHAKOBBIE
suauenus (n > 1);

4) Ha KaxXOO# mape COCEMHUX HAOOPOB (DYHKIUSA MPUHUMAET IIPOTUBO-
NOJIOXKHBIE 3HAUeHus (n > 1);

5) dyukiusa paBua 0 He MeHee UeM Ha IOJOBHHE HAOOPOB (n > 1);

6) pyukums f(z") coBmamaer ¢ QYHKIUEHR, TOIYyIAEMOll U3 Hee Mpu
ePECTAHOBKE MEPEMEHHBIX L1 U Loy (N > 2);

7) dyukmua  f(z") cummempuueckad, T.e. f(r1, X ..., Ty) =

o 1 2 ... n
= f(xs,, iy -.., x;, ) IpU JIOOON TONCTAHOBKE (z’1 iy in)’ n > 1;

8) ecnu dyukiusa obpaimaercs B 1 Ha HEKOTOpoM Habope Beca k
(0<k<n-—1), To ona paBua 1 um Ha BCIKOM HAOOpe OOJBLIIETO BECA
(n>1).
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1.7. 1) Bynesa ¢yuxuus f(2°) onpenensercs Tak. Ouma pasma 1
TOJILKO B Te€X CIIy4Yasx, KOrma =1 = 1 jub0 KOr[a BLITOJHSETCSI CIIEy-
IOIlIee YCIIOBUE: MEPEMEHHBIE To U X3 MPUHUMAIOT PA3HBIE 3HAUECHUS, 4
3HAYEHNE IIEPEMEHHON £1 MEHbIIIE 3HAUEHNS [IEPEMEHHON Z3; B OCTAJILHBIX
ciyuasx dyukmus obparaercs B 0. Iloctponts Tabnumet T'(f) u I3 o(f)
dynxnmm f(Z3) u BemmcaTs HAGOPH MHOXKECTBA N,

2) Bynepa dyrskmua f(Z*) 3amaeTca cremyiommM o6pa3oM: OHA PaB-
Ha () TONMBbKO Ha Takux HAabopax & = (a1, (o, A3, (4), OJIA KOTOPHIX CIPa-
BEIJTIBO HEPABEHCTBO 2a1 + (2 > a3 + 2(i4; HA OCTAJBbHBIX HAOOPax OHA
obpamaercs B 1. Iloctpouts rabnumet T'(f) u Il o(f) sToit dyukuuu u
BBIIIICATHL HAOOPHI MHOXKeCTBA Nf.

3) llycte Habophl (21, T2) U (T3, T4) 3aMAIOT NBOMYHLIE PA3IOKEHUS
qmcenn vy U Vs cooTBercTBeHHO. O6o3maumMm wepes f;(Z?) i-it paspsan
nBowuHOro pasmoxenus (fo, fi) umcna |v; —va|, i =1, 2. IlocTpouTs
npsMoyTosbHbIe Tabmunet [ls o dyrakimit f1(T4) u fo(T4).

4) Ha aBapuilHOM MyJIbTe CUCTEMBI PACIOJIOXKEHBI YETHIPE CUTHAJID-
uple jgamnouku: Ly, Lo, L3z, Ls. Cuctema BBIKIIOYAETCS TOJIBKO B TOM
CIy4ae, KOI[a BBIMOJHIETCS XOTs Obl OMHO M3 CIEHYIOIINX YCJIOBUIA:
a) 3aroperiach JIAaMIOUYKa, Lq, HO He 3aropenach jgammouka Ls; 6) 3aro-
penuch samrouku Lo u Lz, HO He roputT nammnouka Ls; B) 3aropenach
nammouka L4 u He roput jmammouka Li. [loctpours Tabmuiy T'(f) Gyme-
Boit (hymkmuu f(Z*), XapakTepusyIomeil yCIoBA BEKIIOUCHNASA CICTEMEI,
T.e. f(Z*)=1 Torma m TOTLKO TOTIa, KOTAa CIPABEIINBO XOTA OBI
OIHO W3 YCJIOBUIL &), 6), B); IPU 9TOM MPEANONAraeTcs, 9To T; = 1, ecin
gammiouka L; roput, u x; = 0, eciu namnouka L; He roput.

5) s onenku runore3 Hy u Hy TPOBOOSTCS MATH PA3HOTUIIHBIX DKC-
nepuMeHTOoB: Ay, As, Az, Ay, As. KaxOniii 5KCIIEpUMEHT YIOPSAIOYNBAET
TUMOTE3BI IO IPEOIOYTEHNIO OTHOCUTEIILHO HEKOTOPOro Mpu3HakKa. [ 'umo-
Te3a Hj IpUHUMAETCS TOJIBKO B CIIEAYIOIINX CIIyUasX: a) B OGOJILIIIMHCTBE
9KCIIEPUMEHTOB IIPEAIIOYTEHNe OTAABAJIIOCH H1; 6) B skcmepumeHnTax A
u As mpemmnouTeHme OTHABAIOCL rumnorese Hs, HO B SKCIepuMeHTe Ay
npennodyTeHre oTmaHo runorede Hi. ['mnmoresa Hs mpuHUMaeTCS B CITy-
yasgx, KOrJa: B) B 9KcrepuMenTax As u Az mpenmourenue OTaaBajioCh i,
a B skcnepumenTax Ay m Ay — runorese Hi; 1) B okciepumenTax A; u As
IpPENNoYTEeHrne OTAABAJIOCL runoTese Ho, a B skcnepuMmenTax As mw Ay —
runioteze H;. Ilomaraem z; = 0, ecim skcnepuMeHT A; «IomaepXuBaeTs
runoredy Hi, u x; =1, ecniu B skcriepuMenTe A; mpennodTeHue OTIAHO
runotese Hy (j =1, ..., 5). Banucats B Bume 6ynenbx Gyukmuit fg, (2°)
u Fy,(Z°) ycnosus npunatus runotes Hy u Ho (fg,(a®) = 1) Torma n
TOIIBKO TOT'ZIa, KOTJIa TI0 Habopy &° mpuHMMaeTcd runoresa H; (i = 1, 2).
BoigacHUTE, BO3MOXHA JIM TAaKas CUTYAINsd, KOIIa OKAXKYTCS IPUHATHIMA
o0e TUIOTE3HI.

6) Yerwipem unenam By, By, B3, B4 HekoTOpO kKoMuccuu chopMyIin-
POBAHBI CIIEAYIOIINE YCIIOBUS MMOCEIIEHMS 3aCeNaHnil (XOTs ObI OMHO U3 HUX
OHU IOJIXKHBLI BBITIOJIHATD): &) B 3aCENaHUM HE y4acTByeT HU B, Hu Bs,
HO IOJMXeH ObIThb Bs; 6) B 3aceNaHuu IPUHAMAIOT y4yacTtue B u By, HO
oTCcyTCTBYeT Bj; B) Ha 3acemaHuu OOIXKHBI IPUCYTCTBOBATL B um Bjy.
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BoiscauThb, 00543aH I IPUCYTCTBOBATE HA, 3aCENAHNN KOMUCCUN 4jeH Bs,
€CITm B HEM He yJacTByeT DBs.

7) IlpoexkT mnpuHUMAETCst, €Ciau OOJILIIUHCTBO U3 IIECTU SKCIEp-
ToB (1, ..., Cg BBICKA3aJOCL B €ro MoJjib3y. KpoMe TOro, mpoekT Bce XKe
NPUHIMAETCH, €CJIN YKA3aHHOE YCIIOBUE HE BBIINOJIHEHO, HO 334 IIPUHATHE
IPOEKTAa BBICKA3aJMCh: a) nmbo skcnepTsl Cp, Co, Cs; 6) mubo skcmep-
o1 C, C4, Cs; B) mubo skcnepter C1, Cs, Cg. 3anucats B Bume Oyiie-
Boit pymkmun f(Z°%) ycmopue mpumATHA TpoekTa, cuuTad, 9TO T; = 1 B
TOM CIIydae, KOT[a i- DKCIEPT BBICKA3LIBAECTCA 38 MPUHATHE MPOEKTA,
u r; = 0 B npoTuBHOM ciiy4dae. BuigcHUTE, 6ymeT iau 00433 TeIbHO IIPUHAT
MPOEKT, €CJIM M3BECTHO, YTO 33 €ro IPUHSATHE BBICKA3AJIMCH POBHO TPOE
u3 skcuneproB C1, C3, C4 u Cg, a xT0o-TO onuH u3 skcrepToB Cs u C
BBICKA3aJICS IIPOTHUB.

3. ®opmyanl. Peanusanusa GyseBbiX GyHKIU dopMyiaMm.

Mpumep 9. Hokaszars, uro BeIpaxenums 2A; = 1z)— 1(Ty&=z
nu A =(zxV(ly)) = (x& Ty) we aBnsoTCsE HOPMyIaMu HAL MHOXKECT-
BOM JIOTMYeCKUX CBsa30K {1, &, V, =}, HO uT0, Mo6aBisst CKOOKM, KaxkKIoe
13 5TUX BBEIPAXKCHUII MOXKHO IPEBPATUTHL B (DOPMYJIY HAL YKA3AHHBIM
MHOXECTBOM CBS30K.

Pemenue. Ing nokasaTennbCcTBa TOTO, YTO HEKOTOPOE BEIpaXKeHue 2
ne geagemca Gopmya0tl HAL KAKUM-TO QPUKCUPOBAHHLIM MHOXeCTBOM P
(byHKIIMOHAILHBIX CHMBOJIOB U/MIIN JIOTUYECKUX CBSI30K), MOCTATOYHO
BBISIBUTH KaKoe-TnOO CBOMCTBO, IIPUCYIIlEE KaxXXO0W hopMylle Ha 3aIaH-
HBIM MHOXKeCTBOM P, HO KOTOpBIM He ObtanaeT BeIpaxenue 2. Y TBepxkie-
HIEe O TOM, 4TO Jirobas dopMmysia Ham MHOXeCTBOM ¢ 00i1anaeT BLIABIICH-
HBIM CBOMCTBOM, OOOCHOBLIBAETCS OOBLIYHO IO MHIAYKIIMN — 10 «CIIOXKHOC-
T GOpMyI (HATIPUMED, TIO YUCILY CBA30K WITU MO YUCITY (YHKITMOHAIBLHBIX
CUMBOJIOB, BXOOAIIUX B (opMysibl). B Buipaxenun A; = 1z) — 1(1y &2z
HADPYIIEHO HECKOJILKO CBOMCTB, OPUCYIIUX (HOpMyaaM Hal MHOXKECT-
BoMm {1, &, V, —}:

a) obe ckoOKu, comepxkarmecs B 20;, He UMEIOT MAPHBIX UM CKOOOK;

6) OTCYTCTBYIOT BHEIIHUE CKOOKU;

B) HE OTMEJIEHa CKOOKAMIU CBSI3KA — OT OCTAJILHBIX CBSI30K.

Hobapmnsas ckoOKu, BhIpaxkeHue 2A; MOXHO IPEBPATUTL, HAIPUMED,
B dpopmyny mmm ((Tz) = (1(1(y & 2)))), mm ((Tz) = (1((Ty) &2))),
wm ((1z) = ((1(1y)) & 2)).

B Bripaxenun A = (zV (1y)) = (x & Ty) He XxBaTAET TOIBKO OBYX
map CKOOOK: BHEIIHWX U OTIOEIAIONIMX CBA3Ky & oT cBasku 1. Popmyina,
COOTBETCTBYOLIAsI BEIpaxeHuto Ay, umeer Bun ((zV(1y)) = (z& (T y))).

s obocHOBaHMUs TOTO, 4TO 00a BhIpaxeHus 2A; u Ao He ABIAIOTCS
dbopMmynaMu HaL MHOXKeCTBOM cBs30K {1, &, V, =}, mocrarouno, HAIpu-
Mep, YCTAHOBUTEL CIPABEMJIMBOCTEL TAKOTO YTBEPKICHUA: BCAKAS HOPMY-
Ja Ha MHOXECTBOM CBs30K {1, &, V, —}, ortnuunas or dopmyin Bu-
na x,y, ..., obJagaeT napo BHENIHAX CKOOOK.

Hoka3aTenbCTBO 5TOro (PakKTa MIPOBENeM 0 MHAYKIUNA — II0 YUCILY
cBsa30K 1, &, V, — B dopmynax.

basuc manykunuu. Eciu B dopmyne 2 TOmbKO omHa CBs3Ka, TO
C TOYHOCTBIO N0 MEPEVMEHOBAHUS MEPEMEHHLIX (C OTOXIECTBIIEHUEM )
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dopmyna A umeer omuu u3 ciaenywoowunx Bunos: A = (1z), A= (z&y),
A= (zxVy)u A= (z — y). CrenoBaresbHO, 6a31C MHAYKINYA CIPABEIJIIUB.

NMunykrtusubiii mar. [Ipenmonoxum, 4To HOKA3EIBAEMOE yTBEPXK-
IleHUe BEPHO i (GOpMyJ, comepXkaiumx He 6osee S CBs30K (s > 1), m
YCTAHOBUM €TI0 UCTUHHOCTD MJIs (POPMYJI C YUCIIOM CBSA30K, PABHBIM S + 1.
Nmeem mmm A = (1B), wmm A= (A&CE), wmm A=(BVE), mwm A=
= (B — ¢), npuuem omua u3 mondopmyn B wim € B GopMmyiax Tpex
TIOCIIEIHUX BUIOB MOXET OLIThH (C TOYHOCTBIO IO MEPEMMEHOBAHUS MEPe-
MEHHBIX) (HOpMYIoi, paBHOi . OUEBUIHO, YTO MHAYKTUBHBIN IIIAT TAKXKe
CIIPaBEJINB.

ITpumep 10. [locTrpouB Tabnumbl GYyHKIMHN, peajim3yeMbIX (GOpPMY-
mavn A= ((zly) = (y®@V2)|z) = B=((zVy ~@@— (Y
® (x& 2)))), BLIACHUTD, SKBUBAJICHTHEI JIX 3T (HOPMYJILL.

Pemenwne. [Ipuanmas Bo BHUMaHME TOT (GAKT, YTO QYHKIUA T — ¥
obpamaercss B 0 Tombko Ha Habope (1, 0), a dyukumus z |y pasua 1

Ta6nuna 1.5 AIb Ha Habope (0, 0), MBI MOXeM yIpoC-
TUTH TPOLEAYPY MOCTPOCHUS TAOIUIILI (DYHK-

x y z Y . ’
u g (%, Yy, 2), peamusyemoir dpopmyiton 2.
0 0 0 1 B camoMm mene, @y = 0 TOr[a U TOILKO TOT-
0 0 1 0 na,korma zly=1u (y®d(zVz2)|z=0,
0 1 0 1 T.e. korma x=y=0 u (0®&(0Vz2)]|z=
0 1 1 1 =2|2=%Z=0. CuenoBarenbHo, @y =70
1 0 0 1 tompkoiprr £ =y =0 u z =1 (Tabm. 1.5).
1 0 1 1 Tabnuny dyuxkuun g (z, ¥y, 2), peamusye-
1 1 0 1 MoO# dopmymoi B, 6ymemM CTPOUTDL IIAr 3a,
1 1 1 1
marom (Tabum. 1.6).
Tab6numa 1.6
Ty 2|y |pr=2VY|T2|p2=YDT2|P3=T = P2|PB =P1~P3
0 0 01 1 0 0 1 1
0 0 1(1 1 0 0 1 1
0 1 00O 0 0 1 1 0
01 110 0 0 1 1 0
1 0 01 1 0 0 0 0
1 0 1)1 1 1 1 1 1
1 1 010 1 0 1 1 1
1 1 110 1 1 0 0 0

CpaBuuBass TabmuILI QYHKIAA Qg U (g3, BUOUM, YTO Qg 7 Q5.
Suauut, hopmyisl A 1 B HESKBUBAJIEHTHEI.

[Ipumep 11. Ucnonb3yst OCHOBHBIE S9KBUBAJIEHTHOCTH (CM. II. 3 TIOCJIE
sagaun 1.20), yCTaHOBUTH SKBUBAJIEHTHOCTH (HOPMYII

A=(z1y) > @z > (T|(y~2)V(EZTS2))
B=(z—-y)l(zl(yz)) Vyz

Pemenwne. IIpumenss ocHOBHBIE SKBUBAaJIEHTHOCTHY 8, B), 9,a) 1 9,6),

nonmyuaeM A=z VyVIzV (T(y ~2)V (Ty @ 2)). Ucnonssys 3arem oc-
HOBHBLIE DKBUBAJIEHTHOCTH 7,1), 4,a), 8,0) u 8,a), umeem A = (zV7y)V
VzVZ)V((zV(y®2)V((ZVY)ZVTyz)). Hdanee npumeHseM OCHOB-
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HbIEe SKBUBAJIEHTHOCTU 2, 7,B), 7,1), 1,3 u8,a): A =xVyVZVyzVyzV
VZIZV Yz V xyz. Hakonelr, BOCIOIB30BABIINCEH TPABUIIOM MIOTJIOIIEHNS 5, ),
IpuxonuM K cooTHomennio A = x Vi V Z. IIpeobpasyem Temepsb K TAKOMY

xe Buny u dopmyiy B. Umeem B = (TVy)zrVyzVyVZ (3mecy Obuin
UCIIOIb30BaHbl OCHOBHBIE SKBUBAJIEHTHOCTH 8,B), 9,a), 9,6) u 4,a)). Ha-
nee, IPUMEHSIsT OCHOBHBIE SKBUBAJIEHTHOCTHU 4,a), 7,1n) u 4,06), momyuaem
B=zyVaVyzVyVZ COOMOIIBIO 3aKOHA MOTJIOIIEHNS 5, &) TOCIIEeIHEe
BBIpaKeHUe peobpa3yeTcs K TakoMy: VY V Z. TeM caMbIM SKBUBAJIEHT-
HOCTDL dopmyn 2 u B mokaszana.

1.8. BoisgcHUTB, Kakye 13 HUXEMPUBOAUMEIX BBIPAXKEHUN SBIISIOTC
dbopMmyamMu HAI MHOXECTBOM Jjiormueckux cBs3ok S = {1, &, V, &, ~,
—}. IlpoBepuThb, MOXKHO Il HEKOTODBIE U3 IPUBEICHHBIX HIKE BEIPAKEHUI
(n xaxume), He gBIAONITECS HOPMYIIAMEU HAM S, TPEBPATUTHL B (DOPMYIIHL,
no0aBIsIs CKOOKM:

Daz—z 2)zV(y) 3z (&y); 4) (@Vy) = (2 (12));

b) (z <+ y); 6) (z&)1z; 7) (x®(2); 8) Uz — ((W z) & y));

9) (. ~y)y; 10) ((z = (Ty)) ~ ((@V(y&z))@y)); 11) (Tz = y);

12) ((z& (1z))V(zd (x = ) V(T x)).

1.9. Boiscuuts, sBasercs imu Boipaxenue A GopMyron HaI MHOXKECT-
BoM ®. [IpoBepuTh, MOXHO 1, MOOABIISASI CKOOKM, 3aIIThIEC U TIEPEMEHHBIE
(He 06sI3aTENbHO BCE HTU 3HAKMU), NMPEBPATUTHL HEKOTOPLIE U3 MPUBEIEH-
HBIX HUXKE BHIpaXKeHuil (1 Kakue) B GOPMYIBI HAI COOTBETCTBYIOIUMU
MHOxecTBaMu P:

1) A=gW(fP (1, 2)), &={f®, gV}

) A=yl @ = (), o)

) A= (e @), = {1, g0

4 4= 1O ay), 1K), @ ={L £ g o),

5) 4= 926, v, [0(2). f0) B2 (F0, o), ),
)

6) A= hM(F®) (g )(w, A (), A (y ))),
= {0’ @ g pM o1,
7) A=h2 (e (1), (2, M (2))), ={1, 2, g?, M, w(l)},
8) A = g1, ¢ (z, KD (, 1) ))
o = {1, g, BV, p@}; @}
9) A =g R, o2, z, fD(x)),
10) A= hV(z, o (z, M), &={1, fV, D), o},
1.10. Brmucars Bce mondopMyiibl GopMyiibl A Ham MHOXeCTBOM P:
DA=((z~y) =y = (@Vz), &={1,V,~ =}
2) A=((z&y) &)@ (Tz)BY)V2), @={1, &, V,® =}
3) A= fP (g, x), h®(z, 1, oM (g (z, z)))),
d={1, 2, @ g2 pG) (p(l)};
4) A =g MR, ), (1, y, gH (1)), g (),
¢ = {1, f®, g0, (1, 0), (1, O, O)},

cMBOJIOM L] yKa3aHBI «IIyCTHIE> MECTA;
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5) A= P (g = y), W (&y), &={/P, [, 1V},
rre £2(0,0)=¢V@O >0 = £2@, 0) =rW(O&0O) (3mech cum-
BOJIOM L] yKa3zaHBI Te «IyCThIe» MeCTa, KOTOPhbIE XapaKTEPU3yIT «ap-
HOCTB> COOTBGTCTBYIOH_[I/IX JIOTNMYECKUX CBﬂBOK).

1.11. BeracHuTD, CKOTBKUMHE CIIOCOOAMY MOXHO PACCTABUTH CKOOKU B
BeIpaxkeHnyn A, 4TOOBI BCAKUI Pa3 MoJIydaaach GOPMYJIIa Hal MHOXECTBOM
noruueckux cBsizok {1, &, V, &, —, |}, ecnn:

WA=Tzdy—z 2)A=zx—zxlz—

) A=2xVy& 1z lz, 4 A=TzcdTy— 1z

5)A=112)177y; 6) A=xzV1ySzdzlx.

1.12. Cuaoscnocmpio opmyabt HAL MHOXKECTBOM cBs3ok J = {1, &,
V, ®, ~, —,|, 4} HazoBeM uucio cBsi30k B Helt. WHIyKIMER MO CIOKHOCTH
bOpMyNIBI MOKa3aTh, YTO B (GOpPMYyJIE:

1) HEHYJIEBOW CIIOKHOCTY CONEPKUTCS XOTsI ObI OMHA MAaPa CKOOOK;

2) 4MCITO JEBBIX CKOOOK PABHO UUCIIY MPABBIX CKOOOK;

3) HET OBYX CBS30K, CTOSAIIAX PAIOM;

4) HET OBYX CUMBOJIOB IIEPEMEHHBIX, CTOSIIUX PSIOM.

1.13. Undexcom ceazxu 6 hopmyse HA30BEM PASHOCTH MEXIY UMCIIOM
JIEBBIX CKOOOK, TPEMIIECTBYIOININX PACCMATPUBAEMON CBSI3KE B IAHHON
dbopMyIie, 1 YUCIOM IIPABBIX CKOOOK, IIPENIIECTBYIOIINX 3TOK cBsi3Ke. Ilo-
Ka3aTh, UYTO BCIKas GOPMYJa HEHYJIEBOU CIIOXHOCTU HAJl MHOXECTBOM O
(CM. TIPEOBIAYIYIO 330349y ):

1) comep:KuUT eNUHCTBEHHYIO CBSI3KY WHIEKCA 1;

2) eMUHCTBEHHBIM OOpPA30M IPEIACTABIISETCS B KAKOM-HUOYIb OTHOM
m3 BumoB (12), (A&B), (AVB), AeB), (A~B), (A—-B),
(2] B), (AL DB), roe A u B — dopmynsl HaL MHOKECTBOM &.

1.14. Paccmorpum 6ecckobounyro (noavekyo) 3anucy GHOPMYI HAI
MHOXKecTBOM cBs130K & = {1, &, V, &, ~, —, |, 1}: Bmecto (12), (z&y),
(zVy), (zy), (z~y), (x—y), (zly), (zly) 6ynem mucars 1z,
&xy, Vay, dxy, ~zy, —xy, |zy, | xy. CoorBercTByoomum 06-
pPa3oM 3anUCHIBAIOTCA U Oojiee CHOXKHBIE (HOPMYHIBI; HampuMep, GopMy-
ma (((Tz) - y)&(1(z | x))) B Becckobounon 3amucu OymeT MMETb BUI
& — Txzy 1 zz. HokasaTb, 4TO €CiM KaXKOyI0 U3 CBA3OK &, V, @, ~,
—, |, { omennts umciom +1, cBs3ky 1 — umcnoMm 0, a KaXIbIil CHMBOJI
epeMeHHON — 4YucjaoM —1, To B 0eCCKOOOUYHON 3alucu MPOU3BOJILHOE
BeIpaxenne A mam mHOXecTBOM & 6ymer GOpPMYINIOR TOTHOA U TOJIBLKO
TOr[a, KOrAa CYMMa, OIIEHOK BCEX BXOXKICHMIT CUMBOJIOB B A paBHa —1 u B
KaxXkIOM COOCTBEHHOM HAUAJILHOM OTPE3Ke Bhipaxenus A (T.e. B HemycToM
U OTIIMYHOM OT BCEro A) 5Ta cymMMa HEOTPUIIATETBHA.

1.15. IlocTpouTh muarpamMmy, XapakKTepPU3yIOIIyi0 CTpoeHue hopMy-
ael A Ham MHOXecTBOM P:
D A=(1z—=y))e(zV &) ly)),
¢={1, &,V,d, =, 1}
2)A=(((z =y) = (1= |y) = (z]2)) = ((Ty) = 2)),
¢ = {—la -, ’}7
JA=((((rey)or)ey)oz)0(z@2), *={0}
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HDA=(((zdy) wlz) 2l (@]2), e={1}
5) A= fO (g (fH(z), B (gP(z, fD(y)), (),
b= {1 4@ B
6) A= fOgM(fO(z, z, ), B (z, gV (fO (=, y, ¥))), v),
B = {f®, g B,
A=z = (1y) = 2), gV ((z@y) = 2)),
& = {f®, g1, 1, 5, @}.

1.16. BoccTaHoBUTH GOPMYIILI IO AuarpaMMaMm u3 puc. 1.3.

Puc. 1.3
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1.17. Iloctpouth Tabmuilbl QYHKIIAN, PEATU3YEMBIX CJIEOYIONIIMEI
dopmynmaMu Ham MHOXeCTBOM cBsi3ok & = {1, &,V, &, ~, =, |, |}:
D((z=9)VEez) (ylz); 2) (@ yi@ly)—>(=-—=>7);
@~y VEH—=22)l(z@2)Vy); T2y ((z = 2) ~y) 2
5) (V) = (1Y) |2)ly; 6)(z~y) > @T 22y =T 2
N(zlyl2)|z)ly; 8 (z—=y)o(z—y-2)|(zly)

1.18. Ilo dyukmuam f(z1, 2) m g(r1, T3), 3a0AHHBIM BEKTODPHO,
IIOCTPOUTH BEKTOPHOE IpencTapiacHne GyHKInn h:
1) ay = (0010), a4, = (1000), h(z1, z2, z3) = f(z1, 3) & g(z2, T1);
2) ay = (0100), a4 = (1101),
Mz, x2) = f(21, g(22, 1)) V g(z2, f(z1, 21));
3) ay = (1001), a, = (1110),
h(z1, 2, T3, Ta) = f(21, 23) ® g(z2, f(21, T4)),
st dyskmuy h moctpouTsb u Tabmuny s o (h);
4) ay = (0110), ay = (1011), h(z1, x2, 3) = f(9(z1, 23), f(Z2, 21));
5) &y = (1101), &, = (0111),
Mz, 2) = f(g(21, 22), 22) = g(@2, [(22, 21));
6) ay = (1000), a, = (0110), h(z1, z2, T3, T4) =
= f(@1, f(22, 1)) V g(f (21, 22), g(21, 23))) ® f(9(z3, T4), [(22, 22)),
st dyskmun h moctpouts u Tabmuny Il o (h).
1.19. IlocTpouB TabaUIIBEI COOTBETCTBYIOIIUX (DYHKIINN, BHISICHUTD,
SKBUBAJICHTHBI 111 popmynsl A u B:
DA=(z—-y)d((y—>2) —>zy), B=y z—z;
A=Vl ET >y —2), B=y-—(zVa)
NA=z—>((y—=2)2y-2), B=Vy—=2) (20y);
HNA=(zly)Ve~2)|(zdy-2), B=T-(y-2)Vz— z
)A=((zVy)-Zz—=((z~7z)a7) (zdy)- 2),
B=(r—oyz)&r—y;

6) A=(ZTVy) = ((y|2) = (z~z-2), B=zyV(rx— xy = 2);
NA=(|9) = (yiz2) > (@82), B=z-(y-2)& (T 2);
8)B=(((z|y)12) [y )T~ 2),
B=>z|y)lWl|z) (z—=(y—2)
NA=(z-y—=2)V(zly)l2),
B=((r—y 2)@@~y)V(y—>z-2);

A=zxdy-z2-yoxz-2-Tly), B=x-y—>(ylz)Ve-z-2.

1.20. IlocTpowB Tabnumbl IS COOTBETCTBYIOMIUX (QYHKIUHN, yOe-
MUTHCS B CIPABENJIUBOCTHU CIIEMYIOIINX SKBUBAJIEHTHOCTEN:

Dzvy=(@—=y) =y 2)e~y=(@ -2y &(y—);

zly=(lz)|Wly)|(=]|z)]|yly);
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HhaV(y~z)=(@Vy) ~(@V2)
z&(y~z)=((z&y) ~ (z&2)) ~ z;

)
)
;w—>(y~z)=($—>y)~(w—m);
)

oy Ot

NzxzV(y—2z)=(xVy) — (zV2);
8)z&(y—2)=(x—>y) — (z&2);
Nz—->wVz)=(x—y V(zr—>2);
10)z = (y&z)=(x = y) & (z = 2);
Mz—=(y—>2)=&-—>y) — (xr—2).

ITpu onepupoBanuyu ¢ GyHKIUAMEI AJIreOPHI JOTUKY OBIBAIOT IOJIE3HLI
CIIEAYIOIINE SKBUBAJEHTHOCTHU (OOJIBITMHCTBO U3 HUX HA3BLIBAIOT OOBLIYHO
0CHOBHBIMY IKEUBAAEHIMHOCTNAMY AIT€OPHL JIOTUKI).

1. oy = yox — KOMMYTATUBHOCTE CBI3KH ©, T CUMBOJI © SIBJISIETCS
obtrmM 0603HaUeHNeM IJist CBsI30K &, V, @, ~, |, |-

2. (xoy)oz =xo(yoz) — acCONUATUBHOCTH CBA3KKU ©, I'Ile © — 0O-
1rtee 0603HAUEHHUE IS CBA30K & , V, @, ~.

3.a) z& (yVz)=(2&y)V (z & 2) — nucTpubyTUBHOCTH KOHBIOHK-
U7 OTHOCUTENBHO NU3BIOHKIIAN;

6) xV(y&z)=(xVy)&(zV 2z) — nucTpuby TUBHOCTH NU3BIOHKIIAN
OTHOCHUTEIILHO KOHBIOHKIINN;

B) z& (y®2) = (2 &y) & (¢ & z) — nucTpuby TUBHOCTH KOHBIOHKI[IN
OTHOCHUTENBHO ClIOXeHus 1o mod 2.

4.a)x&y=TVY, 6)xzVy=T&y (upaBuia ne Moprana).
5.a) zV(z&y)=2; 06)x&(zVy)=2z (IpaBuia MOTJIOIICHNS).
6.a)zV (T&y)=xVy, 06) z&(TVy) =z&y.
7T.a)2&T=2&0=2& 2 = 0;

6) cVTI=zVli=z~z=x—1z=1;
B)zVex=z&r=z&1=2zV0=260=uz
rNez@l=z—-0=z~0=z|z=2lx=7; 0 z=m=zx
8.a)r @y =(z&y)V (T&y) =(zVy&(TVY);
6)r~y=z0y=(x&y)V @&y =(xVy)&@Vy);

Bz —>y=2ZVy=((z&y) ®dz)d1.

9.2)z |y=2&y=2VYy;, 6)zly=csVy==2-7.

B cnpaBennuBoCcTU 5TUX SKBUBAJEHTHOCTEN MOXHO YOEMUTHCS Ty TEM
MOCTPOeHU TAbIUIl COOTBETCTBYIOIINX UM (DYHKIIUN.

1.21. Ucmonb3ys npuBefeHHbIE BhIle (OCHOBHBIE) SKBUBAJIEHTHOCTHU U
cooTHoIeHus u3 3anaan 1.20, moka3aTh SKBUBAJICHTHOCTD popmyt A u B:

DA=FT —=y) > T -y~ @dy), B=(@T y—z) =Y
2)A=(z-yV(T = y-2))~(T—=7) = 2), B=(r—=>y o(yd=2);
NA=(xdy-2)>T—>WY—2), B=zx—((y—2) > ),
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HYA=F =T = (x~2) (@~ —= (VI -=y)),

B=(x—(y—2)—x;
B)A=@Vy-2) = (z2>y) = ((yVz)—27T),
B=(z—-y) > ([ —7T);
6)A=(z-yVZT-2)®(y—>2) =Ty, B=( T 2Dy ®z;
NA=z—=> (T 72 T-Z2—>y) >y -2z, B=zx-(y—2);
8) A= )= (rt—=2)V(edy-2), B=z~(2—-y);
) A

~Y
V7-2)- (T =7 2) (= (y~2)),
B=((z2y)~y—=>(@—=2))0z (y-2)
10)A=(xVy) my-2)V(y—>z-2)V(r— (T— 2)),
B=(zx—>y)Vz.
1.22. Brimucats Bce OyneBbl QYHKIUU, 3aBUCIIIAE TOJIBKO OT IIe-
DEMEHHBIX W3 MHOXECTBA {Z, Yy} ¥ SBISIONINECS CYNEPIO3UIASIMUA HAI
MHOXECTBOM P:
].) P = {Ul — Uso, U7 - ’UQ}; 2) P = {Ul ~ Uz, U \/’U,z};
3) P={u1 ®us, ug ®1}; 4) P={(uy1 Vuz) > uy-us};
5) P={u1 Vus-us, ug ®us}; 6) P={us-us, u; ®us dus};
7) P={uy -usVuy-usVus- us, u-(u2Vus)}
1.23. Taybumna dopmyavr A wnad mmomcecmseom P (obozuaue-
uue depg (2l)) ompemensercs no MHIYKIWK:
(a) ecnz A — cumBon nepemenHo win 0-MeCTHBIN GYyHKIMOHAIBHBIIA
cuMBoiI, TO depg(2A) = 0;
(6) ecmm A = fFM(Ay, ..., A,),rme n>1 1 F € &, 10 depg (A) =
= max depg(A;) + 1.

1<isn

BoiscHuTh, BEpHO 7, UYTO yKa3aHHAs HIXe dopMmyiia 2 mMeeT MUHU-
MaJIbHO BO3MOXKHYIO TyIyOuHy cpenu ¢hopMmyn Han MHOXecTBOM P, peasu-
3ytomux GYHKIUO f:

NA=(@->yoy)oy, f=z~y, o={6, -k
2)_A=z~(y~(=xVy)), f=z-y, P={V,~}
NA=(z|z)|(z]y)ly), f=zvy, &={|}h

)

)

HNA=z-7, f=z—y, @={1, &}

SHYA=(x—>y) »y—z, f=zy, &={7,-}

6) A=((z—y) 2y ~(@@~y), f=zy S={~ -k

NA=(zlz) L ylyl(ziz)iyly), f=z|y, &={}

) A=((z=y) - (y—=2) (z—>2), f=@E@VyVz)—sz-y- 2
¢ ={&,—};

NA=(z—y) > (x—=0)y, f=zy, &={0,—, &);

0)A=(z—=2) -y - (z=>W—2x), [f=z-yVr-ZVy-Z,
d={&, —}.
1.24. 1) IIyctb GyneBa dyukius f(x, y) ymIOBIETBOPSET COOTHOIIIE-

wmio  f(f(z, f(y, 2)), f(f(z,y), f(z, 2))) = 1. Ilokasare, uro TOrIA
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CIIpaBE€OJINBEL CJICOYIOIIINE SKBUBAJICHTHOCTHN!

a) f(x, ) =1; 6) f(z, fy, x)) =1;

B) f(f(f(z, ), f(z,2)), flz, fly, 2)) =1;

r) f(f(z,y), f(f(z, f(y, 2)), f(z,2))) =1

n) f(f(z, f(y, 2)), fly, f(z, 2))) =1

2) BbISCHUTH, BBITEKAIOT JIM SKBUBAJIEHTHOCTHU 0), B) U T) U3 I).

4. JIBoumcTBeHHBble GyHKINKU. IIpuHINMIO ABONCTBEHHOCTMH.
[lycts f(x1, ..., T,) — nOpousBOJbHas OyiieBa (DYHKIUA, 3aBUCAIIASL

or n > 1 nepemennbix. ®yukiusa f(Tq, ..., Tp), o003HAUaeMas OOLIU-
Ho f* (:1;1, vy Tp) (uwmm, mompoGree, [f(z1,...,%y)]"), Ha3bBaeTCs
deoticmeennoti (x) Pywxyuu f(x1, ..., £,). lIpu n =0 nomararoT (mo
ompenesenuo), 9ro pyuknusa 0 nBoiicTBenHa 1, a 1 neoiicreenna 0. Ecin
byuknust f(Z™) coBmamaer ¢ GyHKIUEN, KOTOpas MBONCTBEHHA, €l T.e.
¢ f*(z™), To ona HasBIBaETCA Camodsoticmeennoti. CaMOMBONCTBEHHBIMY
SABIISIIOTCS, HApUMep, GyHKuu ¢, T u - @ (y & 2).

Cupapenyus CIEOYIOLMMI NPUHyun 060ticmeennocmu.

Ecnu ¢yuknus f peamumsyercs dopmymmonn 2, MMEOEl CTPOEHUEe

C[f1, ..., fs], To mBoiicTBenHas eit pyukuws f* peanusyercss dopmy-
go 2A*, mMmeromierr Takoe xe cTpoeHme, kKak u ¢opmymnaa A, u A* =
= C[ff, ..., fX]; B wacTtHOCTH, eciim A = @((pgnl), e cp,(f‘")), To A* =
— ([ "1)]* ny)1*

=" ([0"™] s [or]).

[Ipumep 12. C wucmonb3oBaHWEM IPUHIINANY MBOMCTBEHHOCTU IIO-
CTPOUTHh (POPMYJILy, pealmu3yiollyio (QyHKIINIO, OBOMCTBEHHYIO (HYHKIIAN
f=@E@Vv(@=y)VyzV (T|ylZz). Honyuennyo bopMyly 10 BO3MOXK-
HOCTY YIPOCTUTh.

Pemenwue. Tak xak (zVy) " =z-y, 1"=0, (x 2 y)* =T —>7y=

=zVy=T-y, (z-y)"=zVy, @) =7, |y =zlyn(zly)’=
=z |y, o f*=(z0y)(yVZ)(ZT|y|z). pumenss koOMMyTaTUBHLIN 1
ACCOLIMATUBHBIN 3aKOHBI IJIs KOHBIOHKIIMM, & TaKXe SKBUBAJIEHTHOC-
m 0=1, 1-z2=2, z-o=x, T=x, vly=Z-Yu z|y=TVTY,

nonydaeM f*=z-y-(yVZ2Z)-Z-ylz=xz-y-(yvV2)&z(Vz) =z -y-
(yVZ) - (yVz). PackpeiBas CKOOKM B MOCIETHEM BLIDAXKEHUM U WC-
TOJIB3Ys DKBUBAJEHTHOCTU T -z =2, £-2 =0, 2-0=0u zV0 =z,
umeeM f*=z-y-(y-yVy-2VZ-YVZ-2)=zxyz.

1.25. Ucnonb3ys HemOCPenCTBEHHO ONpenesieHne IBONCTBEHHOCTH OY-
JIEBBIX (DYHKIIU, & TaKXKe OCHOBHBLIE YKBUBAJEHTHOCTU U COOTHOIIIEHUS
n3 3amaun 1.20, BBISCHUTH, SABIAETCS M (QPYHKIUS ¢ MBONCTBEHHOU K

dyukIIM f:
) f=z0y, g=z~y; 2)f=zly, g=zly;
) f=x—=y, g=7-y;
HVf=F->y->W—2), g=@—>y) T—7);
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3
7

) f=2@yd2z, g=20y®z 6)f=z-yVz, g=z-(yV2);
=2y ®x20yz, g=xyVrzVyz;

) f=z-y—=2, g=T-F-2
)
0

© oo

=(xVyVz)-tVr-y-z, g=(@xVyVz) -tVz-y-z;

10) f=zyVyzVztVitr, g=1xzVuyt;

11) f=(zVy) = (z@1), g=(z]y) (z~1);

12) f=(x—=y)-(z=1), g=@—=>2) (@26 -T2 -F1).

Sameuanue. Eciu dynkuus 3amana B TaOIUYHON W BEKTOPHON
dbopme, TO mpu NOCTPOEHUU (PYHKIUU, OBOUCTBEHHOU €U, yOOOHO ObIBa-
€T UCIOJIB30BATH TOT (PAKT, YTO HA MPOTUBOMOIIOKHBIX HAOOpaxX IBOUCT-
BEHHbIE (DYHKIIMU OPUHUMAIOT IPOTUBONOJIOXKHBIE 3HAUEHUS, T.€. €CJU

f=Ff@, .. mn) mg=f(@"), 10 gV1s -+, V) = f(115 -+, Tn) TIDH
mobom Habope (Y1, -- -, Yn). B wacTHOCTH, eciiu GyHKIUA f 3a0aHA BEK-
TopoM &f = (@, Q1, ..., Qgn_g,Q2n_1), TO QYHKIUS f* 3a0a6TCSI BEKTO-
poM <azn_1,agn_2, ceey al,a()).

1.26. IIycts A — dopmyna mam muoxkectBom S ={0,1, 1, &, V,
®, ~, |, >}. Popmyna 2A* Ham TeM ke MHOXECTBOM S HAa3LIBAETCS
deoticmeennoti (k) dopmyase A, ecniu oHa mosyuaercs u3 2 3aMeHON
KaXKJIOTO BXOXIeHWs omHoro cumbosa u3 map (0, 1), (&, V), (&, ~),
(|, }) Ha opyroi cumMBOII M3 TOR XKe MAPHL.

1) HokaszaTb, uTo eciu GyHkuus f peamusyercs dopmynon 2 Han
MHOXECTBOM S, TO MBOWCTBEHHAas el ¢yukuus f* peamusyercs Ghopmy-
noit A* (moxazaTeabCTBO MPOBECTU OBYMsI CHOCODAME: &) HEIOCPENCT-
BEHHO, MCIIONL3Ys MHAYKIMIO IO «CIIOXKHOCTU (HOPMYJILL>, T.€. IO YKUCILY
BXOXIIEHWII B HEE CUMBOJIOB U3 MHOXECTBa S; 6) NpUMEHss MPUHIIAI
IBOVICTBEHHOCTH).

2) IlokasaTe, uto eciu dopmyisl A u B (Ham MHOXKECTBOM S) HKBU-
BAJIEHTHHI, TO SKBUBAJICHTHBI Takke GopMyssl A* u B*.

1.27. C ucnonb3oBaHueM MPUHIAINS IBONCTBEHHOCTH IIOCTPOUTE GOP-
MyJIly, Peau3yIoIlyio (QyHKIINIO, OBOUCTBEHHYIO K (yHknuu f, u ybOe-
OIUTHLCSI B TOM, 9TO MOJIyYeHHas (OpMyia SKBUBAJCHTHa (opMmyie 2A:

)f=z-1Vy-(zv0)VT-7-Z, A=z-(y® 2);

2)f=@lyo(z|yl@~y-2), A=z-JVT-yVy-z;
) f=@VvyV(y-zedl)lz, ~A=xVyVZ

) f=x-yVy-ZVy-z, JA=x-T-ZVy-z;

) f=(z—-y)Ve)-(y-z—>(28y-2), A=(rYy) 2

6) f=(((zvyV(y-z~1)8l)=0)|y, A=z 2Vy;

N f=@VyVvz)=>(z-y~(@dy-2), A=(@~2) 7

8) f=z-yVy-zVz-t, A=x-2Vz-yVy-t;

9) f=(@&VyVzZ)-tVT-y-z, Ql:(f\/y\/z) tVIT-y-Z;

10) f=@-(y-2V0)~({t-1VT-y)Vy-t, A==V (281))- 7.
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5. DuKTUBHBIE U CYIIIECTBEHHBIE IIepeMeHHbIe. OTOX IecTBIIe-
HUe mepeMeHHbIX y OysneBbix @yHkiwmia. [lepemennas x; (1 <i < n)
byskumn  f(x1, ..., Ti—1,Ti, Tit1, - - -, Tp) HABBIBAETCI CYUECTNEEHHOTU,

eciIy MOXKHO yKa3aTh Takume Habopbl a u [3, cocemHme IO 4-U KOMIIO-
wente (T.e. @ = (a1, ..., i—1,0,541, ..., ap) U B = (a1, ..., aj_1,1,

Qit1, -+, Qp)), 9TO f(a) # f(B). B nporuBHOM ciiyuae mepemMeHHAs I;
HA3BIBACTCA (Purkmuenots (WM necyuecmeennot) TepeMeHHON (YHK-
i f(Z1, ..., Ti—1, Tiy Tit1, - -+, Tpn). JBe yukmum f(Z") u g(y™) Ha-
3BIBAIOTCS PAGHbIMU, €CIIM MHOXKECTBA WX CYIIECTBEHHBIX ME€PEMEHHBIX
COBITQNAIOT U HA JTIOOBIX OBYX Habopax a™ u (3", pasnmuyaiormmuxcs, ObITh

MOXET, TOJIBKO 3HAUEHMNAMHU HECYILICCTBCHHBIX IICPCMCHHBIX, 3HAYCHUA

dbyuknuuii onuHakoBwl: f(a”™) = g(6™). Ecmu f(z™) u g(y™) — paBHbIe
GYHKIIUU, TO OMHY U3 HUX MOXKHO MOJIYYUTDH U3 APYTOi myTeM m06aBIIeHUsI
U/ u3bSTUS PUKTUBHBIX [IEDEMEHHBIX.

[Iycts 1 <41 <2 < ...<ir <n. PoBopsar, uro gynkyus p(xq, ...
ey Tig =1, Ty Tig 41y -« 5 Tig—15 Tighls -« -5 Tig—15 Tip£1, - -+, Tn) NOAYUE-
na w3z Pywxyuu f(T") nymem omorcdecmsaACHUT NEPEMENHBIT Tj,,
Tiyy -+ L, €CIN (Q SBISETCS PE3YILTATOM IIOICTAHOBKY ITEPEMEHHON T
B ¢yukuuio [ Ha MecTa NEePEMEHHBIX T; , Ti,, --., Tj, .- B KadecTBe &
MOXHO B3Th JTII00YI0 TIEPEMEHHYI0, He BXOMAIIYI0 B MHOXeCcTBO X "\{z;,,
Ligy v ey ZEZ,C}

[Tpumep 13. llepeuucnuTh Bce CyIECTBEHHBIE U (PUKTUBHBIE TEepe-
merHbIe byakmmz f(Z*) = (1100001111000011).

Pemenue. CpapuuBas 3HaueHns QYHKINKM HA BCEX MMapax HAOOPOB,
COCEMHUX TIO IEPEMEHHON X4, BULUM, UTO

f(0,0,0,0)=f(0,0,0,1) = f(0, 1, 1,0) = f(0, 1, 1,1) =

= f(1,0,0,0) = f(1,0,0,1) = f(1,1,1,0) = f(1, 1,1, 1) = 1,
£(0,0,1,0) = f(0,0,1,1) = £(0, 1,0, 0) = £(0, 1, 0, 1)

— £(1,0,1,0) = f(1,0,1,1) = f(1,1,0,0) = f(1,1, 0, 1) = 0,
T.e. f(x1, 22, 3, 0) = f(21, 2, 3, 1). CrenoBaTenbHO, IEPEMEHHAS T4
dukTuHasg. [amee, Tak kak f(0,0,0,0)=1, a f(0,0,1,0)=0
u f(0,1,0,0) =0, To mepemeHHBIE T3 U Ty CyllecTBeHHbE. Hakower,
npuHrMas BO BHuMaHwme coorHomenus f(0, za, 3, £4) = (11000011) =
= f(1, z2, x3, x4), 3aKiIOUAEM, YTO MEpeMeHHas ¥ GuKkTuBHAs. MTak,

y dyukmum f(z*) mepemensble 71 m T4 GUKTUBHLIC, a TEPEMEHHEBIE To
u 13 cymectsernsie. (HeTpymuo ybenurhesa B ToM, ato f(T %) = 20 ~ 23.)

[Tpumep 14. llepeuncnuth Bce GUKTUBHBIE U CYIIIECTBEHHBIE TEpe-
vmenHEIe  byEKmmE  f(Z4) = ((21T2 V 23) ~ (Trzg V 22T3)) — (22 @
Dzs)Vas)| (Tr- (T2 = (3 DTa)))).

Pemenne. Ilnsa perrenns maHHON 331a4YU MOXKHO IEACTBOBATH TaK
K€, KaK IpU PEIIeHn IPEeNbIOyIel, T.e. CPDABHUBATHL 3HAUYEHUS (yHK-
UM HA I[apaxX COCENHUX HAOOPOB, YTOOBI BHIACHUTL, COBIANAIOT WIIN
HET COOTBeTCTBYyIoNme mondynkimu byuknun f(Z*) (u6o mepemennas z;

QUKTMBHA TOTA U TONLKO TOrna, korga fi'(z*) = f{(z*)). Onmako npu

3 I'.II. T'aBpusio, A. A. CanoxeHkKo



34 I'a. I. Cnocobul 3adanud u ceoticmea Pyrwkyuti aseeOpovl 402uKy

3amaHuM OyJieBo (QYHKIIMU B «AHAJUTUIECKON (OpMes IS BBISCHEHUS
TOrO, KaKWe MEPEMEHHBIE y Hee CYIIECTBEHHBbIE (a KakKue (PUKTUBHBIE),
MHOT1a OLIBAET IOJIE3HO MPeoOpPa3oBaTh MCXOMHOE BHIPAXKEHWE K HEKOTO-
pOMY CIIENMAJILHOMY BUAY, HAIIPUMEP K COBEPIIEHHOU MM3BIOHKTUBHON
HOPMAaJIbHOM dopme mim nosuuHoMy 2Keramkwsa (cMm. § 2, mm. 2 u 3).
OxasbiBaeTcs, UTO mepeMeHHas ¢; Gyukuuu f(Z") aBiseTcs GUKTUBHON
TOTZIA M TOJILKO TOTHa, KOTIA:

1) B coBepiieHHON 1. H.d. 5TON GYHKIUKA BMECTE C KAXKIOW HIIEMEH-
TapHOI KOHBIOHKIZEH Buna ;' K COmNepXKUTCS U HIeMEeHTaPHAS KOHBIOHK-

nus z;' K (cMm. 3amaqy 2.16) unn

2) B monmuuaOMe 2KerajkuHa, peajm3yoneM 5Ty (QYHKINIO, MepeMeH-
Hasl T; OTCyTCTBYET.

Ins pemenus chOpMYIUPOBAHHON 330aUld MBI CHAYaJja IIpeodpas3y-
eM (C IOMOIIBIO OCHOBHBIX SKBUBAJIEHTHOCTEN) UCXOMHOE AHAJIMTUIECKOE
samanue dyukuuu f(T 4) K IOCTATOYHO TPOCTOM MOU3BIOHKTUBHOU HOP-
MaJIbHOI (popMme (cMm. § 2, m. 2), a 3aTeM, MOACTABIAA HA MECTa COOT-
BETCTBYIOMINX IepeMeHHbIX () m 1, momydumM HyXHBIE HaM TOODYHKINA
dyukmun f(Z*) u cpaBHEM UX Mexmy coBOil.

CrauaJa BOCIONIb3yEeMCS SKBUBAJICHTHOCTAMUA & — §y =TV Y, T = T,
r~y=z@y u x|y=TVYy. [omyuaem

f(Z*) = ((£1T2 V x3) ® (T1Ta V 22T3)) V
V (232 D 5174) VI3V 7T (5152 V (.CB3 6954)).

Hamee mpuMeHseM SKBUBAJEHTHOCTH

r®Yy=rYVvry, rVy=1T-'Yy TBY=r~Yy=2YyVvIY,

OTo MNpUBOOANT HaC K TAKOMY COOTHOIIIECHHUIO:

f(%él) = (:1;1@ V 3(33)71:134 V LU2§3 V xlfz V 1173(71334 V :Ezfg) V

V (51725174 \/fgf4)f3 V z1 \/Tg(fl?g,le \% T3ZL’4).

Tak Kak T1Z4 V T2T3 = T1X4 + ToT3 = (371 \% 54) . (fz V 5173) n r1ZTo VI3 =
= 1175 - T3 = (T1 V 12)T3, TO U3 HOCIENHEro BeIpaxkenus mis f (T 4) moce
PACKPBITHSI CKOOOK oIy IaeM GOpMyITy

mlfz \% $1T2£L‘3 V $1T2$4 V 331T2$3T4 \% £E'1$2§3 \%
V 123V ZTox3T4 V T3Ta V T1T3L4 V T1T2T3 V T1X2T3Lg V
\% $2§3 \% 37273334 \% Tzfgf;} \% I V Tzwgle \% TQT3$4.

C momorpio mpasmia morsomenns AV AB = A sTa dhopmyna mMoxeT
OBITH TPeoOpPa30BaHa K CIJIEAYIOIEMY BUIY:

L1V xX3T4V ToTyVIT1T3L4 V ToT3Te V ToT3L4.

C ucnonb3oBaHmeM SKBUBAJIEHTHOCTEN VI =1 um -1 = r momydaem
f(%zl) =T V 33374 V 513273 V T17354 \ T2T3(74 V 2134) =

=21 VI3TaVT1T3T4V T3 (332 \% fg) =21 VI3TaV T1T324 V T3.
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Hakonen, npuMeHdas ellle pa3 IPaBWJIO HOLVIONICHUS U SKBUBAJICHTHOCTD
TYVET=TV7Y, umeem [(Z%) ==z, VZ3V Ty Orcioma cpasy cuemyer,
yTO MepeMeHHas I ¢ukTuBHasg. [amee, Tax xax f(0,0,1,1) =0, a
f(1,0,1,0) = f(0,0,0,1) = f(0,0, 1,0) =1, TOo ocTanbHbIEe TPU HEPE-
MeHHBIC y dymknun f(Z4) cymecrsennbe.

[Tpumep 15. BBIACHUTB, MOXHO JTN, OTOXKIECTBIISAI U TTEPEUMEHOBBI-
Bas mepeMeHHbIC B GyHKIMH f(Z%) = (21 V 22 V T3)T4 V T1ToTy, TOIY-
quTh GYHKUUO ¢1(Z1, T2) = 1 V 2 unu QyHKOUO ¢o(Z1, T2) = 1 | To.

Pemenue. Jlerko samerurs, uro f(0) =1 u f(1) = 0. Cnenosa-
TeNbHO, BCAKas GYHKINA, KOTopas HonmyuaeTcs u3 byuknun f(Z*) myrem
OTOXIECTBIICHUS W IIEPEMMEHOBAHUS IePEMEHHLIX, Ha HyJeBOM Habope
paBHa 1, a Ha emuamaEOoM — (. B TO X)e Bpema gyHKIuA g1(Z2) sToMy
ycmoBuio He ynoenersopsietT (g1(0, 0) =0 u g1(1, 1) = 1). 3uaunr, dyHk-
o g U3 GyHKIuM f ONMCAHHBIM BHIIIE CIOCOOOM IIOCTPOUTH HEINb3S.

Hamnee, xoTsa dyuknus g» Ha 0 paBua 1 m Ha 1 pasna 0, oTciona erre
HE CJIEOyeT, YTO €6 MOXKHO IMOJyuYuTh 13 GyHKIUM [, OTOXIOECTBIIAL U
[IEPEMEHOBLIBAs MTepEeMEHHbIE. UTOOLI BBISICHUTH, MOJIYyYAETCS WU HET
YKa3aHHLIM CIIOCOOOM 13 QYHKIUU f QYHKIUA g2, MOXKHO, €CTECTBEHHO,
nepebpaThb BCE BO3MOXHOCTHU IMOCTPOEHUS 13 GyHKIMM f OBYMECTHBLIX
GyHKIME (C TOMOIIBIO OTOXIECTBIICHUS U TIEPENMEHOBAHUSI TIEPEMEHHBIX )
U CPaBHUTL IOJIyYeHHLIe QYHKIUKM C DYHKIUMER ¢o. Ilpm sTOM HyXHO
Oymer pacCcMOTPETh CEeMb BapUAHTOB: 1) X1 = Ts = T3 =T, T4 =Y;
2) T1=To =Ty =T, T3=Y; 3) T1=T3 =4 =&, T2 =Y; 4) T2=
=T3=T4 =T, T1 =Y, 5) 1 =22 =T, 3 =T4 =Y, 6) r1 =3 =72,
To=x4=y; 7)1 =Tg =T, To = T3 =Y.

Takas mpouenypa HECKOJILKO yTOMUTEIbHA. MOXHO IOCTYIUTEL MHAYE.
[Ipenmnonoxum, 9TO0 PYHKINIO o YKA3AHHBIM IMyTeM U3 (GyHKIMU [ I10-
cTpouThb MOXHO. M3 coortnommenuin g2(0, 1) = g2(1, 0) = 1 caenyer, uTo
NOMKHA CYIIeCTBOBATEH Mapa MPOTUBOMOJIOXHBIX HAOOPOB a = (a1, Qia,
ag, ag) u B = (Qy, @z, 3, A4), HA KOTOPBLIX HyHKIUA f obparaercs B 1,
T. €. pyHKIUII (,0(:151, T, T3, $4) = f(:l?l, To, T3, 2174) &f(fl, T2, T3, f4) HC
MOJIXKHA OBITH paBHA (.

Tor nabop (mob6oit), Ha KoTopoM byuknusa ¢(Z*) pasna 1 (ecimu ¢ Z
% 0), U OmpemesauT COOTBETCTBYIOIIEE OTOXKIECTBJIEHUE MEPEMEHHBIX.
Nmeem

@(53/4) = ((ml V Io V 53)74 V Tlfzle) . ((Tl \/Tz V $3)Q}4 \ $1$2T4) =
= 33156254(271 V zo V T3) \% flfgle(fl VZoV 2133) =T1T9T4 V T1T2T4.
Ouesunno, uTo (T *) pasma 1 Tomsko Ha Habopax (1, 1, 0, 0), (1, 1, 1, 0),

(0,0,0,1)u (0,0, 1, 1). B3ss, manpumep, uabop (1, 1, 0, 0), npuxonum
TAKOMY OTOXIECTBJICHUIO: L1 = Lo = & U X3 = L4 = Y; OHO HAET

flz, 2, y,y) =@V VYYVITYy =ayVyVry =Vy=1z|y.
Ha6Gop (1, 1, 1, 0) maeT OTOXIECTBIIEHUE X1 = Xy = L3 =T U T4 =Y U
(pyHKIIHIIO

flz,z,z,y) =(xVaVIT)YyVT-T-y=yVIy=TVy==2x|y.
3*
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Hpyrux OTOXAECTBIEHUA (C TOYHOCTBIO OO MEPEMMEHOBAHUS IIEPEMEH-
HBIX), MAIOMUX QYHKIUIO ¢go, HET. UTak, dyHKIuUio go(x1, T2) u3 GyHK-
muu  f(Z%) ¢ DOMOIBIO OTOXICCTBICHWA W ITICPEMMEHOBAHHUA Mepe-
MEHHBIX MOJIyYUTH MOXHO, & UMEHHO ¢>(%1, T2) = f(x1, 1, To, T2) =
= f(:??l, 1, I1, 332).

1.28. Yxa3aTh Bce QUKTUBHBIE TepeMeHHbIe QyHKuu f:

1) f(z3) = (10101010); 2) f(z3) = (01100110);

3) f(z3) = (11110011); 4) f(z*) = (1011010110110101);

5) f(z*) = (0101111101011111); 6) f(z*) = (1100110000110011).

1.29. Ilokasarb, 4TO 7 — OQUKTUBHAA [IEPEMEHHAI HKITIN

3 y
(peasu3oBaB 11 9TOM neau GyHKIUIO f GOpMyIIon, He COmEPXKAIIEl IBHO
EPEMEHHYIO X1 ):

1) f(Z?) = (z2 = 1) - (22 L 22);  2) f(Z?) = (21 ~ 32) V (21 | 22);
3) f(f?’) = ((331 S5 372) — LEg) - T3 — T2;

4) f(23) = ((z1 VI2) = 21 ~23)) - 21 — (22 V T3);

5) f(@%) = ((m1 V22 - T3) ~ (T1 = T2 - 73)) - (T2 | 23);

6) f(Z3) = ((z1 V22 VT3) = (z1 - T2 | 23)) ® (w2 — 21) - Z3;

7) f(Z%) = (21 — ((z2 = 23) = T4)) ~ Ty - (T2 — T3) - Ty;

8) f(%él) = (2131 To V:l?g) . (272 V 1 'Il?4) — (.’171 — (2172 — 5173));

9) f(T*) = (z122 V 2374) - (21 D 22 D T3) — 74) D

@ (r122(x3 = T4) V X324);

10) f(@*%) = (21 | w2) L (21 L 4) | (w5 L 24))) | (w1 | 23) | 32).

1.30. IlepeuncauTh CyIIeCTBEHHBIE IEPEMEHHBIE CJEOYIOMINX (DYHK-
1807078

1) f(Z2) = ((z1 Vx2) = 21 - T2) B (21 — T2) - (T2 — T1);

2) f(@?) = (21 = (22 = 11) = 22)) ~ (71 V 22);

3) f(@2) = (21 ® (x2 = (w1 ~ T2))) VI — Zo;

4) f(52) = (21 - 22 ® (71 — 22)) = (21 ~ 71 - T2);

5) f(Z2%) = (T1 - 22 = (T1 = T2)) = 1 - Ta;

6) f(Z°) = (z1 = z2 - x3) - (T2 = &1 - T3) V (21 ~ T2);

7) f(f?’) = (( T, — fz) S (332 — Tg)) S5 (33‘2 — 333);

8) f(?l?/?’) ((331 V o - {133) — (332 — 1 163)) — (2131 \/333);

9) f(Z°%) = ((x1 4 (z2 | 23)) (22 | (21 L 23))) | (21 | 22);

10) f(Z4) = (21 - 22 ® 23 - 74) V ((T1 - T3 ~ T2) — T4) VT] - T3.

1.31. 1) Hoxaszatb, uto ecnu y dyskmuu f(z") (n > 1) umerorcs
bUK TUBHBIE TIEDEMEHHBIE, TO OHA IPUHUMAET 3HAUeHUE 1 Ha, YETHOM UUCIIe
HaOOPOB.

2) BoisacHUTD, BEPHO i yTBEPXKIEHUE, OOPATHOE K 1),

3) llycts dyukuus f(z") Takosa, uto |Ny¢| =2"(20 — 1), roe m > 0
u | > 1. KakoBo MakCHMajibHO BO3MOXKHOE UMCIIO GUKTUBHBIX MMEPEMEH-
HBIX ¥ 5TOU QYHKITAN?
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1.32. Ilycts dymxmus f(2") 3amana BekTopoM af = (o, a4, ...
..., Qan_1). JlOKazaTb, 4TO eciu Iy — (QUKTUBHAS TEPEMEHHAs, TO
Qi = Qton—k+i IJIS BCEX §, YIOOBIIETBOPSIOIINX yCiIOBHIO § - 27 FH1 L4 <
<(2s+1)-2"% —1,rme s=0,1,... 21 1.

1.33. C ucnonb3oBanuem pesyibraTos3amnad 1.31, 1) u 1.32 BEISICHUTD,
Kakue mepeMeHHble QYHKIUKN f SIBIAIOTCS CYIIIeCTBEHHBIMU:

1) f(z*) = (1001001100110010); 2) f(z*) = (0110011101110110

?

)
3) f(z*4) = (1100001100111100); 4) f(z*) = (0001000101110111);
5) f(z*) = (0011110000111100); 6) f(z*) = (0001100101101110);
7) f(z*) = (0110110110110111); 8) f(z*) = (0000000111111110);
9) f(z*) = (0111011110101010).

1.34. Boiacuurs, npu kakux n (n > 2) dyukuus f(z') 3aBucut cy-
IIIECTBEHHO OT BCEX CBOUX MEPEMEHHBIX:

1) f(z™")=(x1 V2 V... V,) —
— ((ZBl \% 5172) . (1172 \/£L'3) .t (fl?n_l V £L'n) . (Zl?‘n \/5131));
2) f(z™) = (x122V X223 V ...V Tp_1Zp V TpT1) —
— (11715172 Drox3D... Dxp_1Tyn D Ibnibl);
3) fx™)={(x1 VT2 V...VITy) =T To ... Tp) =
—)(5131 @Q?g@...@ﬂ?n@l);
4) fx™) =(r1 =2 (2 = ... > (xp—1 2> Tp)...)) =
= (1 = xp) (X2 = Tp) ... (Tp—1 = Ty);
) f(@") = (w1 | 22) ® (22| 23) @ ... @ (Tn—1 | Zn) & (n [ 21);
6) f(z™) = (x1 = x2) (X2 = x3) ... (Tp_1 = Tp)(Ty = T1) ~
~(:1:1 EB:IZ'QEB...@:I}”).
1.35. Bynessr dyukiun f(z™) (n > 1) u g(y™) (m > 1) cyuecTBes-

HO 3aBHUCAT OT BCEX CBOMX IepeMeHHBIX. IlepeMennnie o1, ..., Ty, Y1, - .-
.+, Ym TOHapHO pasznuussle. [lokaszars, uro dyukuus f(g9(y1, ---, Ym),
%2, - .., Tp) CYIIECTBEHHO 3aBUCUT OT BCEX CBOUX MEPEMEHHBIX.

1.36. Jlokasarnb, uTo BCsAKas OyiieBa CUMMETpUUECKAs HYHKIUSA (CM.
sagauy 1.6, 7)), OTIIMYHAS OT KOHCTAHTHI, CYIIIECTBEHHO 3aBUCUT OT BCEX
CBOUX MEPEMEHHBIX.

1.37. llycte n > 1 u dyuxkuun f(z") m g(Z") TAKOBBI, ITO CyM-
ma f(z") @ g(z™) obparaercs B 1 Ha HeueTHOM uncie HAOOpoB. Jloka-
3aTh, UTO MJIS BCIKOTO ¢ = 1, ..., n mepeMeHHas &; ABJISIETCS CYIIIeCTBEH-
HOH XOTs ObI y omHON U3 GyHKnui, f unu g.

1.38. Yepes P°(X") (n > 1) o603HaUMM MHOXECTBO BCEX OyJIEBLIX
pyHKIIMN, 3aBUCIIIAX OT IIEPEMEHHBIX T1, L2, ..., Lp X IPA 3TOM OT
KaXXIOW M3 HUX CYIIECTBEHHBIM 06Da3oM.

1) BrmmucaTs Bce dyukmmu MHOX)eCTBa, P°(X?2).

2) Haittu uucio snemeHTOB MHOXecTBa P¢(X3).

3) Iloxasats, ato |[PE(X™)| = 3 (—1)k(z) g2
k=0

4) IokaszaTb, yTo lim L{f)'
n—00 22

= 1.
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1.39. BersacHUTE, MOXHO 17 U3 QYHKIUX f, OTOXIECTBIISASI U IIEPENMe-
HOBBIBAs B HEW MepPeMeHHBIE, TMTONYYUTh GYHKITAIO g:

1) f(z3) = (11001011), g(z?) = (1011);
3

2) f(#3) = (10101100), g¢(2) = (1000);

3) f(z3) = (00110010), g(z2) = (0110);

4) (&%) = (0110110111100011), ¢(3) = (01100111);

5) f(z*) = (1111110100011011), g(z2) = (1001);

6) f(T3) = 2122 VI1T3 V 22T3, ¢(T2) = z129;

7) f(@3) = (z1 V 22)23 ® 21T2, ¢(T?) = 31 V T2;

8) f(z3) =(z1 = (2 = 23)) = (71 = 23), g(T?) =21 — 293
9) f(Z*) = (z122 VI3T4) — (2172 — (23 V 24)),

3) =21 — (T2 V 23);

9(@
10) f(54) = (.’Blfg V 56354) D (7154 V 117253), g(fz) =T | Io.

1.40. 1) IokasaTs, uTo eciu byukmua f(T3) CylIECTBEHHO 3aBUCHUT

OT BCEX CBOUX MepeMeHHbIX u ymosieTBopsieT ycioBuioo f(0) = f(1), To
HANIETCA TMapa MEePEMEHHBIX, OTOXIECTBIISIS KOTOPBIE MOXHO IMOJIYUYUTh
GYHKIUIIO, CYIIECTBEHHO 3aBUCAIIYI0 OT IBYX MEPEMEHHBIX.

2) TokasaTs, uto ycaosue f(0) = f(1) orbpocurs Hemb3s.

1.41. Ilycte n > 2 u dyukums f(z ) TakoBa, uro |Ng| > 2771
ITokaszaThb, 4TO NpPU OTOXKIECTBIICHNM B Hell JIIOOLIX OBYX IEPEMEHHBLIX
HOJIyYaeTCsd QYHKIMA, OTIMYHAS OT TOXICCTBEHHOTO HYJIA.

1.42. 1) llycts dyukmus f(z1, 2, T3, ..., T,) (n > 3) ymoiaeTso-
pset ycnosuio: cymma, f(0, 0, z3, ..., x,) & f(1, 1, z3, ..., x,,) obpaia-
ercs B 1 Ha HedeTHOM umciie HabOOpoB. loka3aTh, YTO B 5TOM CIIydae
byukiua f(z1, T2, L3, ..., Tp) CYIIECTBEHHO 3aBUCUT OT Bcex n — 1
IePEMEHHLIX.

2) IokasaTk, uTo yTBEpKAeHUE 1) CIPABEIIINBO U B TOM CIIy4ae, KOTIa,
Bmecto cymmer f(0, 0, z3, ..., z,) & f(1, 1, z3, ..., x,) Gepercs uMmmin-
kammusa  f(0, 0, z3, ..., z,) = f(1, 1, z3, ..., x,). Onaako 3ameHUTH @
Ha & wunu V Hemb3s.

1.43. Ioxkasats, uro uucio Q(g(z™)) mex cdyukumit f(x1, T2, ...

, Tny, Lpi1), U3 KOTOPBIX OTOXKIECTBIIEHUEM MIEPEMEHHBIX MOXKHO TIOITY-
quTh HaHHyio Gyukiuio g(z") = g(r1, 2, ..., Ty), YIAOBIETBOPSIET COOT-
HOIIIECHUIO ~n

I 9(z") _ 4
im =L =
n—oo N - 22

1.44. llycts dynxnms f (™) YIOBJICTBOPSIET yCIIOBMIO: IUIsL HEKOTO-

pBIX HaboOpoB ™ ﬂ " u 4" Takux, 4yTo Q" < [3 " < 4™ BBLINOJIHSAIOTCS

COOTHOIICHUSI f(&”) F(A™) # F(B™). Hokasars, aTo:
1) dyuxuwmst f(r"™) 3aBUCAT CYIIECTBEHHO HE MEHEE UYeM OT MBYX
IEPEMEHHBIX;

2) MOXHO TakK OTOXIECTBUTHL NepeMeHHble y (yukmuu f(z'), 4To
MOy YUTCs HYHKIWSI, CYIIIECTBEHHO 3aBUCSINIASL HE MEHEe YeM OT IABYX, HO
He 6oJiee YeM OT TPeX MePEeMEHHBIX.
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1.45. lokasars, uro eciiu Gyukimsa f(Z') CylIeCTBEHHO 3aBUCUT He
MeHee YeM OT OBYX IEepPEeMEHHBLIX, TO HaimyTcsa Tpu Habopa a”, ["
u 4", yoosnerBopsroime yeiosusM p(a™, ™) = p(B™, ") =1, a™ #y"

m f(a™) =f(y") # f(B"). o o
1.46. IlocnepmoBarenbHocTs BepmmwmH Og, B1, ..., 0k—1, Bn Kyba B™
HA3BIBAETCA yenbio (daunvt k), coedumnmowes sepwunvt By u [j, ecin

p(Bi, Bix1) =1 mpu i=0,1,..., k—1. lycrs dpyukuus f(z") usme-
HAET CBOE 3HaueHwe m pa3 (m >1) B BepuIMHAX HEKOTOPOR IIe-

n EO, 51, ooy Br—1, Bn, COCMUHSIONIEN BepPINUHBI By U (3 TaKue, ITO

p(Bo, Br) = k. Hokazatb, uro dyuknus f(Z™) CyIIECTBEHHO 3aBUCAT HE
MEHEEe 4eM OT 77l TIEPEMEHHBIX.

1.47. HokasaTk, uTo eciau ¢dyukuus f(Z"™) CyIIECTBEHHO 3aBUCUT OT
nepemensoit z; (1 < i < n), To gBoiicTBeHHAas eit dyHkuusa f*(z") Tak-
K€ 3aBUCHAT CYIIECTBEHHO OT IEPEMEHHON ;.

§ 2. CnenuajibHbIe ONpencTaBjieHus OyJeBbIX QYHKITUN

1. Pazsioxenns GyneBbIX GyHKIui mo mepemenHbiMm. CoBep-
IIICHHbIe MOU3BLIOHKTUBHAS M KOHLIOHKTHBHAA HOPMAaJIbHLIE
dopwmel. [lycts f(z2") — OyneBa dyukmusa u 1 < 4 < iz < ... <ip < n.
dyuxuio, monyuyaemyo u3 f(T") MONCTAHOBKON HA MeCTa MEePEMeH-
HBIX L, , iy, - -+, Lj, KOHCTAHT 01, 02, ..., Oy COOTBETCTBEHHO, HA3bI-
. xpk -womnonenwmot  Pynwyuu  f(T") wmm  noddymx-

yuetd  Ppywxyuu  f(Z™) wm  obosHauarT  Uepes Sz tk (T7)

v S22t f(Z7) Tpu k=0 nondyskuus dysxmmm f(Z"™) mpocTo
COBIIAJIAET C caMoi 3To ¢dymkmme#n. Ecmm k #0 u k #n, To nom-
ynxmuma fi1:'2 0% (z") naseBaerca cobcmeennot. Honynxnmm dymHk-
mun f (") pasauunbl, €CIM OHU OTIMIAIOTCSI KaK GYHKINAU OT IepeMeH-
HBIX T1,T2,..., Tp.

CHpaBeIIJII/IBO cilienymwliiee rnpeacTaBJICHUC:

f@*) =N ailen o [ (@), (1)
(01,02, ...,0k)
rme 1 <1 <ip<...<ix<n (k>1) u nu3sionkuus GepeTcs Mo BCeM
uabopawm (o1, 0, ..., o)) u3 B¥.
OTO mpencTaBieHne HA3BIBAETCS pasaoxcenuem ywxyuu f(T™) no k
NIEPEMEHHBIM T, Ligy - -5 Ly, -
Ecnmu k=1 u 473 =i, 7o Beipaxenue (1) MOXHO 3amucaTh B GopMme

f(fn) =TT f(a:l, ey Ti—1, 0, Tig1,y - - o, :En) V
VZL‘i'f(LEl,...,xi_l,l, LIJH_l,...,:En). (2)

[Ipencrasnenue (2) HasbiBaeTcs pazqaoscenuem Pywrxyuu f(z™) no
nepemennoti ;. OHO OBLIBAET IMOJIE3HO MPU MNOKA3ATEILCTBE KAKUX-IUOO0
CBOUCTB OyNeBBIX QYHKIIUN 10 WHOYKIIUA.
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[Ipu k =n npencrasienue (1) umeer BUI
fz™) = \ z]txg? ... xin f(o1, 02y .., On), (3)
(61,02, ...,0n)

U €ro HA3LIBAIOT pasaoxcenuem Gywxyuu f(T™) no ecem n nepemenubim.
Ecmu f(z™) #Z 0, To Bopaxenue (3) MOXHO 3aMUCATH B MHOU (hOpMe:

f@")y =\ af'z3®... af", (4)
5:f(3)=1
rie OU3BIOHKIMSA Gepercs mo BceM Habopam o = (01, 03, ..., 0,) € B,

Ha KOTOpBIX (hyukuus f(z"™) obparaercs B 1.
[IpaBas yacTb GhopMynsl (4) HABBIBAETCS COBEPULEHHOT QU3 BIOHKMUE-
HOt HOPMaAbHOl Popmot (COKpAIIEHHO coseputennot d.H. @d.) GyHK-
Kpome mpuBeneHHBIX BBIIIE PA3JIOXEHUN OYIIEBBIX (DYHKINNA, HIXPOKO
UCIIONIB3YIOTCS €I11e TAKUe Pa3JIOKCHUI:
a) fE) = & (sfValPv..valtv fizei@n), ()
(01,02,...,0k)
roe 1 <4y <ig<...<ir<n (k>1) u koHBIOHKIUSI GEPETCsI IO BCEM
nabopam (01, 03, ..., o)) u3z B¥;

6) FE") = (@: V fla1, .. Tis, L, Tisa, - Ta)) X
x(z; V f(z1, -5 Tic1, 0, Tiya, -, T0)); (6)
B) f(z") :( & )(:z:i”V:l:gQV...v:Ez"Vf(al,ag,...,an)); (7)
01,02, ...,0n
r) f@m = & (m?1Vmg2\/...\/xz"), (8)
5:£(5)=0
rie KOHBIOHKIUA Gepercs mo BceM Habopam o = (01, 03, ..., 0,) € B,

Ha KOTOpbIX (yukimsa f(z™) obpammaercs B 0, ¥ IPemIoONaraeTcs, 4To
f(x™) £ 1; npasas yacTb GOpMyIIEL (8) HA3BLIBAETCS COBEPULEHHOT KOHB-
OHEMUBHOT HOPMAALHOT Popmoti (COKPAIIIEHHO CO8EPULEHHOT K. H. (f.)

bynxmmm f(7");

n) f@ry = @ il . af g @n), 9)
01,02,...,0F
roe l < i <ix <...<ir <n (k>1)ucymmmupoBanue Benercs no mod 2
¥ 10 BceM HabopaM (01, 09, ..., o) u3 BF;
e) f(@") =Tif(z1, ..., 2i—1, 0, Tiy1, ..., Tn) O
® zif(T1, -, i1, L, Tip1, -5 Tn);  (10)
X) fx™) = ) z]txg? ... 20" f(o1, 02, ..., On); (11)
(0-170-27 s On
3) f@m)y= @D 2z ... 2%, (12)
a:f(o)=1

roe cymmupoBanme (o mod 2) Bemercs mo Bcem Habopam o = (07,
02, ..., 0p) € B™ ma koTopbix Qyukiusa f(z") obpamaercs B 1.
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[Ipumep 1. PasnoxuTh MO mepeMEeHHOR 1, NpuMeHsst GopMysl (2)
u (6), © NPENCTABUTH B COBEPIINEHHLIX M.H.{. U K.H.(D. CIEOYIOIIIe
dyHKIINNT:

1) fi(w1, 32) =T1; 2) fa(m1, 22) =225 3) f3(z1, T2) = 21 V 323

4) fa(z1, x2) = 21 = 325 5) f5(T1, T2, T3) = T2 ~ T3;

6) fo(z1, T2, 23) = 2172 — 7T3.

Pemenwme. 1) Tax kax f1(0,22) =0=1 u fi(1, z2) =1=0, 7o,
ucnonb3yst popmynsr (2) u (6), momyuaem fi(x1, x2) =F1 =T1 -1V
Vz1-0=(Z1 VO0)-(z; V1). Hamee wumeem f1(0,0)=f1(0,1)=1 mu
f1(1,0) = f1(1, 1) = 0. 3mauur, g MOCTPOEHUS COBEPIIEHHON I.H. d.
byukuuu f; Hamo B3sTh Habopwr (0, 0) m (0, 1) (byukmus fi; pasua 1

TOJIBKO Ha HI/IX>, KaXIOMY M3 3THUX H&GOpOB COIMOCTaBUTBh COOTBETCTBY-

10111y 10 KOHBIOHKIIIO (Habopy (0, 0) — KOHBIOHKIMIO T°1) = Z1T>, HAOO-

y (0, 1) — XouBIOHKIMIO T0TY = T172), a 3aTeM MOIYICHHBIC KOHBIOHK-
AN COEOVHUTH 3HAKOM OU3BIOHKIIUN: T1Ts V T1To.
AHasoruyHoO, [ IOCTPOEHUs COBEPIIIEHHON K. H. . QyHKIUM f; HAIO
B3ATH BCe HAOOpBI, HA KOTOPBIX fi oOparmmaercs B 0, T.e. Habopsr (1, 0)
u (1, 1), xaxnomy u3 >Tux HabOPOB CONOCTABAUTH COOTBeTCTByIOLuon

Au3BIORKIIO (HAbopy (1, 0) — AM3BIOHKIMIO :cl v :1:2 =2Vl =T Vo,

maGopy (1,1) — mmswromknmo zi Vzl =29V 2) =T, VT,), a satem
NOJIyYEHHBIE NU3BIOHKITMA COEMUHUTDL 3HAKOM KOHBIOHKINU: (T V Zs) *
b S (fl V TQ).

2) f2(0, x3) =22 m fo(l, x2) = 5. 3uauur, pasnoxenus (2) u (6)
10 TIEPEMEHHON X1 I QYHKIWMYU fo TaKOBBL: fo(Z1, To2) = Ty - T2 V T1 + To
n f2($17 $2) = (El sz) ) (ml VZL‘2). Haﬂeea f2(07 O) = f2(]-7 O) =0 u
f2(0,1) = f2(1 1) = 1 CnenoBaTenbHO, COBEPINIEHHAS I. H. . GyHKIIIM fo
MeeT BU]I :131 ac2 \ xl x% = Z1Z2 V T1Z2, & COBEPIICHHAA K. H. . TAKOBa:
(xl \ xz) (351 sz) (wl \ 332) (331 \ 332) (z1 Vz2) - (ZT1 V 32).

3) f3(0, 22) =0V xo =22, f3(1,22) =1V s =1. [losTOMY uUMeEeM
f3(33‘1, 332) = Tl T2 \% I - 1 n fg(xl, ZEQ) = (El V 1) : <$1 V $2). Brruuc-
Jisis 3HAYEHUs QYHKIUY f3 HA PA3IMUYHBLIX HAOOPaX 3HAYEHUN IePEeMEeHHLIX,
nosmygaeMm f3(0, 0) =0, f3(0, 1) = f3(1, 0) = f3(1, 1) = 1. 3arem cTpoum
COBEPIIECHHLIE OU3HIOHKTUBHYIO M KOHBIOHKTUBHYIO HOPMAJILHBIE (POPMEL
¢ysKIUM f3:

0yv/ .0 _ .1 1 _
:1;1332 Vacla;Z \/grjlzlz2 =ZT122V21Z2VT1T2, Ty VIy =27V =21V

4) f1(0,z2) =0 =20 =1, fa4(1,22) =122 =0V 22 = 5. Cute-
noBaTenbHO, f4(x1, T2) =F1 -1V -22 uw  fa(x1, 2) = (T1 V) &
& (z1V1). Hamee, fa(0,0)=fs(0,1)=/fa(l,1)=1 m f4(1 0) = 0.
3HaunuT, COBEpIICHHAA MO.H.b. QYHKIUM f; UMeeT BUL T9T9 V:L’lx2v

\/xlxé =7T1T2 VZT1Z2 V Z1ZT2, & COBEPIIEHHAS K. H. . TAKOBA: :131 \ a:2 =

—:1:1 V:z:2 =71 Vo

5) f5(0, x2, x3) = f5(1, 2, x3) = T2 ~ x3. [losTOMY pasmOXKeHUs STON
GYHKIIMU TIO MEPEMEHHON 1, MOJiyueHHble mo dopmynam (2) u (6), Ta-
KOBBI: fl : (:1:2 ~ 333) \% I - (332 ~ $‘3) n (fl \% ($2 ~ zvg))(ml \% (562 ~ $3))
Boruncnsas snadenus GyHKIUnM f; Ha pasiIMUYHLIX HAOOpaxX 3HAYEHNI IIe-
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pemennsbrx, umeeMm f5(0, 0, ) f5( , O) f5(0,1,1)=f5(1,1,1) =1
u f5(0,0,1)=f5(1,0,1) = f5(0, 1, 0) = f5(1, 1, O) = 0. COBepH_IeHHaﬂ
o.H.0. y f5 umeer Bum

1 1,1,,1, 1,1 __ — — —
m(fa:ga:g Va:la:g:vg Vv x(f:v2:1:3 VI{X503 = T1T2T3V X1T2T3VT1T223V L1223,

a COBEepIIEeHHas K. H. (. TaKOBA:
(27 Vg Vag) - () Vag Vag)- (o7 Vo, Vag) - () Vay Vag) =
= (331 V X2 \/53) : (fl V Zo \/Tg) . (331 V To V£C3) . (Tl V To \/SE3).

6) f6(0, z2,23) =0—>T3 =1, fo(1, 22, 73) =1-72 > T3 =12 —
— Z3. CilemoBaTeNbHO, PA3JIOKEHUS DTON (DYHKIWU IO IIEPEMEHHOW X1,
nostyueHsse o dopmynam (2) u (6), umeror Bun Tp - 1V x1 - (22 — T3)
u (T1 V(2 > T3)) - (Z1 V1). Boruucasem 3uauenus dyukuuum fg Ha
pasnuuubix Habopax sumauenuin nmepemenubix: fg(0, 0, 0) = f5(0, 0, 1) =
= f6(07 17 0) — f6(07 17 1) = f6(17 07 0) = f6(17 07 1) = f6(17 17 O) n
fe(1,1,1) =0. 3mauur, coBepirenHas m.H.d. GyHKIuUU fg TaKOBA:
T1T2T3 V T1T2x3 V T1X2T3 V T1T2T3 V T1ToT3 V T1T2T3. COBepIJ_IeHHaH
K.H. . pyHKIUU nMeeT Bun 1 V To V T3.

Bameuanue. CoBepllleHHAsS NU3BIOHKTUBHAS HOPMAaJibHAs (GOpMa,
byukmuu f(z1) = T; (kak QyHKIUU OT OMHON IEPEMEHHON T1 ) COBIANAET
C COBEpIIEHHON K.H.d. U ecThb mpocTo Ti. B camom meme, f(0) =1
u f(1) = 0; cemoBaTenbHO, COBepIlieHHas 1. H. . dyukimuu f(x1) = T
MEET BUII 37(1) = 71 ¥ COBEpIICHHAasa K.H.d. TAKOBa XKe€: E} = x? =T
Ananoruunoe yTBepxKIeHue CUpaBemiinBo u st Gyukuun f(z2) = To2: ee
COBEPIIIEHHBIE NU3BIOHKTUBHAS W KOHBIOHKTUBHAS HOPMAJIbHBIE (DOPMBI
COBHAMOAIOT C HEH CAMOH, T.€. C Tz. OTU (PAKTHI MHTEPECHO CPABHUTL C
COOTBETCTBYIOIINME Pe3yiIbTaTaMu i GyHKIn fi u fo U3 IpuUBEOeHHO-
r'0 BBIIIIE IPUMEPA.

IIpumep 2. IlpencTaBuTh B COBEPIIEHHOW MO.H.d. U COBEPIIEHHON

k. H. . dyrkmmo f(73) = (01101001).
Pemenne. @yukrus f npuauMaer 3HadeHue 1 Ha HaOOpax, HOMEpPA
KOTOpHLIX paBHHI 1, 2, 4 u 7, T.e. ma mabopax (0, 0, 1), (0, 1, 0), (1, 0, 0)
u (1, 1, 1). Kouboukuum, cCOOTBETCTBYOIINE STUM HAOOPaM, UMEIOT B
x(l)xgxé = T1T2T3, TiT5TY = T1ZT2T3, T1T9T9 = T1ToT3 U T1Taxs =
= T1ToT3. J3HAUNWT, CcOBeplleHHas 1.H.d. bysxmuu f(T3) Takosa:
T1T2T3 VT1T2T3 V T1T2T3 V £122x3. IId mOOCTpPOeHUS COBEPIIEHHON
K.H. §. paccMaTpuBaeM Bce Te HAOOPBI, Ha KOTOPLIX GyHKmus f obpa-
maercsa B 0. Oro mabopsr (0, 0, 0), (0, 1, 1), (1,0,1) u (1, 1, 0). Coor-

BETCTBYIOIIINE UM AU3BIOHKIVN MMECIOT BUL
:c?Vx?Vx?zx}Vx%Vxé =21 VIV I3,
gdVvalvael =2l vadvad =z, VT, Vs,
a:lTV;Ug\/mgzm(l)\/mé\/xg =721 Va2V7I3,
givalvaed =20vaval =7, VI v as.

HepeMHomaﬂ 9TU OU3IBIOHKIINI, IIOJIy9aeM COBCPILICHHYIO K. H. Cp (I)YHK—
Ionnm f: (331 \% i) \/333) : (5131 \/Tz Vfg) . (fl sz Vfg) : (fl \/fg \/333).
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[Ipumep 3. IlpencraBuTh B COBEpIIIEHHOW K.H.(. X1-, To- W
ToT3-KoMnoHeHTHl byuknmu f(Z3) = (x1 — Toxs) ® 2, paccMaTpuUBas
UX KakK (DYHKIIMU, 3aBUCSIIIIE TOJBKO OT <«OCTABIINXCS»> MMEPEMEHHBIX.

Pemenue. T;-KOMIOHeHTOH dynknun f(T3) apmdeTcs

fll(fg) = f(l, 2, .773) = (1 — T2$3) D xo = (0 \/52333) D xo =

=Tox3 DITs = T2V T3.

Ananoruyuno, To-komnonenTa dyuknun f(73) ects dyukiua f2(23) =

= f(z1,0,23) =(x1 > 0-23) 0 =121 — 23, & IToT3-KOMIOHEHTa —
2.3/~ - —

dynkmma  fi57(73) = f(21,1,0) = (21 > 1-0)®1 =71 &1 =z1. Oue-
BUIIHO, YTO COBEpIIEHHAs K.H.d. dyHkuum @1(x2, £3) = T2 V 3 COBIa-
AT C HEMl CaMOU, COBepIIeHHas K. H. §. dyHKuuu @s(x1, T3) = 1 — T3
€CTh Ei V ZE3O = x? V :E% =71 V23 U, HAKOHEI, COBEPIICHHAas K.H. ).
dbyukuu p3(x1) = &1 — TO IPOCTO I7.

Opumep 4. Hokaszars, uto ecmu fi(Z") = fi(T™) mus Beakoro i
(1 <i<n), To byukuus f(T™) ecTh KOHCTAHTA.

Pemenwne. Pasnoxus pyukiuio f mo mepemennoir x; (cMm. hopmy-
ay (2)), nomyuaem

@") =Tifo@") Vi fi@E") =Tifo@") Vi fo@") =
= (T V) fo@") =1 f5(@") = fo(&"),

T.e. ¥; — ¢GukTuBHas nepeMenHas dyukinuu f(z™). Tax xax x;
IIPOU3BOJILHO BEIOPAHHAS [IEPEMEHHAS, TO, 3HAYNUT, BCE IIEPEMEHHbIE (DYHK-
mun f(Z") dukruBubie. CrnenoBaTenbHo, f(Z ™) eCTh KOHCTAHTA.

[Ilpumep 5. Cpenu GyHKIUIA, 3aBUCAIINAX TOIBLKO OT ABYX MEPEMEH-
HBIX X1 U T2, HAWTHU T€, KOTOPBIE UMEIOT HAMOOJIIBIIIEE YMCIIO PA3HBIX O~
dyukunii. (Kaxnas nondyukuus dyukuum f(z1, £3) paccMaTpUBAETCS
KaK (QYHKIWS, 3aBUCSIIAA OT 00X MEPEMEHHBIX 1 U I3.)

Pemenwne. DTy 3amaduy MOXHO pelIaTh CIEAYIONUM (TDOMO3IKUM,
nepeGOPHBIM) CIIOCOOOM: BHIMUCATE BCE (DYHKINM, 3aBUCSIINE OT TIEPEMEH-
HBIX T U To (ux 16!), 3aTeM miist KaxXmoi u3 HUX HANTH BCe ee Moy KT
U BBISICHUTD, CKOJILKO CPEOU HUX PAa3HLIX. IIpuBIiiekas HEKOTOpHIE HOMOJI-
HUTEIbLHBIE YTBEPXKIEHUS, YIAETCI COKPATUTD epebop.

Hampumep, MOXHO BOCIIOIB30BATHCS CIEAYIONIMMEU GhakTaMu (CM. 3a-
naay 2.6):

1) ecnu dyukus g(z ™) MoxeT ObITH mostyyena u3 yukuuu f(z ) me-
PEMMEHOBAHUEM MMEPEMEHHBIX 63 OTOXKIECTBIICHNS, TO YUCIIO PA3ITMIHBIX
nondyukiuit y dyukuvu f(z") u g(Z ") omuHAKOBOE;

2) y OBOWCTBEHHBIX (DYHKIMA YKCIIO PA3IUYHBLIX MOAMYHKIINNA ONUHA-
KOBOE;

3) eciiu g(z™) = f(Z™), TO YUCIO PABIUYHBIX MONDYHKIMIA Y DYyHK-
it f(z") u g(z") onuHAKOBOE.

[IpunuMas BO BHIMAHUE STU TPU YTBEPKIEHUS, JOCTATOTHO OTPAHU-
YUTHCI paccMoTpenueM nsatu ¢yakimia: 0, £, £12T2, T1 B To 1 T1 — To.
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Herpynso ycramoBuThb, uTo y (yHkiuu 0 Bce mOn@yHKIUN pPaBHBI
e camon, a y ¢yHKImm x7 Tpu pasuble monbyekimu: 0, 1 mw 1. Y
OYHKIUU T1Zo PA3HBIX NOANPYHKIIAHN MATH: T1Z2, 0, 1, o 1 1. Y dyHK-
nmuu 1 G To ceMb Pa3HBIX NOADYHKIWNA: T1 B To, T1, T2, T1 D1, 22 P 1,
0 m 1. Hakonen, y yHKIUM 1 — T OITh NOOAPYHKIAA: X1 — Ta,
1—)$2:$2, Q?l—)O:fl, 150=0u 0—>29=21—>1=0—->0=
=0—->1=1—->1=1.

Wrak, nanbosbIiee Ynucio pasHbIX TOADYHKINI (CEMB) IMEIOT CIIEMY -
e GYHKIINY, 3aBUCSIINE OT X1 U Lo: X1 B To U T1 P2 P 1 =21 ~ o.

[TpuBenewm etite omHO pelttenune qanHou 3amaun. CHauaga 3aMeTUM, ITO
y QYHKIIAM, 3aBUCIIIENA CYIIIECTBEHHO XOTS ObI OT OMHOU ITepEMEHHON, YU C-
JI0 pa3IMYHLIX MON(DYHKIUN HE MEHbIIe Tpex (OHa caMa U IBE KOHCTAHT-
HbIe TOA(YHKIIIN BCErIa, OTINYHLI NpYT OT Apyra). [losTomy ToT cityuai,
KOT'[13, UCXOMHAsA QYHKINS €CTh KOHCTAHTA, MOXHO HE PACCMATPUBATE (16O
BCe ee TONGYHKIUU MTPOCTO COBIAMAIOT C HEM CAMON).

Hasnee, ecnu pyukums f(Z") 3aBUCAT CYIIECTBEHHO TOJILKO OT OIHON
IIePEMEHHOI, TO OHA uMmeeT Bug zf , raoe o € {0, 1} (i =1, 2). OueBunso,
YTO y TAKOW QYHKIMK TpU pasnuusble nmondyuxmmm: 7, 0 u 1.

Tenepn 3aiiMeMcs uccienoBaHreM PYHKIUNA, ¥ KOTOPLIX 00€ IepeMeH-
HBLIE CYIIIECTBEHHLIE. BO3MOXHEI B MOMCITYYad:

a) dyukmusa f(T2) IpuHEMaeT HEKOTOpOe 3HAUeHNe (v Ha TPexX Habopax
3HQUEHUN TEPEMEHHBIX, & APYyroe 3HAaueHume & — Ha OomHOM Habope);

6) dyukrusa f(Z?) npurumaeT kaxnoe snadenue (0 u 1) poBHO Ha MBYX
HabOpax.

B cayuae a) B kaxmnon mape mondyukimit (f(0, z2), f(1,x2)) m
(f(z1,0), f(z1, 1)) poBHO omHA TOADYHKIIUS SBIAETCI KOHCTAHTON (, &
npyras ecTb coorBercTBenno 4 u z] (rme o, 7 € {0, 1}). Orciona cie-
AyeT, 9To y AaHHOH dyHKImu f(ZT2) POBHO MATH PA3TMIHBIX TONMYHKIIIIA:
cama dyuknus f(z2), =7, 25, 0 u 1.

[lepeiimem k momcityuaro 6). 3meck Hu omua u3 nondyukmuwit f(0, xs),
f(1, z2), f(z1,0) u f(z1, 1) He moxeT 6bITH KOHCTAHTOR. B camom nerne,
eciu, Hanipumep, f(0, z2) = «, To dyukuus f(1, xo) momxua OLITH pABHA
TOXIECTBEHHO &; HO Torna (cMm. hopmyiy (2))
x1 mpu o« =0,

T, nmpu a =1,

T.e. byknusa f(Z?) 3aBUCHT HeCyIIECTBEHHO OT TIepPEeMEeHHOW Tz, UTO
IPOTUBOPEUUT YCIIOBUIO, HaJlOXeHHOMY Ha dymkmmio f(z2). Iamee, Tak
KaK (QyHkmua f(Z2) CymecTBEHHO 3aBUCUT OT OGeMX NepeMeHHLIX, TO
f@0, z5) Z f(1, x2) u f(x1, 0) Z f(z, 1). HeficTBUTENBLHO, €CIIU, HAIIPU-
mep, f(0, z2) = f(1, z2), To, ucnonws3yst dopmyiy (2), momyuaem (cp. ¢
pemmreruem npumepa 4): f(Z2) =T1£(0, z2) V 21 f(1, z2) = T1 f(0, z2) V
Va1 f(0, z2) = (T1 V31) - f(0, 32) = 1& (0, 22) = f(0, z2), T.e. mepe-
MEHHASA %7 (PUKTUBHASA. DTO MPOTUBOPEUUT YCIOBUIO, HAJOXKEHHOMY HA
dyukmuio f(z2). W3 Bcero ckazanHoro oTHOCUTENBHO dynkimit f(0, z2),
f(]-a $‘2), f(mla O) u f(mla 1) dlenyer, 4To f(Oa ZBz) = $ga f(]-a Zz) =
=25 =23 =23, f(z1,0) =27 u f(z1,1) = 2] = 2]. Orcrona BbITEKA-
€T, YTO y QyHKIIUNU f(fz) CceMb Pa3HBIX NOAMGYHKIWH: OHa caMma, 0, 1, z7,

f(z?) =ZT1aVra=
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z7, 5 u z3. Herpynuo monyunTh u BhIpaxkenue mis dysxmmu f(T2),
BOCIIOJIB30BABIINCE, HATTpuMep, dopmyion (10):
~2 — T
f(Z°) =725 @z125 = (21 @ 1) 25 Dz (25 1) =
=212 Dz Br125 DT1 =21 DXy =
x1 ~ xo, ecau o =0,
=21 Dxr2 Do D 1=
1 P x2, ecim o = 1.

(3mecb, Kak ¥ BHIIIE, MBI UCIOJB30BAIM SKBABAIEHTHOCTH T° = 27 =
=127 @1, a Takxke OUEBUIOHBIE TOXNECTBA =’ =r~0=x®0c D 1.)

2.1. PaccmaTpuBas COOTBETCTBYIONIYI0 KOMIIOHEHTY GyHKimu f (")
KakK (QYHKIINIO, 3aBUCIIIIYIO OT BCEX MEPEMEHHBIX L1, Z2, ..., Lp, OPEICTa-
BUTH €€ B BEKTOPHOU (popme:

1) f(z3) = 21 — (22 ® T173), T2-KOMIIOHEHTY:;

2) f(Z3) = z122 | (T2 = T173), T3-KOMIIOHEHTY;

3) f(Z3) = (Z1Vz2Va3)l (21 = (T2 = 73)), T1-KOMIOHEHTY;

4) f(z3) = (01110100), T1-KOMIOHEHTY;

5) f(z3) = (11001110), Z2-KOMIOHEHTY;

6) f(z?) = (10011110), Z3-KOMIOHEHTY;

7) f(Z%) = (21 ® 22) — (23 — T1T4), ToT4-KOMIIOHEHTY:;

8) f(T*) = (z1 V22T3 V x4) ® (212223 — T4), T1ToT3-KOMIOHCHTY;
9) f(z4) = (0101011011100011), T;Z4-KOMIIOHEHTY;

10) f(z*) = (1101101100001001), Z2Z3T4-KOMIOHEHTY.

2.2. Ucnonb3ys x;- u T;-KOMIOHEHTHI hyukuuu f(z™), TOCTPOUTDH B
BEeKTOPHOM (opMe ee £7-KOMIOHEHTY, IPUIEM STy KOMIOHEHTY
CIlelyeT pacCMaTPUBATH KaK (PYHKIWIO, 3aBUCSIIIYIO OT BCEX IE€PEMEH-
HBIX T1,T2, - .., Lp:

4

1) fo(@3) =22 = 23, fi(T3) =7T>, T3-KOMIOHEHTY;

2) f2(z3) =m, f3(23) =m1 ~ T3, T1-KOMIIOHEHTY;

3) fo(z3) = (00111100), f3(z3) = (11110000), To-KOMIOHEHTY;

4) fé(z3) = (10101111) , f2(z3) = x1 | 3, T3-KOMIOHEHTY;

5) fo(Tt) =11 Dy, f2(ZT*) =22V 14, To-KOMIOHEHTY;

6) f2(z%) = 21 — 23Ty, f2(Z*) = T1737T4, T4-KOMIIOHEHTY;

) fLEY) = zows ® 24, fL(E?Y) = (1011011110110111), Ts-kommo-

HEHTY.

2.3. IlpemcTaBuTh B COBEPINEHHOW n.H.d. caenyooime GOYHKIIIN:
1) f(Z°) = (m1 Vz2) = 335 2) f(T°) = (31 = 22) ® (21 | 7233);

3) f(#%) = (01010001); 4) f(F3) = (01111000);

5) f(:l;‘3) = (10001111) ) ( ) (331 — LE2:B3LU4) (1133 — 33152);

) f(ZY) = (21 @ 32) - (3 = Tazq); 8) f(Z*) = (0100100011000010);
) F(z7) = (

)
9 1000011100110001);  10) £(Z*) = (1100100010010011).

Wi
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2.4. llpencTtaBuTh B COBEPIIEHHOW X.H.d. cruenymooinue GYHKIAN:
1) f(@%) =21 @ x5 2) f(T7) = 21 | 223

3) f(Z3) = 21T V123 VToxs; 4) f(T3) = 2172 ® T3;

5) f(z3) = (01011101); 6) f(z3) = (00101110);

7) f(fl?4) = (.fl?l V2o V £l73) - L4 \/flfzfg;

8) f(T*) =21 — (2 — z324); 9) f(T*) = (0101111101110011);

10) f(4) = (0110111011100101).

2.5. lIpencTaBuTh B yKa3aHHOU (hOpME COOTBETCTBYIOIIYIO KOMIIOHEH-
Ty dyuxkuuu f(z") (paccMaTpuBas 5Ty KOMIIOHEHTY KAK (YHKIHAIO OT
«OCTABIINXCS> MEPEMEHHBIX )

1) f(Z3) = 21T> — T3, Z1-KOMIOHEHTY B COBEPIICHHOM K. H. }.;

2) f(Z3) = (w1 | 2) - T3, T3-KOMIOHEHTY B COBEDIICHHOI M. H. d.;

3) f(z3) = m122 ~ (T2 ~ T3), To-KOMIOHEHTY B COBEPINEHHOM 1. H. d.;

4) f(z3) = (11101101), T>-KOMIOHEHTY B COBEPIIEHHOM 1. H. &.;

5) f(z3) = (01011011), 73-KOMHOOHEHTY B COBEPIICHHOI K. H. (.;

6) f(T%) = (£1 VT2 V 23)T4 V T122T3, ToT3-KOMIIOHEHTY B COBEPIIICH-
HOU 1. H. }.;

7) f(z%) =21 = ((z273 = T4) — To), T2-KOMIOHEHTY B COBEPIICH-
HOH K. H. (].;

8) f(@*) = ((z1 | x2) 4 23) | (x2 | 24), T3-KOMIOHEHTY B COBepIIIECH-
HOU K. H. }.;

9) f(z*)=(0110111010110111), Z>Z4-KOMIOHEHTY B COBepIIEHHOII
o.H.0.;

10) f(z*) = (1011011101111000), T4-KOMIOHEHTY B COBEPIUICHHOM
K.H. ¢.

2.6. [loka3aThb, 9TO YUCIIO PA3NIUYIHBIX mONQyHKIWME v byHkuuir f(Z™)
u g(Z") OmMHAKOBOE, €CIIN:

1) dyukuus g(z") nomyuaercs us byuknuu f(z") nmepernMeHOBaHUEM
IEPEMEHHBIX 6€3 OTOXIEeCTBIICHNUS;

2) dyukuusa ¢g(z") momyuaercs u3 dyukiuu f(Z") 3aMEHON HEKOTO-
pBIX (OBITH MOXET, BCEX) MEPEMEHHBIX HA UX OTPUIIAHUS;

3)g(z") = f(z");

4) dpyukiuu f(z") u g(z™) OBOWCTBEHHBIE.

2.7. Honcunurars uncno pasnuuubix nondyukinuin y dyukuuu f(z"),
Z1- U T1-KOMIIOHEHTHI KOTODPOW M3BECTHBI (HAIOMUHAEM, UTO MON(YHK-
. yukuun f(Z™) ciemyeTr paccMaTPUBATL KaK (MYHKIUM, 3aBUCSIIINE
OT BCEX MEPEMEHHBIX L1,%2, - .., Lp):

1) fo(@") =22 V... Vz,, fi(@")=1 (n>2);

2) fo(E") =22 @ ... 0z, fIE")=720.. .02, (n22);
3) fH(E™) =Ta...Tp, fi(@") =2...3, (n>2);

4) i@ =Ts... TpVI2... Ty, fi(@")=22...2, (n>2);
5) fo(8") = 2.2, fi(@")=T2V...VT, (n>2);

6) fo(Z") =22V...Van, fi@")=23V...V2y (n2>3);
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) fe@™) =23...20, fi(ZT") =22V 23 (N> 3);
8) fA(@"™) =2 =z, f1(E")=%3...T, (n>=3).
2.8. Haittu umciio dyukmmit f(Z"), yOOBIETBOPSMIOIINX YCIOBUIO:
ébj(fn) = ff(f”) pu BCex 1, j Takux, 9To 1 <49 < j < n.
2.9. IlokazaTb, 9TO uYmMciao pasnuudbix Gyuxiuin f(Z™), mius KoTo-
peIx namnas ¢yskims f(ZF) sensercs monbymkuumeit, He Menbime 22 —

k n—k
22— 12" (k<n).
2. I[I/IB']')IOHKTI/IBHBIG I KOHBIOHKTHUBHBIEC HOPDMAaJIBHBIE (pOpMBI.

o1 g2 Or 0 _ =, 1 _ ..
Dopmyna x7! & xil & ... &xiT, roe op € {0, 1}, 7, =7, x5 = Ty,
ir€e{l,2,...,n}, k=1,2,...,r (r>1 wm n>1), HassBaeTcs
Konwvronkyuet nad muoncecmeom X" = {x1, To, ..., x5 }. AHaNOrIIHO,

dopmymna 7'V x;? V...V 7" HasHBaeTCT JU3BIONKYUET HAD MHOKHCECTN-
som X". Ecmn x;; # x;, npu j # k, TO KOHBIOHKIUA (COOTBETCTBEHHO
IMU3BIOHKIINSI) HA3BIBAETCA IAEMEHMAPHOT (COKPAIIIEHHO 3. K. U 3. d. COOT-

BETCTBEHHO). Bripaxenus Buma mgf: HA3BIBAIOTCSI OyK6amu. Yucao OYKB B

5.K. (4 B 9. II.) HA3BLIBAETCS PAH2OM 3. K. (COOTBETCTBEHHO 3. I1.). Koncman-
ma 1 CIMTAETCS IO ONPENENICHNIO 3. K. HYAe6020 PaH2a, & KOHCTAHTa () —
3. 0. HYALB8020 PaAH2a.
dopmyna BUOA
@:Kl\/Kz\/...\/K (13)

S
KpaTKas 3allucCh K; ), rone K; — momapHO pa3lndHbIE SJIIEMEHTADHBIC
/] 1

=1
koHbIOHKIUU (i = 1,2,...,8) u s > 1, Ha3BIBAeTCA U3 BIOHKMUBHOT HOP-
Maabrotli Popmoti (COKpaleHHo d. u. @.).
dopwmyiia BuOa,

H=D1 &Dsy& ... &D, (14)

S
(KpaTKaﬂ samacy & Di), rae [D; — TonmapHO Pa3iIMUHbIE JIEMEHTAPHBIE
i=1

musptoukiuu (i = 1,2,...,8) u s> 1, HA3BIBAETCA KOHDBIOHKMUBHOT
HOPMAAbHOT Popmoti (COKPAIIEHHO K. H. (f.).

Hucso s B popmynax (13) u (14) Ha3BIBAETCS COOTBETCTBEHHO JAUHOU
d.n. . u daunot x.n.P. CyMmMa PAHTOB BCEX KOHBIOHKIINA, BXOMSIIINX
B O.H. ., HA3BIBACTCA CAOHCHOCTNbI 0. H. (p. AHAIOrMYIHO, CyMMa PAHIOB
BCEX OU3BIOHKIINI, BXOMAIINX B K. H. ()., HA3LIBACTCS CAOHCHOCTNDIO K. H. (.

Hu3bioHKTUBHAS (COOTBETCTBEHHO KOHBIOHKTUBHAS) HOPMAJILHAS
dbopma Ham MHOXECTBOM mepeMeHHbIXx X" = {x1, %2, ..., T} HA3BIBa-
€TCS CO8EPULEHHOT, €CIIN OHA, COCTABJIEHA, 13 BJIEMEHTAPHBIX KOHBIOHKITAN
(COOTBETCTBEHHO HJIEMEHTAPHBIX MU3BIOHKINIA) PAHTa 1 (Cp. ¢ Ompemese-
HUeM B II. 1).

[Ipocreimmii (HO BECbMa IPOMO3IKUIA) CIOCOO MOCTPOEHUS MU3BIOHK-
TUBHBIX ¥ KOHBIOHKTUBHBLIX HOPMAJILHBIX (OPM s OyJIeBLIX (OYHKIIMI
COCTOUT B MUCIOJIL30BAHUN SKBUBAJICHTHBIX ITPEOOPA3OBAHMIA.

[Tpumep 6. C mOMOIILIO HKBUBAJICHTHBIX MPEOOPA30BAHUN TOCT-
pouts m. 1. b. dysxmmu f(Z4) = (1 — 22T3) - (T2 © 2324) — T1T274) V
\/Elmz.
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Pemenue. Mcnomb3yss OCHOBHBIE SKBUBAJIEHTHOCTH 13 § 1, mpeos-
pa3yeM <IOCTEHEeHHO» JacTH (OpMYIEI, 3amaiomei Gyukmmo f(T*),
o.H. d.: _ _

¢ T1 — XoT3 = X1 V T2T3; (cm. 8,B))
To D T3T4 = Tox3%4 V Tox3Tg = T2(T3 V Tg) V Tox3rs; (cM. 8,a) u 4,a))

(371 — Z‘QTg)($2 D $3$4) — T1ToTg =

= (T1 V x2%3) (22 (T3 V Ts) V Tax3x4) = T1Z224 = (cM. 8,B))
= (T1 V x2T3)(22(T3 VTa) V Tox3Ts) VT12224 = (cM. 4,a))
=71 V22T3 V 22(T3 VTye) VTox324 VT1T224 = (cM. 4,6))
= T1 22%3 V T2(T3 V Ta) & Toksg V T1 2oy =  (cM. 7,1) 1 4,2))
= 21 (T2 VT3) V (T2 VT3 VIg) (T2 VI3 VTV
VI12Zo24 = (cm. 3,B), 4,6), 7,m))
=x1To Vo123V (T2 V 23%4) (T2 VI3V T4) V
VT1%2Ty = (cMm. 3,B), 7,a), 7,B))
=ZT1To VX123V ToT3 V ToTaV ToX3La V T1T2La V ;
f(@ZY) = 21T Vo123 V ToT3 V ToTy V ToT3T4 V
V T1%2%a V T T2 = (cm. 4,a), 7,m))
=21T2 V123V ToT3 VIToTgV ToX3La NV T1L2L4 V
Vx1VIa = (cm. 5,a))
= Lox3Ly V T1L2X4 V L1V Ty = (cMm. 6,a))
= Zox3T4 V ToTa V T1 V To = (cMm. 5,a))
= 2924 V1 VTy = (cm. 6,a))

=21 VIV 1y.

OueBuOHO, YTO MONYUEHHAS M. H. . IBIIETCS 1 K. H. d.

Ecmu 6yneBa ¢dyHkiusa 3amaHa HEKOTOPOW O.H.d., TO COBEPIICHHYIO
1. H. ¢. 5TON QYHKIIUN MOXHO IOy YN Th, UCIOIL3Y S IPe0Opa30OBAHMS BUA
A=A-2VA-T u AV A = A. Anamoruuno, coBepiiieHHas K. H. . Oyie-
BOI (PYHKIIUU MOXKET OBITH HOCTPOEHA M3 KaKOu-ubo K. H. . 3Toun QyHK-
UK C IOMOIIBIO TpeobpazoBanuit Buna A = (AVz) - (AVZ) u A- A=A

HuctpubyTusHbiil 3aK0H % - (yVz) =z -yVx-z (cMm. 3,a) B§1) coB-
MECTHO C SKBUBajieHTHOCTSMU ¢ =2, -z =0, A-0=0, AvVO=A4
1 3aKOHOM morJomierus AV A - B = A mosBoiseT mepexonuTh OT K. H. .
OyseBoi GYHKIINYM K HEKOTOPOM M. H. ., 3aIaf01Iel 5Ty ke GyHKInio. AHa-
JIOTMYHO, UCIONB3Ysl NUCTPUOYTUBHBIN 3aKOH £V Yy -z = (z Vy) - (zV 2)
(cm. 3,6) B §1), skBuBajenTHocT zVr=x, tVZ=1, AVv1=1,
A -1 = A un 3axou norsorienus A-(AV B) = A, MmoxHO u3 1. H. . Oyie-
BOU (QYHKIIAY IIOCTPOUTH HEKOTOPYIO K. H. . TOU XK€ QyHKITUN.
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[Ipumep 7. WUcnonbsys mnpeobpasoBamus Buga A=A -xVA-T
n AV A=A moctpouTh coBepiieHHy0 1.H.b. dyskimuu f(T3) =
= Tl \ ailfg \ 511253.

Pemenue. ®Oyukiua f 3amama mo. 1. . Kaxmas u3 BXOOAIIAX B 5TY
II.H. . KOHBIOHKINI 3JIeMEHTapHas. SHAUNT, OIS IOCTPOEHNs COBEPIIIECH-
HOU MO.H.(. HOCTATOYHO «MIOMOIHUTL® KaXMIYI0 M3 KOHBIOHKIIUU HEIOC-
ratoruMu OykBamu z7, mpumesss cootrHomenne A=A-zVA-T, a
3aTeM YCTPAHUTL IOBTOPEHUs (KIIPUBECTU MOMNOOHBIE CIIAraeMbIes) C
noMomiplo sksuBasiecHTHOCTH AV A= A. UmeeM 71 =T120 VT1To =
= flmzxg V Elxzfg V flfzxg V flfgf& Zlfg = mlfgmg V x1§253, ngg =
= T1T2T3 V T122T3. CJIQIIOB&TQJII:HO, f(%g) =T1Z223 V T1X2T3 V T1T2x3V
\/Tlfzfg \% x1§2x3 V 3717253 \ $1$2T3.

[Ipumep 8. Ilpumenss nucTpubyTUBHBIN 3aKOH %V yz = (z V y) X
X (z V z) n skBuBanenTHoctu VT =1, AV1=1u A-1= A, upeob-
pa3oBaThb O.H.d. £1 VZT1Z2 V TsT3 B K. H. .

Pemeunune. HNmeem 1 VT To= (5171 Vfl) . (33‘1 Vl’g) = 1&(:1’}1 V
\/332) =x1 V ZIs. IIaJIee, (CEl \% 372) V ToT3 = (5131 V Zo \/Tg) & (ZBl V zoV
\/53) = (ml \% ].) : (ml \/xg \/53) =1- (acl sz \/53) =T \/$2 \/Tg.

Opumep 9. Honcuurars umcno dyukimit f(Z™), y KOTOPHIX CO-
BEPIIIEHHAS K.H. (). ABJISETCS OOHOBPEMEHHO U I.H.d. (HE 06SI3aTEIBLHO
COBEPILIEHHOI ).

Pemenue. Cosepuennas k.H.d. dyukuun f(z") ecTb «mpousse-
IeHUe» SJIEMEHTAPHBIX OU3BIOHKIWEA paura n: Dy - Dy-...- D, (s > 1).
Ecnou n = 1, To umeeTcss Tpr BO3MOXHOCTH: X1, 1 U X1 - 1. OUeBUIHO,
YTO MOU3BIOHKTUBHBIMU HOPMAJIBHBIMEU (HOPMAMU SABJISIOTCSA TOJBLKO I
u T (mpumuem maxe coBepliieHHBIME I. H. §.). [lycTs Teneps n > 2. Ecnn
s = 2, To dopmymna Dy -Ds-...-Dg; He MOXeT OBITH m.H.(}., TaK KakK
B KaXIOW 5JIEMEHTAPHON MU3BLIOHKIMU [); CONEPKUTCI HE MeEHee MBYX
O6ykB. 3HAUUT, HYKHO UCCIENOBATDL TOJILKO Ciiydail, korna s = 1. Umeem

f@")=z7* Va2 V...Vzl~ toe 0; €{0,1} (i=1,2,...,n). Kax-
nas Takasg GYHKIUA ONHO3HAYHO ONpENesAeTCs 3amaHueM Habopa (o1,
09, ..., 0p). CHemoBaTenbHO, YUCIO COOTBETCTBYIONMX (DYHKIWA DPaB-

HO 2" (mpu srobom 1 > 1).

[Ipumep 10. Haittu mnuuy coBepiienuoi a. u. . dyukuun f(z") =
= (fl VIaV... an)-(a:l Vs V... Va:n), n>2

Pemenue. Ilpunnmas Bo BHUMaHUE OIpeneseHre MINHLL . H. G. Oy-
JIEBOW (DYHKIIMU U IPOIENYPY MOCTPOEHUs] COBEPIIIEHHON M. H. ., OMUCAH-
HYIO B § 1, 3aKiIrouaeM, 4TO OJINHA COBEPIIEHHON . H. (). PaBHA, MOIIIHOCTH
MHOXKecTBa Ny (MHOXeCTBA HAOOPOB, HA KOTOPLIX GyHKHuA f obparaeTcs
B 1). CremoBaTenbHO, MOCTATOYHO BBISICHATD, HA CKOJIBLKUX HAOOpax 3HA-
YEHWIl MMEPEMEHHBIX BBIMOIHAETCS PABEHCTBO (T1 VZa V...V Ty,) - (11 V
\/ZL‘Q\/...\/!L‘n) = 1.

OueBumHO, YTO 5TO PABEHCTBO CIPABENJINBO TOTOA U TOJIBLKO TOrIA,
korma T1 VToV...VZTp =1 u 1V V...Vz, =1. [lamee, snemen-
TapHAs AU3BIOHKIWS 7' V 257 V...V ™ obparaercs B 1 Ha 11000M Ha-

6ope, kpome Habopa (71, 02, ..., Op), W00 €CIU T; = 0; IIISI HEKOTOPO-
. , . oi— i i —
ros, To ¢}’ =0;' =1 m z]*V...Vz,'7' Vo7 \/:1:;7;{1 V...Vain =

4 T". 1. T"'aBpusios, A. A. CanoxeHko
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3HaunT, OU3BIOHKIMSA T1 VT2 V...V T, paBHa 1 Ha Bcex Habopax, 3a
MCKITIOUeHIeM equHIIHOro Habopa 1 = (1, 1, ..., 1), a nu3bloHKIms 1 V
Vzo V...V z, paBHa 1l Ha BCIKOM HabOpe, KpOME HYJIEBOTO: 0= 0,0, ...

, 0). Taxum obpasom, nonyuaem |Ng| = 2" — 2.

2.10. C moMoOIIbI0 5YKBUBAJIEHTHBIX IIPE00pPa30BaHUi ITOCTPOUTH
o H. . dyukuum f(z"):

1) f(%B) = (fl \/EQ \/53) : (x1w2 \ 333);

2) f(2°) = (T1z2 ® x3) - (123 = T2);

3) f(i?)) = (.731 ~ xz) V (l‘lmg S¥) (3?2 — 563));

4) f(@°) = (z1 | 2233) | (@1 | 22) | 23);

5) f(33) =71 = (22 — 23) ® (21 | (22 ® 13));

6) f(Z3) =21T2 Va3 ~ (T1 — T2T3);

7) f(?EIS) (331 \/:1:2x3) (331332 V il}g) (.’131:132 \/333); L
8) f(§4) (2131 V $2$3$4) ((fl \ 2174) S5 11722133) Vo - (333 \ 33174);
9) f(iélzl (.731 — 332) (33'2 — fg) . (333 — LU154);

10) f(z%) = (z1 L @2) - (22 | z3) V 21T4) - (21 | (23 | 24)).

2.11. MHcrmomp3ys SKBUBAJEHTHBIE TIPeoOpaA30BaHUS, TMOCTPOUTH
K.H. ®. dyukuun f(z"):

1) f(2%) = (z1 = 22) © (T1 | 22)) - (1 ~ 2 - (21 — T2));

2) f(z%) =222V (21 L (22 V (T1 = 22)));
3) f(fB) =21T2 V Toxz V (56'1 — $2$3),

4) f(f?’) = (Tl — (.’132 — LE3)) D x1T2x3;

5) f(f?)) = (.731 ~ (2132 — 333)) V (ZEQ — Z‘lxg);
6) f(fgél) =ZT122 V 23 V r3T4 \% T1d4;

7) f(fél) = (331 ~ 1132) V (31'1333 ~ LE4) V T5T3.

2.12. Ilpumensisa npeobpasoBanus Buna A =A-TVA-x u AVA=
= A, mocTtpouTh U3 33maHHON m.H.d. dyukiuuu f(I") ee COBEPIIEHHYIO

no.H.d.:

1) f(i?)) = T1T2 VT3; 2) f(%S) =7 EQVZE273V£E1§3;

3) f(&?/g) =x1V 23 \/Tgfg; 4) f(ZEB) =21T2 V 23 \/Tg;

5) f(%g) =x1 VT Vflxg; 6) f(§4) = T1T2T3 V .’1712173?4;

7) f(Z%) = 2122 VTomy V 23Tg; 8) (%) =21 V xaw3 V T124.

2.13. C mowmoreio mpeobpasoBauuit Buna A =(AVzx)-(AVET) n
A- A=A mocrpouts u3 3amaHHON K. H. . dyukuun f(T") ee coBepiieH-
HYIO K. H. }.:

1) f(@°) = (z1 VT2) - x3; 2) f(@°) = (21 V 22) - (T2 V 3) - T3;

3) [@°) = (T Vﬂfz) (21 VT3) - (2 V 23);

4) f(@°) = z1 -T2 - (T2 V 33) - (21 V T3);

5) f(ll?g) = (331 VZEQ) M) (371 \/Tg) : (Tz VZEg);

6) f(T%) = (z1 Va2 Va3) - (1 VT2 VTy);

7) f(@*) = (z1 Va2) - (T2 V 23) - (T3 V 74);

8) f(fll) =T 'fg I3 - ([Cl \/fz ng \/54).
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2.14. WUcnomw3yst nuctpubyTuBHBIN 3aKkoH x(yV 2z)=xzyV Iz u
sKBUBaJieHTHOCT - -x =2, -z =0, A-0=0, AVO=A u AV
VA-B = A, nepeiitu oT 3amaHHON K.H.d. Pyukmum f(Z") k m.H.d.:

1) f(Z3) = (@ VT) - (21 V x3) - (T2 V T3);

2) f(%g) =y - (.’Bl V To \/53) . (112'2 \/53);

3) f(@3) =(xz1 VT2) - (x1 VT3) - (T1 VT2 V T3);

4) f(fg) = (331 VCBQ) . (Tl V§3) . (Tl \/373) . (ZEQ VZL’3);

5) f(%?’) = (2131 V To ng) . (51 V o \/Eg) . (1171 V o \/.’133);
6) f(Z4) = (21 VZ2) - (22 VT3) - (12 V 14) - (T3 V T4);

7) f(f‘l) = (fl VxoVITs \/1174) . (Zl?l V To \/ZL’3) . (.Cl?l VCE4).

2.15. Ucnons3ys nuctpubyTuBHbI 3aKOH £ V Yy -2 = (£ V y) & (z V
u DSKBUBaJieHTHOocTM zVzr =z, zVZI=1 Avli=1 A-1=A
A-(AV B) = A, nepeittu ot 3amamHON m.H.d. pymkmum f(z") K

K.H.D.:

2)
u
e

e

1) f(%3) =T1Zo V I3, 2) f(%g) =I1T2 V 2xT3 V fzﬂ?g;

3) f(%g‘) = fl \ ITo2X3 \/fgfg; 4) f(§3) = fl V Io V Zvlfzxg;

5) f(%B) = flfg \/52 \% ngg; 6) f(%él) = T1T2 V £E2f3 Vf2$4 \ 3T 4,
7) f(~4) = T1T2T3%4 V T1T2T3 Vfgle;

z
8) f(%él) =T V xzfg \/le3$4 \/52333f4.

2.16. Hokasats, uro nepemenHas x; dyukuuu f(z")Z 0 saBuasercs
GUKTUBHON TOTZA W TOJIBLKO TOTMA, KOTMA COBEPIIEHHAS O.H.d. d>TON
GYHKINM BMECTe C KaXJIOW 3JIeMEHTApPHOU KOHBIOHKIUEH K; COmepXuT
TaKXe KOHBIOHKIMIO K, oTiamuaromiyrocs oT K; TOmbko -1 OykKBOii,
T.e. Kj=2]'K n K; =1z]'K, rne K — KOHBIOHKIIUs panra n — 1.

Sameuanue. CropaBemmnBO TakXke yTBEPXKIEHUE, IBONCTBEHHOE
3anade 2.16: mepeMmeHHas T; sSBIgeTCS (GUKTUBHOU IepeMeHHOU (DYHK-
muu f(Z") Z 1 Torma m TOIBLKO TOrMa, KOTMa COBEPIIEHHAS K. H. ¢. 9TOil
GYHKINM BMECTE CO BCAKOW 3JIEMEHTAPHOM NU3BIOHKIMER [); ComepXuT
TaKylo 3JIEMCHTADHYIO NU3BIOHKIMIO D), kxoTopas oTmmdaeTrcsi oT Dj
muinb - 6ykBoit, T.e. D;j=27'VD umw Dy=z]*VD, tne D —
NMU3BIOHKINASA PaHTa n — 1.

2.17. Honcunrars yucio ¢dyukuuii f(Z™), y KOTOPHIX COBEPIIIEHHASL
I.H. . VIOBIETBOPSIET CIEAYIOIIEMY YCIOBUIO:

1) OTCYyTCTBYIOT 5JIEMEHTAPHBIE KOHBIOHKINH, Y KOTOPBIX YKACIIO OYKB
C OTPUITAHUIMEI PABHO YUCIy OyKB 6€3 OTpullaHuii;

2) Kaxmast BIIeMEHTapHAsT KOHBIOHKIINS COIEPXKUT XOTsI ObI IBE OYKBLI
¢ orpunauaMu (n > 2);

3) OTCYTCTBYIOT HJIEMEHTAPHBIE KOHBIOHKITNN, CONEPKAIINE HEUeTHOE
qmcyIo OyKB C OTPUITAHUSIMMT;

4) B KaXION HJIEMEHTAPHON KOHBIOHKIINY IUCIIO OYKB C OTPULIAHISIMEA
He OoJsbitie uuciia OykB 0€3 OTPUITaHUN;

5) kakoBa OBl HEU OBLIa 5JIEMEHTApHAsS KOHBIOHKIWS K, HalimeTcs
(npyras) saemeHTapHas KOHBIOHKIUs K;, ornuuaromascs oT K; TOIbKo
nepBoit OykBoit (T.e. K; =2]'K un K; =2]'K, rie K — KOHBIOHKIINS
paura n — 1);

4*
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6) kakoBa Obl Hu OBLIA 3JIEMEHTApHAs KOHBIOHKIWS K, HaimeTcs
sJleMeHTapHas KOHBIOHKIUI K;, ormnuatomascs ot K, OByMs nepBbIME
oykBamu (T.e. K; =27'25°K n K; =2]'25° K, rne K — KOHBIOHKIINS
pauran —2 (n > 2)).

2.18. Haisitu nouny coBepiieHHo a. H. d. byuxkuun f(z"):

) fz")= \/ mzj;, n>2;

1<i<j<n
2) fEM) = & (mi—rz), n22
1<i<jsn
3) f(z") = (w1 | z2) | x3) [ ... [ Tp—1) | Tn, n 22
4 ") =11 = (22 = (23 = ... = (Tp_1 = Tn) ), n =2

ZBlvmz)'(fl\/Tz)—)3?3'...'£Bn, TLZ?),
=T1To... L, PT3D... PxH, N =3
=(zx1VaaVzsV...Vx,) = ((.. (3 ~24) ~ ...
L~ Tp_1) ~ Zp), Nn=4

2.19. Ilycte muOX)ecTBa X™ = {21, ..., Ty} u Y" ={y1, ..., yn}
He mepecekatoTcs. [Ipenmonaras, 9To OINHBL COBEPIIIEHHBIX 1. H. . OyHK-
it (™) u g(y"™) paBHBI COOTBETCTBEHHO k ¥ [, HANTYU MJIMHBI COBEP-
IIIEHHBIX 1. H. . CIenyoomnmx QyHKINN:

) f@™)vgy™); 2) f@™)-g@"); 3) f@™) e g9y™);

1) FE™) = g,

2.20. Hairtu mmuny coBepieHHoit m.H.d. dyukuuu f(z") & g(z"),
€CII U3BECTHBI MNJIMHBI COBEPIIIEHHBIX M. H. ¢. CIASOYIONINX OYHKITAIN:

1) f(@")-g(") m f(z")Vg(@");

2) f(&") = g(z") n g(z") = f(z").

2.21. [oka3aTh, 9TO cpenu OyseBBIX GYHKIINHN, 3aBUCSIINX TOIBKO OT
IBYX TIEPEMEHHBIX L1 U To, IPUUEM OT KaXKIOU M3 HUX CYIIECTBEHHBIM
oOpa3zoM:

1) poBHO BOCEMBb DYHKIIUN UMEIOT I. H. . CIIOXKHOCTH 2;

2) He cyliecTByeT (YHKIMA, y KOTOPBIX MUHUMAJBHO BO3MOXKHASL
CIIOXKHOCTB . H. ¢. paBHa 3.

) f(z™)
) f(@")
) f(z") i,
5 f(@™) =(...((x1 > x2) > x3) = ... Tp_1) = T, N =2
) f(@") = (
) f(z")
) f(@™)

3. INomuuomel 2KerasikmHa. OiieMeHTapHAs KOHBIOHKIIUS HA3LI-
BAETCA MOHOMOHKHOT, €CII OHA HE COOEPXKUT OTPUIAHUN THEepPEMEHHBIX.
Konemanma 1 (T.e. sjieMeHTapHAsS KOHBIOHKIUS HYJIEBOTO DAHIra) CUM-
TAETCs IO OIMPENeNIeHUI0 MOHOMOKHHOT DIIEMEHTAPHON KOHBIOHKITHE. BhI-

aXXeHUe BUIOA
b KoK ®.. 6K, (15)

roe K; (1 =1,2,..., ) — IODApPHO Pa3INYHbIE MOHOTOHHBIE DIIEMEHTAP-
HLle KOHBIOHKIIMM Hal (UKCUPOBAHHBLIM MHOXKECTBOM IIE€PEMEHHBIX
(B wacTHOCTH, HAIM MHOXECTBOM X", n > 1), HA3LIBAETCA NOAUHOMOM
Kezaaxuna (umu noaunomom no modyao 2). PaccmarpuBaeTcs Takxke
nosmmaOM 2Kerasikmuaa, coorBeTcTByMommn s = (0. Takoir mosmmHOM 060-
3HauaiorT uepes 0 (HE3ABUCHMO OT MHOXECTBA IEPEMEHHBIX) U CUUTAIOT
II0 ONpEHNEJeHNI0, 4TO OH paBeH KoHcTanTe 0. Hambonmpmmii m3 pamros
SJIEMEHTAPHLIX KOHBIOHKIIAN, BXONAIIUX B IOJMHOM, HA3BLIBAETCI CMme-
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newvio 5Toro noauroma. Cremnenp mommHoMa () cumrTaeTcs Heonpede-
aewnoti. Yucmo s uHaswiBaeTcs daunoti noauwoma (15). Copasemmusa,
CIIeyIoMas

Teopema (U.U. XKerankun). Beaxag 6yaesa Gynkuyud eduncmeen-
Mol 00pazom npedcmasuma 8 sude noaurnoma Hezarxuna.

Sameuanue. 3meCh eOIMHCTBEHHOCTDH MOHUMAETCS C TOYHOCTBIO IO
MIOPSIIKA CIIATaeMbIX B CYMME U MOPSOKA COMHOXKUTENEN B KOHBIOHKIIMSIX.
W1 B manpHeIIEM MBI CYUNTAEM ONMHAKOBBIMU IMOJIMHOMBI, PA3IAYAIOIINECS
TOJIBKO TIOPSIIKOM CJIATA€MBIX B CyMMe U /MJTU MOPSAIKOM COMHOXUTENEN B
KOHBIOHKITHASIX.

Yka3zaHHas €MUHCTBEHHOCTH MPENCTABIIeHNS OyneBor (GYHKIIMU TIOJIU-
HOMOM 2Kerajikmaa IO3BOJISIET MPUMEHITH PA3HOOOpPAa3HBIE METONBI IIO-
CTPOEHUS COOTBETCTBYIOUINX NAHHOU (PYHKIIAW IOJIMHOMUAIBHBIX BBIPa-
XKEeHUM, 3a00TICh JIUMIIL O TOM, YTOOBI PE3YIbTUPYIOUINNA MOIUHOM OBLI
npusedennbim, T. €. He COOePKaJl ONMUHAKOBLIX COMHOXUTEIEN B KOHBIOHK-
USX W ONWHAKOBBLIX CJIAra€MBbIX.

OnuiieM Tpu METOMa MOCTPOEHUsI TOIMHOMOB 2K erajkunHa.

Cuauasia BBEOEM CIEIAAILHYI0 HYMEPAIN0 MOHOTOHHBIX DJIEMEHTap-
HBIX KOHBIOHKIUH (3. K.) HAIl MHOXeCTBOM nepeMeHHbIXx X" = {z1, o, . ..
...y Tn }. MonoTonHo# 5. k. K conocrasisem BekTop o(K) = (01, 02,...
..., On) 3 B" BKOTOPOM 0; = 1 TOrIa U TOIBKO TOTMA, KOTIA L; BXOMUT

n .
B K. Homepom 3.%. K Gymem HaswBaTh uncio v(o(K)) = > o;-2""
i=1

KoncranTa 1 B 3T0ol1 Hymeparuu O6yneT mMmeThb HOMED 0.

1. Memod neonpedeaennvix xosdgduyuenmos. llyctes P(z™) — ucko-
Melii onraOM 2Kerankumua (peanusyromnmuii 3ananuyio oyuakmuo f(z™)).
3amnuiiem ero B Bume

P(in) :ﬁO -1 6961 'Kl @52 'Kz D ---@62n_1 'Kzn_l, (16)

rne K; — sieMeHTapHAs KOHBIOHKIWSA C HoMepoM j (j =1, 2, ..., 2" —1).

Bekrop Bp = (6o, B1, ..., Pfon_1) OymeM B HajbHENIIEM HA3LIBATH
8eKmMoOpPom KoadPuyuenmos noaunoma P(z™).

HaMm myX®HO HaiiTH Heum3BeCcTHBIE KOdhdumueHTsl (g, B1, ..., Bon_1.

[Mocrymaem tak. g kaxnoro a € B™ cocrasisem ypaBaenune P(a) =

= f(a), rme P(a) — BeIpaxenue, mnojyudaroreecs usz (opmyias (16)

o~

opu T = (. JTO HaeT cucTeMmy u3 2" ypapHeHuin ¢ 2" Hen3BeCTHLIMU; OHA
“MeeT eQUHCTBEHHOe pelrleHue. Perus cucteMmy, HaxoouM KO3(POUITIEHTHI
nosuaoMa P(z™).

2. Memod, 6azupyrowuiica na npeobpa308anuy 6eKmMopa 3naueHull
dynryuu. Han BekTopamu u3 B2 ompenmensercs (MHAyKImed 1o n) ome-
pamms 1.

a) Bcmm n =1 u a= (ap, a1), To T(a) = (ag, ap ® ay).

6) [Ipenmonoxum, uTo omeparus 1 yxKe ONpemeeHa IS KaXIOro

~ n o ~ n+1
BeKTOpa ¢ u3 B? | m pacCMOTPHMM TIPOM3BONBHLINA BEKTOp & u3 B2 .
[ycts @ = (Bo, B1, ---5 Ban—1,%,Y1, - -+ Yon—1) B

T(Bo, B1, ---, Ban—1) = (do, 61, .-, O2n_1),
T(’YO) BARIEE 72n—1) (60, €1y «+ 1y 52n—1)
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(0; ¥ €; DO MHOYKTUBHOMY IPENIOJIOXKEHWIO n3BeCTHHI). llomaraem
T(Oé) = (50, 51, ceey (Sgn_l, 50 & o, 51 ber, ..., 52n_1 @5211_1).

MuI ceiluac IOKaXKeM, YTO BEKTOPD &?E sHauenunt ¢yukuuum f(z")
CBSI3aH C BEKTOPOM [p k0dhdurmerToB nmonmuuoma P(z'), peanunsyoiero
dyuxmmio f(z"), crenytomum obpasom: Bp = T(ay) u ay =T(8p).

CremaeM 5TO € TIOMOIIIBIO UHAYKITAX IO 7.

Basuc mugyxknum: n =1 Toroa of=(ap, 1) um B cumy
dopmyner  (10) umeem  f(z1) =T f(0) @z f(1) = o T1 ®ay -1 =
:Oé()'($1 @1)@0&1 - X1 :Oéo'lEB(Oz()EBOél) T, T.e. ,Bp = (Oé(), Qo D
® 1) =T(ay). O6parno, ecmu f[p = (Bo, 1), T0 Px1)=00-1@
@ pB1 - 1, a crenoBarenbuo, f(0) = P(0) =6y u f(1) = P(1) = By & B4,
T.e. ay = T(Bp). Basuc nuanyxnum 060CHOBAH.

NunykTuBHBIX mar. IIpenmonoxuMm, 4TO yTBEpPXKOCHUE BEPHO
oias n=m > 1, U yCTaHOBUM €ro CIPaBemJIUBOCTH mpu n = m + 1.
[ycTs BekTOpOM 3Hadenmin dynkmun f(zZ™T1) Gymer ay = (ao, a1, .
ceey Qgm 1, Qom, Qamil, «.., Qogm+1_1). 1OMA BEKTODP 3HAYEHUN T1-KOM-
noneHTH Gyukuuma f(Z™1!) ects agp = (ao, a1, ..., Qom_1), & Bek-
TOp 3HAUEHWH T1-KOMIIOHEHTBI €CTh Qp1 = (Qi2m, Qam i1, ..., Qgm+1_1).
(3meck 06e KOMIOHEHTHI PACCMATPUBAIOTCSI KAK QYHKIIUN, 3aBUCSIIINAE OT
TIEPEMEHHBIX L2, . . ., L1, 1 HAOOPHI 3HAUEHUN STUX IEPEMEHHBIX CUNTa-
IOTCS CTAHOAPTHO YIOPAMOYCHHLIMU — IIPU €CTECTBEHHOM, II0 BO3PACTa-
HUIO HOMEPOB UHIEKCOB, YIOPSIOUYEHUN CAMUX MEPEMeHHBIX.) Mcmonbsys
VHIYKTUBHOE IPENNOJIOXEHNE, MOXEM HAINCATD

T(&/?:}n) = T((a()? A1y onny a2m—1)) — (5(), 51, ey 52”—1)7

T(&?E’;) =T((aom, aami1, ..., Qam+1_1)) = (€0, €1, + ., Eam_1),

roe (dg, 01, .., dom_1) — BekTOp KOdbduimenToB monmuuoma FPo(xs, ...
ceey Tmal), PEANU3YIONIETO T1-KOMTOHEHTY [}, a (eo, €1, ..., €am_1) —
BEKTOP KOdGhGUImenToB mnomumHoMa Pi(zs2, ..., Tymi1), PEATHU3YIOLIErO
z1-kommoneHTy fi. Ilpumenss dopmyny (10) u pacmuceBas monuHOMEL Py
u P; B Bune (16), umeem

fE™ Y =T fi @i fl =T1(60 Ko @01 - K1 @...@00m_1 - Kom_1) @

@xl(f;“o-[?o@t?l'k1@---@52m—1'i€2m—1) :50‘f?0@51'k1@"'
@O 1 Kom 1 @21 ((0 ®eo) Ko® (01 @er) Kid...

B (52m_1 69821%_1)'}?2*”—1),

rne K; — xonbroHknus ¢ HomepoMm j (7 =0, 1, ..., 2™ — 1) Hag MHOXeCT-

BOM IIEPEMEHHBIX {Z2, ..., Tm41 }. Ecnu konbroHKImio K; paccMaTpuBaTh
HAJ MHOXECTBOM {Z1, T2, ..., L1}, TO €€ HOMED HE U3MEHUTCS, TaK
KaK B COOTBETCTBYIOIIEM €l HOBOM Ha0Ope MepBas KOOPIMHATA HyJeBasd.

B To xe Bpemsa HOMep KOHBIOHKIUE T1K; pasen 2™ +j5, 57 =0,1,...
..., 2™ — 1. Orciona crnenyer, 4TO BEKTOP KOX(POUITMEHTOB ITOJIUHO-
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ma P(z™T1), peamusytomero dyuxmmio f(Z ™), umeer sun Bp = (do,
Oy ey Oam_1, 09 D Eg, 01 D€L, ..., Oam_1 D Egm_1), T.€. COBIATAET C
TeM, KOTOPEIA yKa3aH B onpenenenun onepamuu 1. Utax, ycrasosneHo,

uro [p =T (ay). Hokaxem Tenepb OOpPaTHOE yTBEPXKAEHUE, T.€. UTO
&f = T(QP) HYCTB /BP = (/607 /617 S /62m—17 /62m) /82m+17 S 162"“"1—1)'

~

TOFI—[a /BPO — (/607 /617 "'7/62m—1) n ,6]31 — (62’”7 /82m—|—17 c ey 62m+1_1),

rne Py u P; — MOIMHOMEL, peaju3yIomnime COOTBETCTBEHHO T 1 -KOMITOHEH-
ty f! u z1-xommonenty fi dyukmuu f(z™1!). OueBunno, uTo

f(O, Loy ooy $m+1) :P(O, Lo, ..., ZL’m_|_1) =
=B - Ko@B1-Ki®...0 Bam_1 - Kom_1q,

f(l, Loy ooy $m+1) = P(l, T2, ooy $m+1) =

= fam - Ko ® fBomy1- K1 @ ... 0 Pom+1_1 - Kom _1,
rne K; — xombloHKIMS ¢ HOMepoM j (7 =0,1, ..., 2™ — 1) Hag MHO-
XKECTBOM TEePEMEHHBIX {Zo, ..., Tyt1}. Bocmomb3oBaBmiucs,  Gopmy-

noit (10), momyuaem
f@m ) =mfo@nfi=fo®n - (fefi)=
=P0, 22, ..., Tis1)Bx1(P(0, 2, ..., Tppr1) D P, Zo, ..., Tips1)) =
:/BO'I?OEBﬁl 'f?l@---@ﬁzm—l 'I?2m—1 @ﬁl((ﬁo@ﬁzm)'ko@
@ (61 @ Parmy1) 'I?l D...0 (Bam_1 ® Pom+1_1) 'f?zm—l) =
=B Ko®B1 - K1 ®...0Pam_1-Kom_1 ®(Bo D Pam) - Kom @
O (B1 @ Pomt1)  Komi1 @ ... (Bam—1 @ Pam+1_1) - Komi1_1,

rne KOHBIOHKIUs K; paccMaTpuBaeTCsl HAO MHOXECTBOM {%1, Ta,...

ceesTme1p wmpn j=0,1,..., 2™ —/1\ cosnanaer ¢ K;, a mpu j = 2™,
2™ +1,...,2™" — 1 ona pasua 77 - Kj_om. Takum 06pa3soM, HOKa3aHo,

uTo ay = 1(Bp). Y TBepxkIeHne 060CHOBAHO IOIHOCTLIO.
Ucmonb3yst mOKa3aHHOE yTBEPKIEHUE, MOXKHO ONUCATH AJITOPUTM

NOCTpoeHus BeKTopa Op KodhdumenTos nonuroma P(Z™), peamusyrorie-
ro dyukimo f(z"), IMEIOIIYI0 BEKTOP 3HAYEHUNA (lf.
~om _
IIycTs af =(ag, a1, a2, A3, ..., A2, A2j+1, -.., Qan_o, Qon_1). Pas-

OuBaeM BEKTOD &?p Ha OBYMEpHBIE HAOOPHI:

Yo = (o, 1), 71 = (a2, as),
- ’Yz = (052@', Oézz‘_|_1), ceey ’)/271—1_1 = (Oézn_z, Oézn_l).
K xaxnomy m3 HuUX mpuMeHseM omepanuio 7'

T(Yo) = (a0, g ® 1), T(m) = (a2, 2@ 3), ..., T(y)=
= (Oézz', Qs; D a2i—|—1)7 sy T(%n—l—l) = (a2"—27 Qaon_o D a2"—1)-

Ncnonb3ys nocTpoeHHBIE HAOOPBI, KOHCTPYUPYEM TaKWe YeTHIPEXMEPHBIE
Ha0OPBI, KOTOPBIE TTOJIYYAIOTCS B Pe3yIbTaTe IPpUMEHEeHUs onepanuu 1' K
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JeThIpEXMEPHBIM HAaOOpaM, BBIOEISIEMBIM 13 BEKTOPA, &?@ :

T (a0, a1, as, az) =T (Yo, 1) = (T (%), T(w) @ T (M), -,
ooy T(ouy, oy, Qajgo, Qujys) =
=T (Y5, Y2j+1) = (T(¥25), T (725) ® T(V2j+1)),
oy T(aon_g, aon_z, Qon_s, Qzn_1) = T(Yan-1_3, Yon-1_1) =

= (T (Yan-1_2)T (Yon—1_2) ® T (Yan-1_1)).

3aTeM OT YeTHIPEXMEPHBLIX HAOOPOB MEPEXONUM (aHAJIOTUIHBIM 00Pa30M )
K BOCBMUMEPHBIM U T. II., [IOKa, He TocTpouM 2" -Mepubiit Habop. Ou u 6ymet
HCKOMBIM BEKTOPOM KO3 duumenToB nomuaoma P(z™).

Sameuanue. 3mech 2™-MEpHBIM BEKTOpP M300paKAETCSI MHOTUMU
crocobaMm: MBI «PACIIEIUIIeM?» €ro Ha <«IOCIENOBATEILHLIES IBYMEp-
HBLIE, YeThIPEXMEPHLIE, BOCBMUMEpPHEIE 1 T.H. Habopel. Hampumep, mma
BekTOpa (Qp, 01, A2, 3, A4, A5, Qg, A7) TPUMEHSIOTCS TAKUE 3AIUCH:
(20, 1), (@2, a3), (qa, as), (as, a7)), ((ao, a1, az,a3), (q, as, ag,
az)). Cymma a @ [ HaGOpPOB (BEKTOPOB) ONMHAKOBOW IJIMHBI ITOHIMA-
eTCsAd HaMU OOBIUHBIM O0pa3OM: 5TO IMOKOMIIOHEHTHAs CyMMa II0 MOMY-

mo 2, T.e. adf =@ BP1, ..., 0, B PBn), eciu a= (ag, ..., Q) 1

/6: (/617 7/671)

3. Memod, 6azupyrowuiica na npeobpazosanus Gopmys Had MHOHCECTN -
som cea3ok {& , —}. Crpost HekoTOpYIO DopMyny P HAIL MHOKECTBOM
cBs130k { & , —}, peanusyroryio 3ananuyo Gyuknuo f. 3aTeM 3aMEHSIOT
Bcrony nondopmynsl Buma A ma A @ 1, packpeIBalOT CKOOKM, MOJIL3YICh
muctpubyTuBHbiM 3akoHOM A - (B@®C)=A-B® A-C, u npumeHsor
skBuBajieHTHOCT A- A=A, A-1=A, AA=0u A 0= A.

IIpumep 11. MeTonom HeompeneseHHBIX KO3GGUIINEHTOB IIOCTPOUTD
nosuaoMm 2Kerankuna s dyukuun f(x, y) = x V y.

Pemenue. P(z,y) =Lo®P1 - @ P2y ® P3 - ry. BomucsBaem cuc-
TeMy ypaBHEHUu mjis koshduimenTos Oy, b1, P2, [3:

f(0,0)=0=30®B-00P2-0®ps3 -0,
f(07 ]-) — 1:6069610@620@/6307
f(17 O) = 1:/60@/811@/620@/6307
fL)=1=6o®p1-00B2-18 P51
Pemtas sty cucremy, nonyuaem (g = 0, 81 = B2 = 3 = 1. CiemoBaTeinn-
HO, tVy=xydrdy.

[Tpumep 12. IIpeobpa3ys BekTOp 3HAUEHUN (DYHKIIUU, TOCTPOUTH
nomuoM 2Keramkuna mis dyaknmn f(Z3) = z120 V 2123 V T273.

Pemenue. Nmeem ay = (00010111). PazbuBaem 5TOT BeKTOp Ha
«IOCIIEeNOBATENbHBIES NByMepHbIe HAOOpsL: Yo = (0, 0), 71 = (0, 1), 72 =

= (0, 1), 73 = (1, 1). 3aTem mociaenoBaTeNbHO IpUMeHsieM oneparuio 1’ K
COOTBETCTBYIOLIIM BEKTOPAM:

T(%)=(0,000)=(0,0), T(m)=(0,001)
T(%)=(0,001)=(0,1), T(s)=(1,101)

(0, 1),
(1, 0);
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T (o, 71) = (T (%), T(v) ® T(M1)) =
= ((0, 0), (0,0)® (0, 1)) = (0, 0,0, 1),
(

T(v2, v3) = (T(72), T(72) ® T'(73)
0,1), (0, 1)® (1,0)) =(0,1, 1, 1);
T(af) =T(o, 11, Y2, ¥3) = (T (Y0, 1) T(Vo, M) @ T(72, 13)) =
=((0,0,0,1), (0,0,0,1)®(0,1,1,1))=(0,0,0,1,0, 1, 1, 0) = Bp.
Taxum obpasom,
PE)=0-Ko®0- K190 - K201 - K300 -K;®1-K5®
Gl - Keg®0- K7 =203 D 123D x125.

Mpumep 13. IlpencraBus dyukmuio f(zr,y) =x — y dopmyson
HAJIl MHOXECTBOM CBs30K { & , —}, mpeobpa3oBaTh 3aTeM MOIYUEHHYIO
dbopMyny B nomuHOM 2K erajkKuHa.

Pemenue. Umeem 2 -y =ZVy=T-y=xz-y=z-(ydl)dl=
=zydxdl.
ITpumep 14. Ha ckonbkmx mabopax m3 B™ obparaercda B 1 mosmm-
HoM P(z") = @ zz; (n>2)7
1<i<j<n

Pemenne. JlaHHBIT TOMWHOM MOXKHO 3aIUCATH B CJEMYIOIIEM BUIE:
Pz") =212 ® (1 D x2) 23D ... D (11D ... Dxp_2) Tp_1 D

@(331 EB...EBZEn_l) *Ip-

B cuny cuMMeTPUYHOCTU BXOXIEHUS B HETO BCEX MEPEMEHHBIX IOC-

TATOYHO paccMoTperb Habopwl Buma (1,...,1,0,...,0), 0<i<n
v
2
(mpum 4 = 0 »T0 6ymet mynesoit uabop 0 = (0, 0, ..., 0)). Ecimu ;41 = ...
o=z =0,10 P(£1, ..., 2,0, ..., 0) =21 2D (21 D 22) &13D ...

@ (1D ... B Ti—1) - ;; 30ECH YUCIIO TPOU3BENEHUN BUNA LjL; PABHO,

1 . : . o

OYEBUIHO, (2) (2<i<n),anpu i =1 u ¢ =0 Takux NpPOU3BENEHUN

wer. 3umaunt, P(1,...,1,0,...,0) paBao 0 wiau 1 B 3aBUCUMOCTH OT
W

TOTO, Y€THO WJIM HEYETHO YUCIIO (2) (mpu =1 m ¢ =0 3HaueHue
MOJIMHOMA Ha, COOTBETCTBYyMIeM Habope ecTh (). Boiacuum tenepn, mpu

. i
KaKWUX ¢ YUCIO (2

) aBiigeTcsa HedeTHbIM. Eciu ¢ =4k wim 1 =4k + 1
(k> 1), o (;) paBuo 2k - (4k — 1) mmm (4k + 1) - 2k cooTBeTCTBEHHO,

accnmi = 4k + 2w i = 4k +3 (k> 0), To (;) pasro (2k + 1)(4k + 1)

wu (4k + 3)(2k + 1). CremoBaTenbHO, IKUCIIO (;) SBIISIETCS HEUETHBLIM

TONBKO Torma, korma ¢ =2,3,6,7,...,4k+2,4k+ 3, ... YunroBag
5TOT (AKT, 3AKIIIOUAEM, YTO YUCIIO HAOOPOB, HA KOTOPHIX mosmmHoM P(Z™)
obparmaeTcs B 1, paBHO

=24, =8/
> (4k+2>+ 2. <4k+3>‘



o8 I'a. I. Cnocobvl 3adanud u ceoticmea Pyrwkyuti aseeOpol 402uKy

B wacTHOCTH, eciim 1 = 2, TO CyIlECTBYeT TOJIBKO OOWH TaKOW HaOOP

—1
(B 5TOM CIIy4ae BTOPAs CYMMa BHIPOXIAETCS B HYIb: » ( 4k2—|— 3) = ),
k=0

a ecimm n = 3, TO TaKuX HAOOPOB YETHIpE

(2 (0da) 2 () = ()« () =11

2.22. MeromoMm HeompemeneHHBIX KOd>(PUIIMEeHTOB HAWTHU IIOJIMHOMEI
KeramkuHa s Caenyommx QyHKITIR:

1) f(@%) =21 | 225 2) (%) =(0100); 3) f(2°) = 21(22 V T3);
1) f(3%) =21 — (22 = 73); 5) f(&%) = (01101001);

6) f(z3) = (10001110); 7) F(z3) = (00000111);

8) f(%%) = (01100110); 9) f(Z*) = (1000000000000001);

10) £(3%) = (0000100010010000).

2.23. IIpeoGpasys BekTOp 3HaueHwit pyukuu f(I"), IOCTPOUTH MO-
nuHOM 2KerayikuHa, It 3Tou (PYHKIITUNA, €CIIn:

1) f(2*) = (1000); 2) f(z?) = (0010);

3) f(z3) = (01101110); 4) f(z3) = (01110011);
5) f(z3) = (10101110); 6) f(z3) = (10000100);
7) f(z*) = (0000010001100111); 8) f(z*) = (1010101010110110);
9) f(z*) = (0100000000010001); 10) f(z*) = (0000000100010001).

2.24. IlpencrasuB dyukuuio f(Z™) GoOpMyIoil HAL MHOXECTBOM CBSI-
30k { &, —}, mpeobpa3oBaTh 3aTEM MOJIyYEHHYIO (HOPMYIY B IOJMHOM

Keramkuna ¢ysxnmn f(Z7) (ucmomb3ys skpuBajeHTHOCTH A = A @1,

A (BaC)=A-BoA-C, A-A=A, A-1=4, A®@A=0u A®

)
1) f(Z%) =21 = (z2 = T1x2); 2) f(?) =21 - (22 ~ 21%2);
3) f(T°%) = (z1 L x2) | (w2 L w3); 4) f(T3) = (21 V 22) - (32 | 73);
5) f(fgg) =2 \L (([El — 332) \/Tg),
6) f(z°) = (z1 = (z2 = x3)) - (21 = 32) = 23);
7) f(Z°) = (1 @ 2) V (w2 | 73);
8) f(Z*) = (z1 = z2) = (23 = T124);
9) ‘)”(542L =xz1 V(22 = ((x3 = x23) = x4));

2.25. Tloka3aThb, 4TO T; IBJIAETCS CYIIECTBEHHOU MEPEMEHHON (yHK-
muu f(z") Torma u TOJMBKO TOTHA, KOTAA &; SIBHO BXOOUT B IMOJIMHOM
KerankuHa 5TON QYyHKITUHA.

2.26. Haiitu yucno:

1) MOHOTOHHBIX SJIEMEHTAPHBIX KOHBIOHKIIUN PAHTa T HAL MHOXECT-
BOoM mepeMeHHBIX X" = {z1,22, ..., z,} (0 <7 < n);

2) monuaomoB 2KerajkuHa CTENeHM T HAIl MHOXECTBOM IEPEMEH-
Herx X" (0 < r < n);
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3) momuuomoB 2KerajkuHa cTemeHu T Ham MHOXeCTBOM X' obpa-

matornuxcst B 1 ma mabope 1 (0 < r < n);
4) nomuuomoB 2Kerajkuba nnouHbBl kK Hamn MHOXeCTBOM X", obpa-

matornuxcs B 0 ma Habopax 0 m 1 (0 < k < 2™);

5) monuuOMOB 2KerajkuHa CTemeHu r Hal MHOXecTBoM X', ymoB-
JIETBOPSIOIIAX YCIIOBUIO: B IIOJIMHOME HE MOTYT CONEPXKATHCS OTHOBPEMEH-
HO (B Ka4eCTBE CIIAraeMbIX ) KOHBIOHKIIUNH OOUHAKOBOro paura (0 < r < n).

2.27. BuracHuTh, Ha CKOJIBKUX Habopax m3 B" obpartaercs B 1 mosmm-
HoM P(z™):
n

1) PZ") =21 22021 23D ...0 21 - Tp = D xywi, n>2;
i=2

n
2) PE") =21 20D 23D ... 0 xTp =T122D D x;, n>3;
i=3

) Px") =1 2P T, - 23DX4 D ... DT, = .
=21T2 D T173 D @mi; n > 4;

n 1=4
4) P(Z") = 212023 ® D 13, n >4
i=4
5)P(§”):$1xk@xk+1xn, 1<k<n,
n

6) P@2")= Dzy.. 2,01, n>1;
i=1

7) P(z™) = 691361 e X 1Tia1 Ty, T2
1=
8) P@")=m® D zzj, n>2
1<i<j<n

n
9) P(z") = D r;x; D Dz, n>2.
1<i<j<n i=1
2.28. Hairtu dyukmuio f(z"), y xoTopou manuna nomuHoMa 2Keras-
KUHA B 2" pa3 NpeBOCXONUT IJINHY ee COBeplieHHon . 1. d. (n > 1).

2.29. Jlokasars, uro Gyukius f(z"), peanusyemas momuaHoMOM 2Ke-
rajikuua crenenu k > 0, npuHuMaeT Kaxnoe u3 3uadenuit 0 u 1 He MeHee

wem Ha 2" % maGopax m3 B" (T.e. |N¢| = 2" "% u |Nyg| > 277F).

2.30. HokasaTsk, uto mis Besakoro ! (0 < [ < 2") cyliecTByeT MOIMHOM
Kerankuna P(z"™), obpamawommiics B 1 poBuo Ha [ mabopax uz B"
1 MMEIOIIUA [IJINHY, HE IPEBOCXOMAIIYIO 7.

2.31. IlokazaTb, uTo BCskas OyneBa dyukuus f(r"), oTauyuHas OT

S
koHCTaHTH (0, mpemcTasuMa B pume O K;, rme K; (i=1,...,5) —
i=1
PA3IMYHEIC 3JICMEHTADHEIC KOHBIOHKIINN, KAXIasd U3 KOTOPLIX CONCPXUT
He GOJIee OMHOTO OTPUIAHUS IIEPEMEHHOM, a § < 2771,

2.32. Ilyctbs dyukiusa f(z™), rme n > 3, 3aBUCAT CYIIECTBEHHO OT
BCEX CBOMX IIEPEMEHHBIX U DPEAIM3yeTCs MOIMHOMOM 2Kerajikmmaa cTe-
mesu n. Joka3aTh, 4TO HAUOYTCA OBE TAKUE MEPEMEHHBIC, OTOXIECTB-
JICHNE KOTOPBLIX YMEHBLIIAET YHUCJIO CYIIECTBEHHBIX IIEPEMEHHBLIX POBHO
Ha 1.



I'masa 1II

3AMKHYTBIE KIIACCBHI 1 IIOJIHOTA CUCTEM
OYHKIIUN AJITEBPHI JIOTUKHA

§ 1. IlousTus GyHKIIMOHAIHLHOM 3aMKHYTOCTH
U IOJIHOTBI

Samvikanuem [K] mHOXKecTBa K QyHKIMI aareOpel JIOTUKYM HA3HIBA-
eTCsl COBOKYITHOCTH BCeX QYHKIUA U3 Po, ABIIAIONIAXCSA CyIEPIO3UIAIMI
dbyuxnuit u3 muoxectsa K. MuoxectBo K HasbiBaeTcs ((PynKyuonaibHo)
zamrnymoim, eciiu K| = K. 3aMKHYTBHIe MHOXECTBA HA3BIBAIOTCS TAKXKe
3amrHymuimy Kaaccamu. IllommuOX)XecTBO P QYHKITUN U3 3aMKHYTOTO MHO-
xectBa K HasweBaeTcs (Pywryuonasvno) noawvim 6 K, ecnum [Pl = K.
[Tomaoe B 3amkuHyTOM Kjnacce K MHOXeCTBO P Ha3bIBaeTCS 6a3ucom
xaacca K, ecnum Oy BCAKOrO COOCTBEHHOTO NMOOMHOXeCTBa P’ C P BHI-
nonaeno [P'] # K. llonmuoxectBo P dyukumit 3 3aMKHYTOro Kitacca K
HA3BIBAETCS npednoanbim xaaccom B K, ecmu [P] # K u mns Beskoit
dyukunu f € K\P swumomnusercs paserctso [PU{f}] = K.

Oyuknuu fi; u fo HA30BEM KOHZSPYIHMHbIMU, €CIIA OMHA U3 HUX MOXKET
OBITH MOJIyYeHa, U3 NPYTOil 3aMEHOU TepEMEHHBIX (6e3 OTOXIECTBIICHMUS ).
Hampuwmep, GyHKIuu Y v yZ KOHTPYSHTHBHI, a QYHKIUUA Ty U 22z HE
ABJIAIOTCS KOHI'PYSHTHBIME. [IpM paccMOTpEHUM BOIMPOCOB, CBS3AHHBIX C
3aMKHYTHLIMU KJlacCaMmu, OLIBaeT yIOOOHO yKa3BIBATL IO ONHOMY IIpel-
CTABUTEI0 U3 MHOXECTBA IOMAPHO KOHIPYSHTHBIX (yukimii. Hampu-
Mep, Kiacce {z, Y, z, ..., T1, T2, ...}, COCTOSIINAN U3 BCEX TOXKIECTBEHHBIX
dyuxuuit, 6ymetr 0603HAUATHCS Yepes {x}.

Ecmu A — mHekoTopoe MHOXeCTBO (GyHKIui, TO uepes A(X™) wun,
Kopoue, uepes A" OymerT 00O3HAUATHLCSA MHOXECTBO BCEX TeX (QYHKIIUI
3 A, KOTOpLIE 3aBUCAT TOJLKO OT MEPEMEHHBIX X1, L2, - - ., Lp-

1.1. IlocTpouTh MHOXECTBO BCeX QYHKIUN, 3aBUCIIIIX OT TEPEMEH-
HBIX T1, To U IPUHAMIIEKAIINX 3aMBIKAHUIO MHOXECTBA, A:

1) A={z}; 2)A={z1022}; 3) A={0,7}; 4) A={zr122};
5) A ={x122 Vx223Vx321}; 6) A={T1Vaa2};

7) A:{O, I ng}; 8) A:{xlmg,ml EB:EQ};

9) A= {2131 D xo D 2173}; 10) A= {113‘12172 V To7T3 VT3ZB1};

11) A= {$1 DroDa3 D 1}; 12) A= {$1f2};
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13) A = {Tlfg \/fzil?g V Jigfl}; 14) A = {ZIJ‘l V Io V 2173};
15) A= {371332 V 11}'3}.

1.2. Tlokasatb, uto f € [A], BeipasuB f GbopMyIoll HAIL MHOXECT-

BOM A:
) f=z A={0,z =y} 2)f=z0y, A={zlyh
) f==z, A={zdy}; 4 f=zdydz, A={x~y};
5) f=0, A={ay®=z}; 6) f=2 A={zy}
N f=xzvy, A={ZVy};, 8 f=z, A={zyVyzVzz};
9) f=ay, A={zye z};

10) f=zyzVit(xVyVz), A={zyVyzVzz};

1) f=zdydz, A={T, 2zyVyzVzz};

12) f=zdydz, A={zyVyzVzz}

13)f:m@y,A:{my,xvy}; 14)f:xVy,A:{x—>y};

15) f=zy, A={xVy,xdy}.

1.3. BemmcaTh Bce IONAPHO HEKOHTPYSHTHEIC dymkmmu f(Z°), mpu-
HAJIEKAINNE 3aMBIKAHIIO MHOXKECTBA, A:

1) A={1,7}; 2) A=A{ay}; 3) A={z~y}
) A={zyVyzVzz}; 5 A={zdydze 1};
6) A={zVvyVvz} 7)) A={zx—>y}; 8 A={zyVz};
9) A=A{zy};; 10) A={z(zVy)[FVZ)(ZV1)}

1.4. U3 nonuoit nis xiacca [A] cucteMbl BEIIEIUTL 6a3uC:

1)A={0,1,7}; 2)A={z®y, z~y, 1}
3)A={z, 20y, 20yDz}; 4) A={zy,zVy, zyV 2z}
5) A={zVy,z—y}; 6)A={z7, my};
NA={zs®y®z 2yVyZV 7z, T};

) A={l,z~y,z0y®201}; 9) A= {zy, zyV7T2};
0

1.5. BroisgicunThb, Kakme mu3 YKA3aHHBIX HIXKE MHOXKECTB SBIISIOTCS
3aMKHY TBIMU MHOXKECTBAMIU:
1) MHOXeCTBO BCeX (DYHKIUN OT OMHON NEPEMEHHON;
2) MHOXECTBO BCeX QYHKINIA OT ABYX MEPEMEHHBIX;
3) MHOXeCTBO Beex byHKui f(zr1, 2, ... T,) Takux, uro f(1,1, ...
., 1)=1, n>0; N
4) muOX)ecTBO Beex dyukmmit f(z"), n > 0, takux, uro f(1,1, ...
..., 1) =0;
5) MHOXKECTBO BCEX CUMMETPUUECKUX (DYHKIAEA, T.e. TaKuxX (DyHK-
o o 12...n
it f(z1, Lo, ..., L), 9TO IS JIEOOOA TONCTAHOBKM i ia .. ) cupa-
e s o n
BEIJIUBO PaBeHCTBO f(X1, To, ..., Tn) = f(Ti, Tiy, -+, Ti, );
6) mEOXECTBO Beex dynkmmit f(Z") Takux, ato |Ns| = 21,
7) MHOXECTBO BCeX (QYHKIINI, BHIPAXKAEMBIX MOJIUHOMOM 2KerankuHa,
He BBIIIIE IEPBOU CTENEHU;
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8) MHOXECTBO BCeX (DYHKIINII, BHIPAXKAEMBIX HOJIUHOMOM 2Kerankuna,
He BLIIIE BTOPON CTEeHN;

9) MHOXKECTBO BCeX (DYHKIWII, NOIIYCKAIOIINX MPENCTABIICHUE B BUIE
I.H. (. 1 HE COmEePKAIUX OTPUIIAHUIA TEPEMEHHBIX;

10) MHOXeCTBO BCex HYHKIMIA, JTF06as 1. H. ¢. KOTOPBIX CONEPKUT XOTSI
OBI OMHO OTPHUIIAHKE TTEPEMEHHOI;

11) muOX)ecTBO Beex dyukmmit f(z™), n > 0, nomuaom 2Keraakuza
KOTOPHLIX comepxkut 2" — 1 ciaraemMpIx;

12) muOX)ecTBO Beex dyukmmit f(z™), n > 0, nomuuom 2Kerankuua
KOTOPBIX comepXkuT 2" — 1 cnaraeMbIX M He cOmepKUT 1 B KaduecTBe
CJIaraeMoro;

13) muOX)ecTBO BCcex dymkimiz f(2™), n > 1, takux, aro |Nf| =1;

14) muoxecTBO Bcex dyukiuin f(z"), n > 1, takux, uto |Nf| =1
u f(1,1,...,1)=0.

1.6. IToxa3aTsp, 4TO:

1) mepeceueHmne 3aMKHYTHIX KJIACCOB SIBIISIETCSI 3AMKHYTHIM KJIIACCOM;

2) oObenuHEeHne NBYX 3aMKHYTBIX KIIACCOB, BOOOIIE TOBOPS, HE SIBJIA-
eTCsI 3AMKHY THIM KJIACCOM;

3) Pa3HOCTH OBYX 3aMKHYTBHIX KJIACCOB, BOOOIIE TOBOPS, HE SIBIIAETCS
3aMKHYTBHIM KJIACCOM;

4) mOMOJIHEHWE HEIyCTOrO W OTIIUIHOrO OT Ps 3aMKHYTOro kiacca K
no P> me saBnseTcs 3aMKHYTBHIM.

1.7. Ilokasarh, uTO Kjacc A, MpemmosHbl B 3aMKHYTOM Kiacce K,
SIBIISIETCST 3AMKHY THIM.

1.8. O6ocHOBaTH CIIEAYIOTNE CBONCTBA 3aMbIKAHU:

1) [K]] = [K]; 2)u3 K; C Ky Beitekaer [Ki| C [Kal;

3) [KiN K] C [Kh]N[K]; 4) [Kh]U[KR] C K1 UK:]; 5) (9] = 2.
1.9. BoigcHuTb, IBASETCS UM MHOXECTBO A 3aMKHYTBIM KJIACCOM.

[Ipenmonaraercs, 4To BMecTe ¢ Kaxnon ¢yukimen f us A mHoxectsy A
IPUHAMIIEKAT U BCe QyHKIUU u3 Ps, KOHTPYSHTHBIE f:

) A={0,1}; 2) A={z}; 3)A={s7) 4)A={17}

YA={z1-...-zp,n=1,2,...};

6) A={r1®..0x,,n=1,2,...};

YA={0,z1V...Vz,, n=1,2,...};

YA={1®...®22-1, n=1,2,... };
NA={0,2:®...0z2,-1, n=1,2,...};
10)A={0,1,2:1®...0x,P0, 0 €{0,1}, n=1,2,...}.

1.10. 1) Ilepeuncauts Bce 3aMkHyTHIE Kitacckl K C P, Takume, 4TO
YKCIIO TTONAPHO HEe PABHBIX QYHKINGA B K KOHEUHO.

2) Iepeuncnurh Bce 3aMKHyTHIE Kiacckl K C P» Takue, 4TO YUCIO
TIOTIAPHO HEKOHTPYSHTHBIX QYHKITANA KOHEUHO.

3) Ykaszare MuOX)ecTBO A C P Taxoe, 4TO I KAXKA0r0o 1 > 1 9aucio

byukuuit u3 [A], CyIIECTBEHHO 3aBUCAIIAX OT IEPEMEHHBIX T1, ..., Lp,
paBuo: a) 1; 6) 2.
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1.11. 1) Hoka3aTh, 4TO €Ciu 3aMKHYTHIN Kiacc B Py comepXuT QyHK-
IIUIO, CYIIECTBEHHO 3aBUCIIYIO OT 7 > 2 TEePEMEHHBIX, TO OH COOEPXKUT
OECKOHEYHO MHOTO TOMMaPHO HEKOHTPYSHTHBIX (DYHKITUNA.

2) BepHo su, 4TO ecim 3aMKHYTHIA KiacC K comepXuT (QyHKIUIO,
CYIIIECTBEHHO 3aBUCAIIYIO OT N > 2 TEPEMEHHBIX, TO IJIS BCAKOTO 1M > N
OH COOEPXUT (DYHKIINIO, CYIIECTBEHHO 3aBUCAIIYIO OT 1M I[ePEMEHHLIX!

1.12. CeemenueM K 3aBefOMO MOJHBIM cucTeMaM B P» MOKa3aTb, UTO
MHOXECTBO A gaBIIsgeTCs mOIHOU cucTeMon B Ps:

DA={zly}; 2)A={zy®z2, (z ~y) &z}

N A={z >y 10ydz2}; 4) A=(z—y, f=(01011110)};

5) A =10, m(Z3) = z122 V T213 V 2321, T Dy D 1};

6) A={z~y,zdy, zydz}); 7) A={zyVTz f=(01111110)};
8) A={zy@® =zt 1, f =(10110110)};

NA={0,1,z0y®z, syD2x®2y}; 10) A={TyVz zdy}.
1.13. Beracuuthb, kakoe u3 oTHoueHun C, D, =, éﬁ BBITIOJTHACTCS IS

y)

muox)ecTB K1, Ko u3 Py (oTHOIIEHUIE ¢ O3HAYAET, UYTO HE BBIITOJIHEHO HU
OmHO U3 oTHOIeHur C, D, =):
1) K1 = [A1 N As], Ky =[A1]N[As];
2) K1 = [A1\ 4], Ky = [A1]\[42];
3) Kl = [Al U (A2 N Ag)], K2 = [Al U Ag] N [Al U A3];
4) Kl — [Al\Ag], K2 — [Al]\[Al N Ag]
1.14. IlpuBecTu npuMepsl 3aMKHY THIX KitaccoB K1, Ko u3 P> Takumx,
uro K7, C Ko, u Takxux, 4TO:
].) Kl N K2 = @, K2\K1 # @, [Kl U Kz] = Kl U Kz;
2) Kl N K2 ;é @, K2\K1 ;é @, [Kl U Kz] = Kl U Kz;
3) Kl 0 K2, [Kl\KQ] = Kl\Kz;
4) Kl ﬂKz 75 @, Kz\Kl 75 @, [K]_\Kz] - Kl\Kz;
5) Kl N K2 ;é @, K2\K]_ ;é @, [Kl S5 KQ] — Kl D KQ.
1.15. IlepeuncauThb BCe TPENIOJHBIE KIIACCH 3aMKHYTOTO KJTACCAa:
DK=[0,3; 2K=[0,1; 3)K=[zy) 4K=[zay)
5) K=[0,zvyl; 6) K=[Layl; K=[zdye:z]
8) K=[zay, 1]
1.16. JlokasaTh, uTo mas Jir000ro 3aMKHYTOro kjacca K C P, BBHI-
nosnueno pasenctso [K U {z}] = K U {z}.

1.17. JokazaTb, UTO KaXObIA TPENOINONHBIA B FP» KJIaCC COMEPXKUT
TOXIECTBEHHYIO (QYHKIIHIO.

1.18. JlokaszaTh, 4TO BCIKWAN 3aMKHYTHIA KjacC B Ps, comepxarmumia
OYHKIUIO, OTIIMYHYIO OT KOHCTAHTHI, CONEPXKUT W QYHKIIUIO .

1.19. Iloka3aTh, 9TO MHOXECTBO P» Bcex QyHKIUIA ajreOphsl JIOTUKA
He MPENCTAaBUMO B BuAe OObeNWHEHWsS HEMYCTHIX MOMMAPHO HelepeceKaro-
IITIXCS 3aMKHYTBIX KJIACCOB.
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1.20. [oka3aTh, 4TO eciam 3aMKHYTBIA KjiacC P, mMeeT KOHEUHBIN
0a3uc, TO BCAKUM 0A3UC HTOTO KIIACCa KOHEUEH.

1.21. [loka3aTh, YTO €CIM HEIYyCTOW 3aMKHYTHINA KIIacC B P» OTIMYIeH
OT MHOXECTB, COCTOSIINX U3 OTHUX KOHCTAHT, TO €r0 HeJIb3s PACIINPUTH
1o 6asuca B Ps.

1.22. Jlokas3aThb, 9TO B 3AMKHYTOM KJIacCe [T — Y] COmEPXKATCS TOIBLKO
rakue GyHkiuu u3 Pp, KOTOpBIE MOTryT OBITH MPENCTABIEHBI (C TOY-
HOCTBIO 10 O003HAUEHNUS [IEPEMEHHBIX) B Bune x; V f(z2"), rme f(z") € Ps.

1.23. Ilycte dyukiumsa f(I") NpUHAIIEKUT MHOXECTBY [ — y| u
3aBHUCHAT CYIIIECTBEHHO HE MEHee UeM OT NBYX IepeMeHHBIX. l{okasars,
aro |Ny| > 271

§ 2. Kimacc camonBomicTBEHHBIX OyHKITUN

Oyukuus  f(x1, T2, ..., T,) HABIBAECTCA CaAMOJBOUCNEEHHOU, €CIIN
flxy, 2, ... xn) = f*(21, 22, ..., T,), WM, ITO TO XKe camoe, eCiu
flxy, 2, ..., ) = f(T1, Ta, ..., Tn)-

W3 sTOro onpeneneHus BLITEKAET, YTO QYHKIMS SBIISIETCSI CAMOOBONCT-
BEHHOHN TOTIA ¥ TOJLKO TOT/IA, KOTIa HA, JIFOLIX ABYX IPOTUBOIMIOIOXHBIX
Ha0OpaxX 3HAYEHUN MMEPEMEHHBIX OHA IMPUHUMAET IPOTUBOIOIOXHLIE 3Ha-
venns. Kitacc caMonBONCTBEHHBIX QYHKIUI OyneT 0003HAUATHCS uepes S.
W3 onpenenenus S BhITekaeT, uto |S"| = 22771,

CropaBemuBo cienyroliee yTBEPXKIEHNE, HA3BIBAEMOE OOBLIUYHO AeMMOT
0 necamodeoticmeennoti Pynkyuu: eciim Gyukmusa f(r") He aBIsLETCS
CaMOOBOMCTBEHHON, TO, MOACTABIIAA HA, MECTa, €€ IePEMEHHLIX (DYHKIINNA T
U T, MOXHO IIOJIyYUTh KOHCTAHTY.

Ecnu A — mekoropoe muOX)ecTBO GyHKIUA n3 Ps, To uepes A* 6ymer
0003HAYATHCSI MHOXKECTBO BCEX DYHKIINM, NBOMCTBEHHBIX K QYHKIIMIM U3
MuOXkecTBa A. MuoxecTtBo A* HaskIBaeTCS J80UCMBEHHBIM K MHOHCECTN-
sy A. Eciu A* = A, To MHOXeCcTBO A Ha3BIBaeTCI Camodsoticmeennbim.

IIpumep 1. BoisicuuTh, BAseTCS I CAMOOBOMCTBEHHON QYHKIUS f,
3amaHHasg BeKTopoM: a) ay = (10110100); 6) ar = (10110010).

Pemenune. U3 onpenenenus caMOMBOMCTBEHHON QYHKITAN BHITEKAET,
YTO HA MPOTUBOMOJIOXHEIX HAOOpaxX OHA MPUHUMAET IIPOTHUBOIMIOJIOXKHEIE
snauenus. [losTomy BekTOp ¢ camonBoiicTBennol pyukuuu f(z") umeer
BUI ~ _ _

af = (Oé(), a1, ..., 0on—-1_1q9, Oon—-1_17, ..., (71, Oé()).

Takum 06pas3oM, YTOOBI BBISICHUTBH, sBisiercss jau ¢yukuus f(z™),
3amaBaeMas BEKTOpoM (ag, Qq, ..., Qan_1), CAMOIBOWCTBEHHOM, CIIEAYET
MPOBEPUTD, TMOJIYIaeTCs I BTOPAs HOJOBUHA BEKTOpPA U3 IEPBON Iy TeM
OTPAKEHUs U OCIIEAYIOLIEH PACCTAHOBKY OTPULIAHUA HALL KOOPIMHATAMH.

B paccmaTpuBaeMOM IIpIMepe BEKTOD (f 3a[aeT CAMONBOMCTBEHHYIO
dbyHkuo B ciiyyae 6) 1 HECAMOMIBOWCTBEHHYIO B CIIyUae a).

[Ipumep 2. Illpu xakux n GyHKIUA

f= & (Ziy V@i, Voo Vzg, o)
1<i1<i2<...<i]n/2[<n

SBJISIETCSI CAMOOBOMCTBEHHOM !
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Pemenune. 3amerum, 9TO MHOXECTBO N?’ HabOpOB (@ TAKMUX, YTO
f(a) =0, cocrour u3 Bcex HaGOpOB Beca He BHIIEe n—|n/2[=[n/2].
Ilycte n werno, Torma B /2 C N¢. Ilycte & — mpom3BOJIIBLHBIR HAOOD

us BY /2 [IpoTuBOMOMOXKHEIA HAOOP (@ TAKXKE MPUHAMICKUT MHOXKECT-

n ~) — ~ ) —
BY Bn/2. Takum obpaszom, f(a)= f(a) =0, 9TO0 TPOTUBOPEYUT CAMO-
nBorcTBennocTu. CrienoBaTenbHO, Mpu YeTHHIX N Gyukuus f(z™) He aBs-

[n/2]

eTcs camonBoicTBennoil. Ilycrs Temeps n Hewerno. Torma N = U B},
n 1=0

N;= U B?" Ouesumno, uro & € N+ rTorma m TOIBKO TOrAa, KOUZa

i=]n/2]
@ € N¢. Oto u o3Havaer, uro f(2™) € S Ipu HeUETHHIX N.

[Ipumep 3. Kakme um3 mepeMeHHBLIX HECAMOIBOUCTBEHHOW (YHK-
nnu f(Z3), 3anaBaemoit BekTopom &y = (01101101), cnemyer 3aMeHUTH
HA T, & KAKWE HA T C TeM, YTOOBI IOy YUTH KOHCTAHTY !

Pemenue. Iockomeky f(Z°) € S, To cymecTByeT nmapa IpOTHBOIIO-
JOXHBIX HAOOPOB, HA KOTOPHIX QYHKIMA MPUHUMAET ONHO W TO XK€ 3Ha-
yenre. Takumu Habopamu sBisiorcs B mamuoM citydae (010) u (101),
npuuem f(010) = f(101) = 1. Ecau 3amenuTb 1 U 3 HA &, a Ty HA T
(umm 1 u T3 HA T, a To HA x), TO monyunMm f(z, T, x) = f(Z, =z, T) = 1.

2.1. BoeracuuTs, sBrseTcs mu GyHKIuUsS f CaMOOBONCTBEHHOMN:

)
4) f=(xVyVz)tVagz; 5) f=(xVyV2)tVayz,
6) f=(z1 = 32); 7) fz1 @ 22);
8) f =212 ® 2023 D 371 D T2 D T3; 9) f=x122 V T3;
].0) f =T bxr2 D ($1$2 V Iox3 V $3£Ul); ].].) f =T122 D Zg(ﬂ?l \% ZL‘z);
12) f=z12223 ® 122 @ T2T3 B T3%1;
13) f = 217273 @ 217273 D T273 © T173;
14) f= (231 — wz) D ($2 — .7,‘3) D ($3 — 3)1) D r3;

15) f = (z1 — x2) ® (z2 = x3) & (T2 — 271).

2.2. BeIACHUTS, SBIISETCS JIM CAMOIBONCTBEHHON GyHKIUsa [, 3amaH-
Has BEKTOPHO:

1) ar = (1010); 2) ay = (1001); 3) ay = (10010110);

4) ay = (01100110); 5) ay = (01110001); 6) ay = (01001101);

7) ay = (11001001 01101100); 8) ay = (111001110001 1000);

9) oy = (10000011 10001100); 10) oy = (10011011 10111001);

11) ay = (1100001110100101); 12) ay = (110000110011 1100);

13) ay = (100101101001 0110); 14) ay = (110101001011 0010);

15) ay = (101001010101 1010).

2.3. 3aMeHUTH TpoUepKu B BeKTOope & cuMBosiamu 0 uimu 1 Tak, 9To0bI
MOJIYYMJICS BEKTOP 3HAUYEHUN CAMOOBONCTBEHHOUN (PYHKIIUN:

Ha=(1—0—); 2)a=(—01—); 3)a=(01——);
4Ha=(01—0—0,———); B5)a=(——01——11);

5 I'.II. T'aBpusio, A. A. CanoxeHkKo
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6)a=(—1—1—0—1); 7)a=(—10—0——1);
8) &= (1001 ————1111————);
9 a=(11——00——01——10——);
10)a=(—————— 01——101100).

2.4. OmupenenuTh, Kakue u3 mnepeMeHHbIX GyHKui f(Z") ciaemyer

3aMEHUTH HA T, a KaKue Ha T ¢ TeM, YTOOBI IOJIyIUTh KOHCTAHTY:

1) @7 = (10110110); 2) &7 = (11011000); 3) &7 = (10100100);

4) & = (10101000); 5) & = (11001110);

6) G; = (1000110100101100); 7) &; = (100101101001 1010);

8) &y = (0111000100110001); 9) & = (011010001110 1011);
10) &y = (101001010101 00110); 11) &; = (101011101100 1010);
12) &f = (01100001); 13) &y = (10110100 1111 0010);

14) &z = (0000111100101111); 15) & = (11101000 0110 1000).

2.5. [lycte m(x, y, z) = zy V yz V zz. JlokazaTs TOXIECTBA:
1) m(m(@, y, ), m(z, 7, 2), mlz, y, 7)) = S
=m(m(Z, y, z), m(z, Y, z), m(T,7,7));
2)z®y @z =m(m(z,y, z), m(z, Y, 2), Z);
3) m(m(fa Y, Z)a m(:z:, Y, Z): m(:z:, Y, E)) —
= m($7 m(f7 y? 7)7 m(T7 y? Z));
5) m(ZT, 7, z) = m(z, y, 2); 6) m(z, y, 2) =2y ®yz & 2x;
) m(z, y, z) = m(z, m(z, Y, 2), 2);
8) zyzVit(xVyVz)=m(xz, m(y, z, t), t);
9) zyz Vi(zVyVz)=m(m(z,y,t), mz, z, 1), my, z, t));
10) zyzVit(zxVyVz) =mxdy ® z), m(z, y, 2), t).
2.6. Nokasatws, uto ecim f(Z") € S, To |Ny| =2""1. Ilpusecrn

~J

IpUMeED, MTOKA3BIBAIOIINAN, YTO OOpATHOE YTBEPXKIECHNE HEBEPHO.

2.7. [oka3zaTb, UTO He CYIIECTBYET CaMOOBOWCTBEHHBIX (DYHKIIWM,

CYICCTBCHHO 3aBHUCAIIIMX B TOYHOCTH OT ABYX IIEPECMECHHBIX.

2.8. Bouicuuts, npu xakux n > 2 dyukuus f(Z") aBmsercs camo-

IIBOI/ICTBGHHOI/I

].) f(:fn):$1 DroD...DTy; 2) f(%n): \/ Tilj;
—n 1<i<ygn
3) f(T") = \/ Tiy Tiy - - Tig, o

1<i1<i2<...<i]n/2[<n
4) f@™) = D mzy;
1<i<j<n
T") =1 VI2) B (22 VI3)D... 0 (Tn_1VIy) ®(z,V1I1);
6) f(x")=(x1 Va2 V3)®(xaVa5Ve)D...
@ (xp—2Vap_1 V), n=23k;
7) f(in) - m(xla T2, m3) ®m<$47 Iy, Z’ﬁ) D...
. ®m(Tp_2, Tn_1, Tn), n = 3k;
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8) f(z™) = (x1 = z2)(x2 = 3) ... (Tn_1 = Tp)(Tn — T1);
f@E)=(x1 > 22)® (22 > 23)D ... D (Tp_1 = Tp) D
DTy, > 21) DT DD ... D Ty;
10) f(fn): \/ Lig Lo « o Liy 1<k<n
1<i1<i2<...<ik<n
2.9. ITokaszaTs, 4TO Kaxkmas CaMONBOMCTBEHHAsA (PYHKIUA, CYIIECT-
BCHHO 3aBUCAINAS TOJILKO OT IIEPEMEHHBIX Z1, %2, L3, IPEICTABUMA B

Buge s V xfrd Vahzl mmo B Bume 1, ® 1z ® x3 @0, I @, [ 7,
o € {0, 1}.

2.10. Hoka3arsk, uro dyukius f(z ”) CaMOLBOMCTBCHHA TOI' LA U TOJIb-
KO TOTMa, KOTMa ee x1-KOMIOHeHTa fi(Z™) mBoMCTBEHHA K ee T1-KOMIIO-
nenre fa(T").

2.11. Iycts f(z™) TakoBa, uto f*(0, 2, ..., n) = f(1, T2, ..., Tyn).
Bepuo mu, uto f*(z1, ..., Tn-1, 1) = f(z1, .. acn 1, 0)7

2.12. Ilycte ¢yukmua f(z™) wnpemcraBuma B Bume f(z") =
= acncp( v *(z™l), rme ¢ — HekoTOpas (QYHKIMS Takas, uYTO
e*(@" V@) = p@" ). Hokasats, uto f € S.

2.13. JlokasaTs, uro dyukius f = o & z(p & 1) camMomBONCTBEHHA,
eCII Y U 1 ABIAIOTCS CAMONBONCTBEHHBLIMIU.

2.14. Ucnonp3ysa neMMy O HECAMOOBOMCTBEHHON (PyHKINU, NOKA3ATH,
4TO S SBISETCS MPEOIOIHBIM KJIacCOM B Ps.

2.15. BepHO 51, 9YTO YUCIO CAMOOBONCTBEHHBLIX (DYHKIIUNA, CYIIIECT-
BEHHO 3aBUCSIIUX OT NEPEMEHHBIX L1, L2, ..., Ly, PABHO YUCITY QYHKITUNA
3 Po(X"1), cyliecTBeHHO 3aBUCAIIMX OT BCEX CBOUX ICPEMCHHBIX?

2.16. 1) Ilycry dyuxuus f(z™) CyIIECTBEHHO 3aBUCUT OT IMEPEMEH-
HOM 1 u Kaxnas u3 kommonedT fl(Z") u fi(z™) apngercsa camomBoitcT-
BenHou (pyukmueir. [lokazars, uto f(Z™) He ABAAETCA CAMOMBONCTBEHHOMN
byHKIIIEN.

2) OcraHercs v BEPHBIM YTBEDPXKIEHUE 1), €CIU CIIOBA, «KAXKIAs W3
KOMIIOHEHT>» 3aMEHUTH Ha «XOTs ObI OMHA U3 KOMIIOHEHT»?

2.17. okasaTh TOXIECTBO

f(.’l?l, Lo, T3y, Ldy -« ., xn) =
= f(z1, m(z1, 22, 23), m(x1, T2, 23), T4, ..., Tp) B
@ f(m(x1, 2, x3), T2, m(x1, T2, T3), Ta, ..., Tp) B
& f(m(x1, 2, x3), m(z1, T2, T3), T3, Ta, - ., Lp).

2.18. Ucnonb3ys mpenpIayInyio 3am1ady, 10Ka3aTh, YTO:

1) S = [{x1 ®x2 ® 3, m(x1, T2, 3), T}|; 2) S = [{m(x1, 22, 23)}];
3) S = [{m(ml, fg, fg)}]

2.19. BoIaCHUTDL, SIBIISETCS JIM MHOXeECTBO A CaMOOBONCTBEHHBIM:
1)A={0,1,z}; 2)A={0,z}; 3 A={z0y,z~y, 2Dy ®z2};
4 A={z =y, zVy} 5) A={z—y, 27}

6) A={Zy, zVY, m(z,y, 2)}; 7T A={zdydz T}

5*
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8) A=z = y}l; 9) A=[{m(z,y, 2)}]; 10) A=[{1, z®y}];

1) A=[{1, z@y, zy}l; 12) A=[{1, 27}};

BYA=[{zVy, zay}]; 4 A=[{zay}]; 15)A=[{zydza1}].
2.20. IHoka3aTb, 4TO:

1) ecu [A] = P>, toun [A*] = P2; 2) (A%)* = 4;

3)ecnu A=[A],ou A* =[A*]; 4)ecau A; C Ay, To A} C A3;
5) eciiu A — 6asuc [A], To A* — 6asuc [A*] .

§ 3. Knacc nuuenHBIX QyHKITUN

Oyuxmusa f(z™) HA3BIBAETCA AuMelnOl, €Cin OHA TPENCTABUMA, TI0-
auHOMOM 2KerajkuHa He BLIIIE TIEPBOW CTEIEHH, T.e. €CJIU CYIIECTBYIOT
Takue KOHCTaHTHL «; € {0, 1}, 4 =0, n, aTo

f(Z") =ap®a121 ® ... D apxy,. (1)

MuOXecTBO BCeX JMHENHBIX (GyHKIW oOO3HadaeTcsa uepe3 L, a MHO-
KECTBO BCEX JIMHEWHBIX QYHKITNAN, 3aBUCIIIUX OT MEPEMEHHBIX L1, L2, . . -

, Tn, — uepes L™. W3 npencrasnenus (1) BuiTekaer, ato |L7| = 27T,
MuoxecTBO L gBAseTCs 3aMKHYTHIM 1 TIpenanoiausiM B Ps kiraccom. Crpa-
BEJINBO yTBePXKAEHUE (emma 0 Heaunelinot dynkyuu): ecnu f ¢ L, To,
IIONICTABIISAS HA MecTa ee mepeMeHHbIX dyuknuu 0, 1, z, y, T, Y, MOXHO
Oy YUTDL LY WA L.

Ecmu f ¢ L, To dyukuus f Ha3BIBAETCS Heaunednot.

Opumep 1. BosacuuTs, nuueina nmu GyHKIus f, 331aHHAS BEKTOPOM
smadenmii oy = (100101101001 0110).

Pemenune. Hanmem BEKTOP 6 # KosdounuenTos noanaoMma 2Kerai-

kuHa miid yaknuu f. Umeem ﬂf = (1110 1000 0000 0000). ITo BexTOPY ﬂf
OIPENENIACTCA TPENCTABIIEHNE OJIMHOMOM f=1® x4 ®x3P2x2. OTME-

TUM, 9TO B (3 OTIMYHBI OT HYJS JNIIb KOOPOWHATHEL [y, (1, B2, Ba
¢ HOMepamu, paBHbIME 0 b0 cTemeHsM 2. OTO SABJISETCSI KPUTEPUEM
TIPUHAMIIEXKHOCTY f KITacCy JUHENHBIX (YHKITUI.

[Ipumep 2. 3amenuth B BekTOpe = (— 110———0) mpouepku
cumBosiaMu 0 m 1 Tak, ITOOBI MOJIYUUIICS BEKTOP 3HAUEHUN HEKOTOPOU
nuueiHon dyukuuu f. BeipasuTts f mommHOMOM.

Pemenne. CpaBHuBas 3HaueHUsS KOOPDOUHAT ( U (3, Gip U Q3 B
BEKTOpPe «a = (o1 a3 Q5QgQl7), HAXOOUM, UTO MYHKIUS f CYIIECT-
BEHHO 3aBHUCUT OT IIepEMEHHBIX Zo ©u z3 (Tax kax f(001) = f(011) m
f(010) # f(011)). Torma B cuny nuueitHocTH GyuKun f numeem g = 0,
as = ag = 1. 3Hauenne oy HEOOXOOMMMO IMOJIOXUTH PaBHBIM (, Tak Kak
ecnmu Obl a4 = 1, TO, MOCKOIILKY ¢ = 0, QyHKIIUS CYILIECTBEHHO 3aBU-
cerma O6vr oT 7 (m60 f(000) # f(100)). Ho Torma B cmimy nuHeiHOCTH
dbyukuun f umenu 661 f(011) # f(111), 9TO TPOTUBOPEUUT YCIIOBUIO, N6O
az = ay = 0. Takum obpasom, a7 = (01100110), a f = zo @ z3.
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[Ipumep 3. IloncTaBngs Ha MecTa NEPEMEHHBLIX HEJIWHEMHON DYHK-
muun f ¢ BekTopoMm 3HaueHuit a7 = (1000 000000001010) dyukuum u3
muoxkectBa {0, 1, z, y, T, ¥}, NONyINTH NU3BIOHKIUIO L V Y.

Pemenune. @yuknua x Vy obparmraercs B 1 Ha Tpex nHabopax. 3a-
meTuM, uTo u f obparaercsa B 1 Ha Tpex mabopax: (0000), (1100), (1110),
1 9TO BCe Tpu 3TU Habopa mMeoT () B 4eTBEPTOU KOOPAMHATE, & BTOpPAas
KOODOWHATA pPaBHA IMEPBOM B KaxmoMmM u3 Habopor. llomoxum x4 = 0,
T1=x2 =1z, 3 =y. Torma f=(x, z,y,0)=2Vy. IHia nomyuenus
MU3BIOHKIIMY OCTAETCS JIANIL MOACTABUATEL Y BMeCTO y. Takum 0o6pa3oM,

[z, 2,7,0)=zVy.
3.1. [IpencraBuB QyHKINIO f TOIUNHOMOM, BEISICHUT, SIBJITETCS JIU OHA,
JINHEWHOWU:
) f=z—y 2)f=z—-yezy; 3)f=ay(z~y)
4) f=ayVTYV 2z 5) f=(zyVTH)z VIV TY);
6) f=(z—=y)y—=2)~2 T7)f=wyzVay;
8) f=ayz®xzyz®TY; 9) f=m(x, 9y, 2)OTYZD 1Y2;
0) f=(zVyz)®mzyz; 11) f = (zVyz) ©Tyz;
12) f=(2yzVayz) @ z(y®z2); 13) f=zyzdz(Wz) ®x(y V 2);
4) f = (zyz @ 27Y) V (272 © Tyz);
15) f=(ZTyzZ ~ zyz) ~ (zyz ~ Tyz).
3.2. BeIICHUTD, ABIASETCS U JUHEHHON QyHKIMA f, 3amaHHAs BEK-
TOPHO:
1) a ap = (1001); 2) ap = (1101); 3) ay = (1001 0110);
4) a af = (11000011); 5) af = (10100101); 6) ay = (10100110);
7) ay = (11001001 01101001); 8) ay = (01101001);
9) ay = (1001011001101001); 10) @y = (011010010110 1001);
11) = (101001011001 1100); 12) ay = (101001010101 1010);
13) &f = (1010011001100101); 14) ay = (001111001100 0011);
15) ay = (100110010110 0110).

3.3. 3amenuTs B BekTOpe (¢ mpouepku cuMBosiamu 0 1 1 Tak, 4ToObI 1O-
JIYYMJICS. BEKTOP 3HAYEHNI HEKOTOPOn nuHenHon dyukiuu f. Berpasuts f
MIOJIMHOMOM

1)a=(10—1); 2)a=(0—11); 3)a&=(100—0——);
4 a=(—001——1—); 5)a=(1—101———);
6) d=(—0—1——00); 7)a=(11—0———1);
8)a=(1——11—0—);

9 a=(——10————0——1—110);
0)a=1—————————— 0—110)
ma=(—1-1—1————— 0);
12)a=(———0—-00—1—0—————);

13) &= (—100———1—1—————— );
4)a=(———1—11——11—1—0—);

5 a=(—1————— 00—1—1——)
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3.4. HOI[CT&BJIH?I Ha MeCTa IIEPpEMEHHBIX HEJIMHETHON (I)YHKHI/II/I f
Q)yHKIJ;I/II/I 3 MHOXECTBa {O, 1, x, y}, DOJIYyUYUTBb XOTHA OBl omny u3 (I)YHK—
nuid rY, TY, TY:

1) f(i?)) = T1T2 \% $‘2§3 \/Tgxl; 2) &f = (0110 0111),

3) &y = (11010101); 4) &y = (11001110);

5) & = (1101111111001111); 6) &7 = (01111111 11101110
7) &y = (11110101111111011); 8) &y = (011110111111 1110);
9) &y = (100101111111 1010); 10) & = (11011001 1001 0111);
11) f (371 \/2172\/5173)(5171 V To \/Tg\/l‘z});

12) f ($1 \/$2\/$3\/ZL‘4)(T1 \/fg\/ﬂ?g\/ﬂ?;})(fg\/.fg)'

13) f = 21T2T3T4 V T1X2T3T4 V T1ToL3T4 V T1T2T3%4 V T1T2Tg V
V Xox3x4 V T1T2T3;
14) ay = (110011111111 1110); 15) ay = (101111101011 0111).
3.5. BeracauTsh, MOXHO Tm myTeM moncTaHoBku dyukmun 0, 1, x, vy,
T, U HA MECTa IepeMeHHBIX QyHKIui f nonquTb DYHKIUIO TY:

1) f =21 — 22 2) ay = (11101000); 3) oy = (1001 0110);
1) af = (11011011); 5) ay = (10010111); 6) ay = (1101 0110);
7) =T — (.’IZZ — xg); 8) f= (:1:1@ \/Tlxgilig) D T12273;

) (Zlﬁlfz V 2oT3 V 517351); 10) &f = (1001 1010),

11) & = (1001011001101001); 12) & = (111010011001 0111);
13) &y = (1101111001101011); 14) &; = (110000110011 1100);
15) & = (011110111111 1100).

3.6. 1) llycTe dyukuus f(z™) npencrasuma B Bune f = x, & o(z"~ 1).
Ioka3aTh, YTO Ha JIIOOBIX OBYX HAOOpaxX, Pa3iIMUAIONINXCS TOJIBKO B 1-U
KoopauHaTe, GYHKIUS [ IPUHIMAET IPOTUBOIOJIOXHBIE 3HAUEHU.

2) HokasaTh 0OpaTHOE yTBEDPXKIEHUE, T.€. YTO eciium PpyHkiusa [ Ha,
0001 mape HabOPOB, PA3IMYAIOIINXCSI TOIBLKO B N- KOMIIOHEHTE, ITPU-
HUMAET MPOTUBOIOJIOXHBIE 3HAUEHNsI, TO GYHKIUSI f MOXeT OLITH IIpe[-
cTaBleHa B Bume f = x,, @ ¢, TOe ¢ He 3aBUCUT OT Ij,.

3) Iokasarnb, uto dyukiusa f(I"), IPUHUMAIOIIAS HA JIFOOBIX MBYX
cOCemHMX HAOOpaX MPOTUBOMNOIOXKHBIE 3HAUECHN S, JIMHEWHA, U CYIIECTBEHHO
3aBUCHUT OT BCEX CBOMX IEPEMEHHBIX.

3.7. 1) Ilokasars, uro ecnu dyukumo f(Z') MOXHO NPENCTABUTH B
Bume f(Z") = T, ® @, TOE @ He 3ABUCAT OT Ty, TO |Ny¢| =271

2) Ilokasarsb, 9To ecnu [ JUHEAHA W OTIUYHA OT KOHCTAHTHI, TO
[Ny =2n"

3.8. MokazaTh, uTo Gyukimsa f(Z'), CyIIECTBEHHO 3aBUCAIIAS OT BCEX
CBOMX IIEPEMEHHLIX, SBIIAETCS JIMHEMHOX TOr[a M TOJIBLKO TOTOA, KOTIA,
Ipu 3aMelieHun JI00TO TOAMHOXKECTBA, MEePEMEHHBIX JIIOOLIM HAOOPOM
KOHCTAHT HOJIy4aeTCss QYHKIsI, CYIIIECTBEHHO 3aBUCAIIAs OT BCEX OCTAB-
IIIIXCS TIePEMEHHBIX.

3.9. Iloxa3zaTh, 9TO uHEWHAs GYHKIAS SIBIISIETCSI CAMOIBONCTBEHHON
TOTOAa U TOJIBLKO TOTHA, KOTMA OHA CYIIECTBEHHO 3aBUCUT OT HEYETHOTO
UNCIIa IEePEMEHHBIX.
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3.10. Haittu uncio nuuaenHbx Gyukimit f(Z"), CylIecCTBEHHO 3aBUCS-
IMUX B TOYHOCTH OT Kk TEpPEMEHHBIX.

3.11. Haitru yucno nuueiasix dyukuuin f(z"™) rakux, aro f(0, 0, ...
L0)=f(1,1,...,1)=1.
3.12. llycts f(z1, 22,0, ..., 0) =21 — x2. Hokazatb, uto f ¢ L.

3.13. Ilycts f(z,0,...,0) # f(x1, 1, ..., 1), f(z™) cyumecTBeHHO
3aBUCUT OT BCEX IMEPEMEHHBIX, N HeueTHO. JlokasaTnb, uto f ¢ L.

3.14. Ilycte f(z™) ¢ L. Iloka3aTh, 4TO MONCTAHOBKOW KOHCTAHT
BMECTO HEKOTOPBIX 70 — 2 MEPEMEHHBIX MOXHO MOJIYUUTh HEJIUHEHHYIO
GYHKIUIO OT OBYX IIEPEMEHHBIX.

3.15. Cneyuaabnoti HA30BEM YeTBEPKY HAOOpPOB &, (3, 7, 6 u3z B™, ko-
TOpas 00IaIAET CHENYIOIIIMI CBONCTBAMM: MHOXECTBO KOOPANHAT MOXK-
HO pa3buTh Ha, nBa nonmuoxkecTBa A = {i1, ..., i) u B ={j1, ..., jn-k};

HAa0Op ' TAKOB, YTO KOODAWHATHI QY , ..., &, PaBHBEL 1; Habop (B Ta-
KOB, 4TO KoopawHaTwl [, ..., B;, paBael 0; HAbOp ¥ TakoB, uto 1 <

k ~

< > v, < k;mabop § Takos, uto §;, =7;, (v =1, ..., k); xpome TOro,
v=1

IUTST BCAKOTO M € Ao BBIMIOIHEHO PABEHCTBO yy = B = Ym = O . VIHBI-

MU CIIOBAMU, CIEIMAJILHAS YETBEPKa OOpA30BAHA BEPXHUM U HIUKHUM

HabopaMy HEKOTOpOil k-MepHOU rpanu ¢ Kyba B"™ u mOByMs OTIMYHBIMU

OT HUX IPOTUBOIOJIOXHBIMI HAOOPAMU STOW I'DAHMA.

HokazaTsk, uto dyukius f(z"™) ABISETCA HEIMHENHON TOTIA U TOIBKO
TOrma, KOrga B B™ HalimeTcs ClIenualibHas YeTBEePKa HAOOPOB TaKas, YTO
dbyukuus f(z") obpamaercs B 1 nmubo Ha omHOM, b0 HA Tpex HabOpax
73 CIEIUAJIbHON YE€TBEPKU.

3.16. IokasaTs, uto ecnu f(Z™) ¢ L, |Ny| =271, T0o ¢ momommpio
noncranoBku dyukuuit {0, 1, z, y, T, ¥} Ha MecTa mepeMeHHBIX (GYHK-
Uy f MOXHO MOJIyYNTh KaK KOHBIOHKIINIO, TAaK U AU3BIOHKIIIIO.

3.17. okasaThb, YTO OTOXIECTBJIEHNEM [IEPEMEHHLIX U3 HEJIMHENHOMN
byukuuz f(z") (n > 4) MOXHO MONYYUTH HEJIUHENHYIO QYHKIUIO, 3aBU-
calnyo He 60jiee YeM OT TPeX MePEMEHHBIX.

3.18. lokaszars, uTo cuctema A monua B L. BuiacHuTh, apiseTcs nu
cuctema A 6asucom B L:

1) A={1, z1 ®x2}; 2) A={0, 21 ~ x2};

3)A:{0717 $1@$2@$3}; 4)A:{$EB1, 55'1693')2};

Y A={z1 ® o, 21 ~32}; 6) A={r, D22 D23, 281, 0};
7)A:{x1 PxroPr3Pl, 37le2}5

8) A={z1 P z2P 3P x4, 2D1}; 9D A={r1D22P 2301, 0};
0

10) A=LNPy(X?%); 11) A=(LnNnS)uU{0}; 12) A= L\S;

13) A= {5171 P xo, T1 Do B x3 B1, 1};

14) A = {z122 VT1 T2, z ® 1}; 15) A = (L\S) N P(X?).

3.19. IlokasaThb, 9TO HE CYIIECTBYeT JIMHEeHON QyHKIMK f, 06pa3yro-
et 6a3uc B L.
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3.20. Hokasate, uto LNS=[{zdyd 2z 1}].

3.21. lokasats, uro cucrema {Z, f1, f2, f3}, roe fi, fo, f3s — monapuo
pasinuHble PYHKIUMY, CYIICCTBCHHO 3aBUCAINNAE OT IEPEMEHHBLIX X1, Lo,
nosHa B Ps.

3.22. Hokasars, uto cucrema {0, T, f1, f2, f3}, rme f1, fo, f3 — pas-
nuyHble QYHKIWYM, CYILIECTBEHHO 3aBUCAIINNE OT IEPEMEHHBIX I1, X2, ...
ey Ty, N = 2, IONHA B 5.

3.23. lokazaTh, YTO M3 MOJIMHOMA CTEHEHU J, 3aBUCIIIETO OT TPEX
IIEPEMEHHBIX, C TIOMOIITBIO OTOX ACCTBIICHUS IEPEMEHHBIX MOXHO Oy YATh
byuxuuio Buna xy & l(z, y), voe l(x, y) — HEKOTOpAas TuHENHAS DYHKITHLS.

3.24. Jlokasarsb, uro u3 HemuHeiHOU GyHKumu f(T™) ¢ MOMOIIBIO
OTOXIECTBIIEHUS MEPEMEHHBIX MOXHO MONYYUTH (GYHKIUIO BUOA TY D
®l(z, y) wu Buna zy S yz ® zx dl(x, y, z), roe l(z, y) u l(x, y, z2) —
JINHEeVHbIEe (PYHKINNA.

§ 4. Kitaccol @QyHKINN, COXPAHSIOIINX KOHCTAHTHI

Oyuxmusa f(Z™) corpangem wxoncmanwmy 0 (komcmawmy 1), ecim
f(0,0,...,0) =0 (coorsercrBenno ecau f(1,1,...,1)=1). Muo-
XKECTBO BCEX (DYHKIUN aJreOphbl JIOTMKM, COXPAHAIOIINX KOHCTAHTY 0
(kouctauTy 1), obosmauaercs uepes Ty (coorBercTBenno uepes T7).
Muoxectso Bcex dyukumii u3 Ty (71), 3aBUCAIX OT IEPEMEHHBIX I7,
To, ..., Tn, OymeT obo3HauaThCs yepes 1" (coorBercTBeHHO uepes T7%).
Kaxmoe u3 muoxects Ty, 17 aBisgeTcs 3aMKHYTHIM W TPENTOIHBIM B P
KITACCOM. n—2
Hpumep 1. Beraceuts, npu xakux n ¢yekoug f(z7) = D m(z;,
Tit1, Tito) NPUHAMIIEKUT MHOXKeCTBY To N T7. =1

Pemenwne. Eciu n weuetno, To f(Z™) saBusgercs cynepnos3unuen
byuxkuuit m(xy, T2, T3) U T1 O To O T3, TPUHAMIEKAIIAX 3AMKHYTOMY
kiaccy ToNTy, u, cienoBarensuo, f(z") € To NTy. Ecnu n wetrHo, To
f(,1,...,1)=0,u f¢ToNT.

[Ipumep 2. Haittu uncno dyukuuin f(z™), mpuHALIEKAITX MHO-
xectBy A = (L\Tp) N S.

Pemenune. A= (L\(ToNL)NS=(LNSO\(LNTyNS). Crenosa-
tenbuo, |A| = |LNS|—|LNSNTy|. Jluneitnas dbyuxmumsa f(Z"™) aBis-
€TCsI CaMOOBOMCTBEHHOM TOTZA M TOJBKO TOrAa, KOTOa OHA CYIIEeCT-
BEHHO 3aBHUCUAT OT HEUYETHOIO YKCIIa MEPEMEHHBIX, T.€. IPEeICTABUMA B
Bune f =2 ® Ty @... 0 T4, , Do, 0 € {0, 1}. Uncno nuaeiHLIX yHK-

nmit f(Z"), 3aBUCAIMX CyIIECTBEHHO OT k TepeMeHHLIX, paBHO 2CF

(Cﬁ crtocobaMu MOXHO BBIOpaTh Kk IIEPEMEHHBIX U3 T1, T2, ..., Ly €
IIBYyMsI CHOCOOAMEM MOXHO BBIOpaTh CBOOOMHBIN wieH). Takum o6pasom,

L"nst=2 > Crti=2n
0<s<(n—-1)/2
dcuo, aro |L"NS*"NTY| = % |L™ N S™|, mockonbKy CBOOOLHBIN TIIEH

ompenessercs onHosHawHo (pasen 0). Taxum obpasom, |A| = 2771,
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COTPAHRANOUWUT WOHCTNAHbL

Mpumep 3. okasaTs, uto [{zy, z Dy} =

Pemtenue.

3ameTuM, uTO moauHOM Jio6ou dyukmuu f uz Ty He

comepxuT 1 B kauecTBe ciaraemoro. Ho Bcakuii TakOW IOJIMHOM MOXKET
ObITH, OYEBUOHO, TOJIyUYE€H C TOMOIIBIO CYHEPHO3UIINU 13 (PYHKIUNA Ty,

rdy.

4.1. Boiacuurs, npunamyiexut nu dyukmus f muOoxkecTBy T1\7o:

) f = (5171 — 262)(332 — ,Tg)(xg
3) f=
5) f
7) &y = (1001 0110);
10) &; = (0001 1011).

8) ay =

4.2. Boiacuurs, npu kakux n yukiusa f(z"

xectBy To\11:

D f™) =21 D@ 22D... D xp;

3) f(z") D

1<i<i<n

Fn) =

Lilj,

1 — (332 — (:Eg — 1131));
= (.731 \/52)53 \/flw2 \/Eg; 6) f = 51.772 f3 \/51.732 V TQ V T1L2X3,

4) f(

—x1); 2) f=m(x1, T2, 3);

4) f = T1T2x3 V T1X2 \/fz;

(11011001); 9) ay = (10000111);

) TNPUHAMIEXKUT MHO-

2) 16 = (B s ) © 5001
= &

1<i<g<n

in

(z: V 5);

5) f(%n) =1 (xl — w2)(x2 — $3)($3 — 264) e

2

3

- (xn—l — xn)(ajn — 33'1);

6) f(@") = D (zi = (Tit1 = Tit2));
n_—2
7) f(z") = @1((% = Tiy1) = Tit2);
n—2
8) f(@") = D (zi @ zinazire); 9%) fFE@™) = D mmjmy;
i=1 1<i<g<k<n
10) f@") = D@ mlxi, x5, 71);
1<i<j<k<n
11) f(@") = ,@ 0i(T"), i€ SNTi;

12) f(z _xn<\/901

M3BOJILHBIE (I)yHKI_II/II/I u3z Py~ Lo
=1 —1;
e

13) f(@ J—xn(\/%

BONIbHBIE GYyHKIMEM u3 P~ 17 w5
=1,....,n—1;

14) f(z™)

T" (™), ©;

I
I <=

.
[y

o3

15) f(z™) i

™.
—_

)k

— IOBOWCTBEHHAS K (p; QYHKIULI,

—1

&(70@ nl)

— IBOUCTBEHHAA K (; QPyHKIUI,

) , TOe ; — TOpo-

7 =

) &:% " 1), rme @; — mpous-

7 =

€ (LN T)\S;

%’n), 2 S S\Tl
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o, .

4.3. lloncunTaTh YKUCIO DYHKIIWN, 3aBUCIIINX OT HEPEMEHHBLIX 7,
, T, U MIPUHAIIEKAIITNX MHOXECTBY A:

1)A:TO0T1; 2)A:T()UT1; 3)A:T()ﬂL; 4)A:T1ﬂS;
5)A:TOUL, 6)A:L\T1, 7)A:(LUT1)HS,
8YA=LNTiNS; 99 A=LUSUTy; 10) A= (LUSN\T};
11) A= (I\To)NS; 12) A=SNTy; 13) A= (SNTy) UTy;
14) A= (SNL\Ty; 15) A= (To\T1)NS; 16) A = (To\T1) N L;
20 :(ToﬂTlﬂL)\S 21) A = (S N L)\To;

22 Z(SﬂL)\(ToﬂTl) 23) A= (SN L)\(To UT1);

S\(ToUL); 28) A=SNToNnL; 29) A=L\(ToUT);
( \(To UTl)) N S; 31) A= S\L, 32) A= L\S,
(LAS)NT1; 34) A = ((S\L)\To)\T1;

((SNL)\To)\T1; 36) A=SnN(T1\L);
(
=

Lﬂ S)\(Tg N Tl) 38) A = (LﬂTo)\(S ﬂTl);
SNTy)\T1; 40) A= (LNToNT1)\S;
=(ToNTiNSO\L; 42) A=ToUT1US;

43) A=ToUT1 USUL; 44) A=ToUT, U L;

45) A = (L\S) U (To\T1).

4.4. Jloka3aThb, 4TO:
].)LﬂSﬂT():LﬂSﬂTl:LﬂT()ﬂleLﬂSﬂT()ﬂTl;
2)SNTy=SNTy =SNTyNT.

4.5. IlokazaTs, 4TO:

{zVy, 20y}l =To; 2)[{zVy, z~y}] =T
{zy, 2 ~y}l =T1; 4) [{zy @ 2}] = To;

{zy, c@yd 2z} =ToNTy; 6) [{zydzdt}] =ToNTh;
[

[

D>D>D>D>D>E>D>D>D>D>D>h>h>
II

)
)
)
)
)
24)
27)
30)
33)
35)
37)
39)
41)
)

3
5
) {zeyt=LNTo; 8) [{z~yt=LNTi;
{z@y®z}]=LNSNTy;

10*) [{m(z, y, 2), 2@y © 2}] = Ty N S;

11y [{{m(Z, y, 2)}] =T1NS; 12) {zdydzel}]=LNS,

13) [{zy, m(z, y, 2)}| =ToNTy; 14) [{zVy, m(z, v, 2)}] =ToNTh;
15) [{m(z, y, z), z @ y}] =

4.6. Boracuuthb, sBisercs m MHOXecTBO A 6asucom B knacce K:
WA={zy~z}, K=T1; 2) A={zyVz}, K="To;

3) A={zy, x ~y, zVy}, K="1T;

HA={zxdydz, m(z, vy, 2)}, K =TyNTi;

5) A={zy, x®yd 2z, m(z,y, 2)}, K=TyNTh;

6*

7)

8)

1)
)
)
)
9)
0
1

) = {ﬂ?y, m(x7 Y, E)}: K:TOmTﬁ
A:{Q?@y, m(az, Y, Z)}, KZToﬂTl;
A={xVy, ay}, K=Ty;, 9 A={zdydz 0}, K=TyNL;
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10) A={z0y®2, z0y®20t}, K=TyNL;

I A={zyydz, cdy®d =z}, K=ToN1Ty;

12) A={m(z, 7, 2), z0y®dz}, K=ToNS;

13) A={(z ~y) ~z}, K=LNSNTy;

14) A={z~m(y, z, 1)}, K =1T1;

15) A={zy, 2®ydz, 2Vy}, K=TyNTi.

4.7. B 3a0aHHOM BEKTOpPE (X 3aMEHUTL KOOPOUHATELL — CUMBOJIAMU 13

mHOXKecTBa {0, 1} Tak, 9TOOBI Oy IUIICSI BEKTOD ((f 3HAUEHUN HEKOTOPOH
dyukiuu f, obpasyrtoren 6asuc B K. Iloka3aTh eIMHCTBEHHOCTD PEIIICHUS:

Va=(————), K=TyNL;

Qa=(————"—"— ), K=LnNS;
Na=(—110—11—), K=Tp; 4)a=(————), K=T1nL;
5la=(———————— ), K=LNSNT,

6) & = (—11001100110100 —), K = To N Ti;

7)52:(——1 _____________ ),K:LQS,
8)a=(—0———0——), K=SNTi;
Na=(-—0———0—), K=8nNTy;
10)a=(———1-0-), K=5nNTi;
Ma=(-—————— 10—), K =S nNTy;
12)a=(———1-0—), K=SNTi;
B)ae=(-———-1-———————— ), K=LNTyNTy;
4yai=(-—">""—-""-""""—"——— 1—), K=LNSyNTp;
15)a=(—-00————— ), K =5

4.8. Jloka3aThb, 4YTO Kyacc 1Y SBIISETCS IPEONOIHLIM B Ps.

4.9. Ilokasars, 9T0 MHOXeCTBO A sBisercs npennonseM B L:
1) A=[{0,7}]; 2)A=LnTy; 3)A=LnNTy; 4 A=LnNS.

4.10. BosscuuTsh, sBiusercsa iaum MHOXecTBO A mpemmonmubiM B Tj:
1)A:T()0L; 2)A:Toﬂs; 3)A:T()ﬂT1; 4)A:[{O,SE}],
5) A = [{zy, =V y}].

§ 5. Kimacc MOHOTOHHBIX GyHKIINNT

Bynesa dyukuus f(z™) Ha3LIBAETCS MOHOMONHONU, €CITA IS JTIOOBIX
nByx HabopoB o u 3 u3 B" Takux, uTo & < (3, UMEeT MECTO HEPABEHCT-

Bo f(a) < f(B). B mporuBuoMm ciiyuae f(2™) Oymer HAa3BIBATHCSI HEMOHO-
monnot. MHOXeCTBO BCeX MOHOTOHHBLIX OYJIEBBIX (DYHKIIMI OOO3HAUIAET-
cs uepe3 M, a MHOXECTBO BCEX MOHOTOHHBLIX (MDYHKITWANM, 3aBUCSIIIIAX OT
MepeMEeHHbIX T1, L2, ..., Ln, — depe3d M™. MwuoxectBo M aBnsercs
3aMKHYTBIM U TPEONnoJHBIM B P kjaccoMm. CnpaBemmBO yTBEpPKICHUE
(nemma o nemonomonnot Pymrxyuu): ecmu f ¢ M, To, moncTaBiss HA
MecTa ee nepeMeHHbIX GyHkuui 0, 1, £, MOXHO NOIYyUYUTH QYHKIUAIO .
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Bepiuna a ky6a B" nasbiBaeTCsa nuxicnet edunuyets (6eprrum nyiem)
monomonnot fynxyuu f(z"), ecmn f(a) =1 (coorsercrenno f(a) = 0)

W I BCSKOM BEPIIMHEL Bus B < a BHTEKaeT, ITO f(ﬁ) = 0 (coorBercT-

BeHHO 13 & < (3 BHITeKaeT, ato f(B) = 1).

[IpoBepky HA MOHOTOHHOCTL OyiieBoit dyukiuu f(x ™), 3a0aHHORA CBO-
UM BEKTOPOM 3HadeHu# &y = (g, 1, ..., Qgn_1), MOXKHO OCYIIECTBUTD
crenyronmm o0pa3om. Pasnenum BeKTOp &f Ha IBE PABHbIE YaCTH (g1 =
= (a0, @1, ..., Qgn—11) B Qg = (Qgn-1, Qgn-1q, ..o, Qono1). Ecim
OTHOIIEHUE (g1 < Q1 HE BBIIOIHEHO, TO f(Z") He SBIIETCSI MOHOTOHHOI.
B mpormprOM cCityyae Kaxmbii u3 BeKTOpoB a1 (0 € {0, 1}) BHOBB
pasnenuM Ha IBE PaBHLIE YaCTH e a SED Ecnu He BBITOIHEHO XOTsT OBI

a,0 o,l

OZLHO U3 OTHOWIEHUH (1.2 K (1.2, TO f(z™) ¢ M. B nporuBHOM Cityuae
o,0 o,l

BHOBb JI€JIIM BEKTOPHI MOMOJIaM U T. 1. Eciau oTHOIIEeHrE mpemiecTBOBa-

HUST BBITIOJIHAETCS TSI BCEX Tap BEKTOPOB, TO f(Z'") MOHOTOHHA.

IIpumep 1. @y = (10011111). IlepBelit m1ar He OOHAPYKUBAET HEMO-
HoTouHOCTH, Tak Kak 1001 < 1111. Bropoit mar maer: 10 £ 01, 11 < 11.
MOHOTOHHOCTDH HAPYIIIEHA.

Iis moka3aTenbCTBa MOHOTOHHOCTH GyHKIUHU f, KOoTOpas 3amaHna Gop-
MYJIO, MOYXHO C TTIOMOIITBIO SKBABAJIEHTHBIX TPe0OPA30BAHUT TPEACTABUTD
GYHKIUIO ¢ TOMOITIBIO OPMYIIBI, CONEPKAIIEN JINIL CBA3ku & u V (umu
IPyTUe MOHOTOHHBIE OIEPAIINN).

[Mlpumep 2. f=2xzVIyVvVzyz. Umeem TyVIyz=T(yVyz)=
=Z(yVz). Hanee xVT(yVz)=zVyVz Pyakiusa f MOHOTOHHA.

Y cTaHOBUTHL HEMOHOTOHHOCTDH GQYHKINK f MOXKHO TaKXe, MOJIYUYUB U3
HEee HEMOHOTOHHYIO QYHKIIMIO OMHON IMEPEMEHHON IMyTEeM 3aMEHBI OCTaJIb-
HBIX IIEPEMEHHBIX KOHCTAHTAMM.

5.1. Ilo BekTOpPYy 3HAUEHUMH &f BBISICHUTD, SBIIAeTCs i GyHKIus f
MOHOTOHHO:

1) ay = (0110); 2) @y = (00110111); 3) ay = (01010111);
4) @y = (01100110); 5) &y = (00010111); 6) &y = (0101 0011);
7) &y = (001000110111 1111); 8) & = (000101010111 0111).

5.2. IIpoBeputs, sBiaseTcs mu GYHKIUSA [ MOHOTOHHOM:

8

5.3. s nemonorouHon pyuknum f YKa33Th IBa COCELHUX Habopa a,
(3 3sHAvMeHUIt IepeMEeHHBIX Takux, 9To & < 3 u f(&) > f(f):

].) f—$1$2$3\/$1$2, 2) f—ﬂ?l EBZUQ@mg, 3) f:$1$2@$3;

4) f=x1V xT3; 5) f=x123 ® 201 4;

6) f = (z12224 — x273) D X4.

1) f= (210 32) & (21 ~ 22); 2) [ =1 = (22 = 31);
3) f =T — (:131 — 332);
4) f = $1f253 \ $1T2$3 \% .17137253 \ T1L2T3 \% 51372%‘3;
5) f = xlfzfg \ 51332563 \% 5131332?3 \ I1XL2T3 V Tlfgibg;
6) = (331 S5 332):61.’132; 7) f =21%2 DT123 D x3T71;

) f

=21T2 D Tox3 D xr3T1 D X1.
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5.4. [lycts M,, — MHOXECTBO T€X BEKTOPOB & = (g, A1, ..., Qon_1),
KOTOPBIE ABJISIOTCA BEKTOPAMUI 3HAUEHUI MOHOTOHHOI (I)YHKIJ;I/II/I HaiiTu

YHCIIO0 BEKTOPOB 13 M, KOTOPBIE MOXHO IOJIYIUTH W3 BEKTOPA 72 =
= (Y0, V1, - -+, Y2n—1) 3aMenoir cumBosa — Ha 0 wmm 1:
Dy?=0—); 2)7*=(—); 3)7*=(—00—);
Yt =(—10—); 5)F°=(————— 00 —);
6)y=(—1--0-) Ny¥=(-1-—0—);
87 =0—————— 1)
5.5. Ilycts S, — MHOXKeCTBO Tex BeKTOpoB a2 = (ag, ai, ...

, Qian _1), KOTOPBIE SBJISAIOTCS BEKTOPAMU 3HAUEHUN (DYHKIUN U3 KIIaC-
ca M N S. Haitu ‘—II/ICJIO BeKTOpOB u3 JN.S,,, KOTOpBbIE MOXHO MHOJIYyYNTh,
3aMeHsI B BEKTOpE Y2 CUMBOILI — Ha 0 1 1:

D= DF=(0— % PFI=( 1)
47 = (—00—0———); 5)7° = (—01——0———)
6) 718 = (———0—0———0— )
D=l )
8§ F= (10 )
5.6. Bouacuurh, npu kakux n > 1 dysxkuus f(z™) MOHOTOHHA:
D f@)=210120...0x,; 2) f@")= D zz);
1<i<j<n
3) f(Z™") =x12... 2y > (L1 DT D ... D xy);
4) f(z™) = o, Tiy T -+ - Tf, m:]g[;

1< <in<..<im<n

5) f(Z™) = 2120 ... 2, ® D T1...Ti1Tip1 ... T
1<ikn
m

6) f(%n) = @ @ Li; Tiy oo Tf,, -
m=1 1< << .. <tm <N

5.7. IlpuBecTr mpumep HeMOHOTOHHOU (ymkKnum f(Z"), y KOTOpOI
kaxnas nondyskuus suna fL(z") (1 =1,...,n), o € {0, 1}, MmonoTOHHA.

5.8. HokasaThb, uTo eciau GyHKuMs f HEMOHOTOHHA, TO CYIIECTBYIOT
nBa cocenHux Habopa a u (3 Takue, uto a < 3 u f(a) > f(0).

5.9. IlokasarTk, 4TO GYHKIU, CYIIIECTBEHHO 3aBUCSIIAs HE MEHEe UeM
OT IBYX IE€PEMEHHBIX, MOHOTOHHA, TOT/Ia U TOJIBKO TOTMa, KOTIa BCAKAS €€
noad@yHKIIN, 3aBUCAIIIA CYILIECTBEHHO OT OOHOM IEPEMEHHOI, MOHOTOHHA.

5.10. Hokasarb, uro ¢yukimsa f(IZ"™) MOHOTOHHA TOTHA U TOJILKO

TOorma, Korma mis Jjmoboro k=1,2,...,n— 1, m0060ro mogMHOXKECT-
Ba {i1, ..., 4} C {1, ..., n} u mobbix nByx HabOpoB 0 = (01, ..., OF)
u 7= (1, ..., Tk) TAKAX, 4TO 5 < T, BBLIIOJIHIETCA TOXIECTBO

@MV f @) = frn @),
5.11. okasaTb, 4TO i BC;{K0171 MOHOTOHHOU GyHKImu f(I") crupa-
BEIJIUBLL PA3JIOKCHUS

f@E™) =z i@V @), f@E") = (V@) AET).
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5.12. Iloka3aTk, 4TO OJI1 KAXKIOW OTJIMYHOM OT KOHCTAHTHI MOHOTOH-
HOW QyHKINM f CYMIECTBYIOT m.H.d. 1 K.H. ., HE cOmepKalume OTPHUIIa-
HI TTEPEMEHHBIX U peajusyoime f.

5.13. DmemenTapHas KOHBIOHKIUS K HA3BIBAETCSI NPOCMbIM UMNAU-
kawmom, ecit KV f=f u K'V f # f nna xaxmoin koubiouknun K/,
noJryueHHon u3 K BeruepkuBanueM OYKB. I{oka3aTh, YTO HUKAKOM ITPOCTON
IMIIIMKAHT MOHOTOHHON (DYHKIINY HE COAEPXKUT OTPUIAHUIN NEPEMEHHBIX.

5.14. Haiitu uucno mwxuux enuuuil e(f) u Bepxumx uymneinr n(f)
MOHOTOHHOU QYHKIUU f:

1) f(Z3) = z122 V 2223 V 23715 2) f(Z?) =21 V 225

3) f(Z) = z1mom3 V wy(T1 V 22 V 23);

4) f(%Zk) = (Z‘l V $2)($3 \% 334) “e (Qigk_l \% wzk);

5) f(?lf?’k) = (Z‘l VsV 1133)(334 VsV xg) e (:Egk_z VI3p_1V SEgk).

5.15. Ilycte @(x, y) = x VY. Ilna wabopa a = (ay, ..., a,) u3z B”

n
nonoxkuMm Kz(2") = & p(zi, ;). Hoka3aTb, 9TO €Clin (¢ ABIACTCS HILXK-
i=1
Hell enuuunen dyukuuu f(r™), TO seMeHTapHAs KOHBIOHKIMA Kgz(T'™)
BxonuT B moyimaoM Kerankusa dyukiuu f(I") B KaueCcTBE CIIaraeMoro.
5.16. [TokaszaThk, YTO HE CYIIIECTBYeT MOHOTOHHBLIX CAMOIBONCTBEHHBIX
GYHKIINN, NMEOIINX POBHO IBE HUKHNE €NUHUIEL.

5.17. 1) [lokazarsb, uTo B B™ CylIeCTBYeT MOAMHOXECTBO, COCTOSIIIEE

u3 ([7:}2]) TIOTIAPHO HECPABHUMBIX HAOOPOB.

n

2*) HokazaTb, uro |M"| > 2([n/2]).

5.18. Bospacmaruwet yenvio daunbt k B B" Ha3BIBAeTCs MOCIENOBA-
TeNBLHOCTDH HAOOPOB (g, (1, ..., Qf TAKAL, UTO ;i—1 < ; (1=1,..., k).

1) Ilokasars, uro B B™ cymecTByeT n! momapHO pasiMUHBIX BO3PAC-
TAIOIINX 1enell MAJIUHBL 7.

2) Ioka3aTh, 4TO YUCIIO MOMAPHO PA3IIUYHBIX IIENeN MIIUHBI 1, COOep-
XKamux (UKCHPOBAHHYIO BepIiuHy o u3 B, paBro k!(n —k)!.

5.19. 1) Iloka3arhb, 9TO MOIIHOCTH JIIO0OTO MOAMHOXKECTBA MOMAPHO

HECPABHUMBIX HAOOpPOB Kyba B" He mpeBOCXOOUT ([n72] )

2) Ilokaszarsb, uyTo eciu mogMHOXKECTBO A C B™ COCTOMT U3 MOMAPHO
HEeCPABHUMEBIX HA0OpoB u mpu 3toM ||| < k < n/2 muasa moboro a € A,

o |4 < ()

5.20. 1) Ucnonbsys meopemy Huayopca, yTBEPKAAIOIIYIO, YTO MUHU-
MaJTbHOE UMCJIIO TETEN, COMEPKAIINX BCE BEPIITUHBI YACTUIHO YIOPSIOUECH-
HOTO MHOXECTBA, PABHO MAaKCUMAJILHOMY YHUCIY IMOMAPHO HECPABHUMBIX
HaOOPOB B HEM, NOKA3aTh, YTO

|IM"| < 2+n<[n72])_

2) Hoka3aTh, YTO YMCIO MOHOTOHHBIX GyHKuUuA f(Z™), ¥y KOTOPBIX
KaXKIas HUXKHS eUHIIA uMeeT Bec, He mpessiaonmii k (0 < k < n/2),

He npeBocxomut 1+ (k + 1)(Z)
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5.21. IloncuntaThs umcno GYHKIUNA B KaXKIOM W3 CJIEOYIOINIAX MHO-
XKEeCTB:

1) M™"\(T1 UTy); 2) M"\(T1 NnTy); 3) M"NL; 4) M"NLNS;

5) L"(M U S).

5.22. IlokasarTsk, 4TO:

DISNM* < |M Y opu n>1; 2)|M* <|M" 12 opu n > 1;

3) | M| < | M"2)? 22" nmpu n > 1.

5.23. 1) [lepeuncnurh Bce MOHOTOHHBIE (DYHKIIUN IEPEMEHHBIX L1, T2-

2) IlepeuncnuTh BCE MOMAPHO HEKOHTDYYHTHBIE MOHOTOHHBIE (YHK-
U7, CYIIECTBEHHO 3aBUCIIINE OT TPEX MepeMEHHBIX.

3) llycts 9(n) — 4mMCIO0 MOHOTOHHBIX (DYHKIUN, 3ABUCAIINX OT IEpe-
MEHHBIX T1, X2, ..., L. llOKa3aThb, 4TO:

a) P(1) =3; 6)(2) =6; B)Y(3)=20; r¥)y(4)=168.

4) IlycTs 1.(n) — 4KMCIO MOHOTOHHBIX QYHKIIUN, CYIIIECTBEHHO 3aBU-
CAIIUX OT MEPEMEHHBIX X1, L2, - .., Ln. HaiiTu t.(n) nna n < 4.

5.24. IlepeuncnuThb BCe TIOMAPHO HEKOHT' PYYHTHBLIE CAMOIBONCTBEHHBIE
MOHOTOHHBIE PYHKITAM, 3aBUCAIINE OT UETHIPEX MMEPEMEHHBIX.

5.25. lokasats, uto |M"™| < |S™| mpm n > 4.
5.26. IIycte A C B*, C — MHOXeCTBO Bcex HabOpoB « € B}, nna
KOTOPBIX CYIIIECTBYET HAOOD 6 u3 A, cpaBuuMbIl ¢ a. IlokaszaTb, 4TO

Al <lel(p)

5.27. Ilycts f e M™, qk(f):|NfﬂB,?|/(Z). Hoka3aTb, 4YTO
Qk—l(f)<Qk(f) (kzlaan)

5.28. Oyuknus ("), onpeneneHnas Ha B" u NpuHUMAOIAA TPO-
M3BOJILHBLIE NENCTBUTEILHBIE 3HAUYEHUs, HA3LIBAECTCI 0000UeHHOlT MOHO-

monnot pynxyueti (cokpamenuno OM®), eciu u3 a <  BBITEKaET, 4TO
p(a) < ().

1) Hokazate, uro OM® (™) MoxkeT OLITH IPENCTABICHA B BUALE JIU-
HEMHON KOMOWHAIIMKA MOHOTOHHBLIX OYJIEBBIX (PYHKIIAMN CIEOYIOIIETO BUIA!

~n _ ~-~n
pE") =c+ Y apf@"),
f(@™)eM
rme ¢ — NEeUCTBUTEJIbHOE YUCIIO, a 4 f— HeOTpI/IHaTeJII:HOG YUCJIIO.

2) lIycte (™) — OMD, a qi(p) ( ) Z p(a). Hokazars,

ac By
ato qr_1(p) < qele) (k=1,...,n). “
5.29%. 1) Ilycts f(z™) u g(z™) — MOHOTOHHBIE OyJIeBBI (DYHKIIIN.
HokazaTn, 4TO . . .
[Npggl27" 2 [Ng[ 277 |[Ng| 277
2) lycts f1, ..., fs — dyukuum uz M"™. JlokazaTs, 4TO

‘N

1<z<s

NEREN | REVARRD!

1<4Ks
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5.30. 1) Bepro mm, uTo ecnm feM™ to us yCTIOBHSL &, B € B",
v(B) > v(@) (|8l > ||all) emrexact, aro f(&@) < f(0)?

2) Ilycre nns Beskoro k(0 <k <n) ms yenosmit v(a™) < 2" —1-
—2k y(B™) = v(@m™) + 2% cenyer, uto f(&™) < f(3"). IokasaTs, 9TO
feM. —1 2" —2%—1

5.31. Ilycts F(y & & (yi = Yijpor). Hokazarw, uro

[Ng| = M7
5.32. Moxuo nu u3 dyukiuu f = Tyz V t(xy — z) MOIy4YUTH:
1) dyukumio bx OTOXIECTBIEHUEM MIEPEMEHHBIX;
) GYHKIUIO T2z OTOXIECTBIEHUEM ITEPEMEHHBIX;
) GYHKIMIO T2 C TOMOIIBIO CyIEPIO3UIIY;
) dyHKIMIO T TOACTAHOBKOM KOHCTAHT 0, 1;
) GyHKIMIO Tz TONCTAHOBKON KOHCTAHTHI (;
6) GYHKIUIO 2 OTOXIECTBIECHUEM TEPEMEHHBIX !

5.33. IlokaszaTb, YTO BCsAKas MOHOTOHHAS (DYHKIIUSA COMEPXKUTCSI HE
MeHee UeM B OByX kiraccax u3 1o, 17, L.

5.34. Ilokazatpk, uTo M He comepX)UTCS HU B OIHOM 13 KitaccoB Ty, 17,
S, L, yka3aB MOHOTOHHBIE GYHKIINH, HE COMEPKAIINECS B COOTBETCTBYIO-
IITUX KITACCAX.

5.35. Moxuo nu ¢ momomnibio dyakiwmi zy, = Vy, 1 nonyuuts 07

5.36. [loxasaTs, uto muoxectso {0, 1, zy, x V y} aBusercs 6aszucom
B M.

5.37. U3 muoxecta {0, 1, zy, xVy, 2y V 2z, xzy Vyz V zz} BblOe-
JUTH BCE TIOOMHOXECTBA, ABIIIONmMecs basucamu B M.

5.38. IlokazaTh, uTO BCakuii 6a3uc B M coOmepXXUT HE MeHee TPeX U
He 00oJsiee YeThIpeX QYHKIIUN.

5.39. [lokazaTk, uTo Becakuit 6asuc B M, cocTosamiuit u3 Tpex GyHKINN,
comepXuT (GYHKIINIO, CYIIIECTBEHHO 3aBUCIIIYI0 HE MEHEee UeM OT Tpex
IIePEMEHHBIX.

5.40. [IpusecTu npumepsl 6a3uCOB B clienyoiux Kiaccax: 1) To N M;
2)TyNM; 3) LN M.
5.41. Ilokaszats, uto ectn f € M, To f* € M.

5.42. Moxwuo nmu u3 pyukiuu f = zy V yz V 22 TOIYYATH C TTOMOIITHIO
orepanuu cynepuo3uiuu GyHKnuio g = x V y?

5.43. Hokasare, uro f € M NS Torma um TOIBKO TOrma, Korma f" €
() = 7
(p(ZEn_ ) = f($1, cevy Tn—1, O)&f(fl, ceey Tp—1, 0) = 0.
5.44.ycto m(T3) = 2122 V 2223 Vasziu f(T?) € M NS (n > 3).
Ioka3aThb CIpaBemJIMBOCTH MPEACTABIICHUS
f&x™) =m(f(x1, 1, 3, Ta, ..., Tn), f(T1, T2, T2, T4y ..., Tn),

f($37 L2, T3y T4y -+, xn))
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5.45. 1) Ilyctes D™ — muoxkectBo dyukiuin f uz SN M", cymecr-
BEHHO 3aBUCAIIAX OT N mepeMeHHBIX. g xaxmoro n < 4 mepeducinThb
dyukmuu uz D™.

2) IokasaTk, 9TO miist BCIKOTO 1 > 4 u3 pyukmuu f € D™ MOXHO mo-
JIyUUTDL TTyTeM OTOXIeCTBIICHNS HepeMeHHEIX GyHKImo m(Z3) = z12s V
VxozrsV r37]1.

5.46. 1) MokazaTsb, a0 m(ZT3) = 172 V Tox3 V 371 00pasyeT 6a3uc
B MNS.

2) HokasaTs, uTo mobast dyukuus u3z M NS, CyIIECTBEHHO 3aBUCS-
1tas 6oJiee YeM OT OMHOU MepeMeHHOM, obpasyet 6asuc B8 M N S.

5.47*. Ilycte D — MHOXECTBO, COCTOSIIEE M3 BCEX MOHOTOHHLIX
SJIEMEHTAPHBIX MU3BIOHKIWN, & A — MHOXECTBO, COCTOSIIEe U3 BCEX
MOHOTOHHBIX 3JIEMEHTAPHBIX KOHBIOHKIWEU. [lokazaThb, 4TO MHOXECTBa
DuU{0,1}, xu{0,1}, MNTy, M NTi nu TonbKO OHU OOPA3YIOT MpE-
TIOJTHBIE KITACCHI B M .

§ 6. ITomHOTA M 3aMKHYTBIE KJIACCHI

B P, cupaBemyuB ciaenyoImi KpUTEPAA TOTHOTHI.

Teopema (O.Iocr). Cucmema A Ppynryuii uz Py noana 6 Po mozada
U MOoAbKO M020a, K020a 0MA UCAUKOM HE COOCPHCUNCA WU 6 00HOM U3
xaaccoe To, Ty, L, S u M.

Oyukuus f(z™) naseiBaercs wegddeposoti (wnu dynxyuet Mleddepa),
eciu OHa obpa3syeT 6a3uc B Ps.

[Ipn mccmenoBaHUU MOTHOTHI CUCTEM (QYHKIIMEA yIOOHO MOIBL30BATHCS
TabIuIen, KOTOPYIO MBI OYIeM HAa3LIBATL KPUMepudsbHot. JTa TaOIuIa,
UMEeT ISIThb CTOJIONOB, KAXILI U3 KOTOPLIX COOTBETCTBYET OMHOMY U3
ISTA TPENNONHBIX KIIACCOB B FPb, a CTPOK: TaOIUIBI COOTBETCTBYIOT
byHKIIUIM ucciaemyemMoi cucTeMmbl. Ha mepeceueHuu CTPOKM TabIIUIIHL,
COOTBETCTBYIOMIEN QyHKIIUK f, 1 CTONOIIa, COOTBETCTBYIOIIEro Kitaccy K,
cTaBUTCA 3HAK Woc, eciu f € K, u munyc, ecniu f ¢ K. Cucrema dyHk-
A TIOJTHA, TOTAA U TOJIBKO TOTMA, KOTIa B KAXKIOM CTOJIONE COmEPKUTCSI
XOTs1 ObI OMWH 3HAK MUHYC.

Mpumep 1. UccaenoBars nonuoTy cuctembl A = {f1 = zy ® z, fo =
=1z @y & 1}. Kpurepransuas tabmauna umeer Bun tadi. 2.1. B kaxmom

Tabaunoa 2.1
To T L S M

Al - -]-1-

fo - + + - -

CTOJI6I_[€ nMeeTcCda He MeHee OOJHOI'O MMHYCAa. Cucrema monHa.

Opumep 2. Uccrmenosars monmuoty cuctemsr A = (S\M) U L\ (Tp U
U T1). st uccnenoBaHus MOMHOTHL STOM CUCTEMBI MOXHO UCIIOJb30BATD
HEKOTOPLIA AHAJIOr KPUTEPUAILHON TAGIUIBl, B KOTOPOM CTPOKH COOT-

6 I".II. "'aBpusioB, A. A. CanoxeHKo
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BETCTBYIOT HE OTHENbHBLIM (DYHKIWAM, 8 IOAMHOXECTBAM CHUCTEMBI A.
Paszobrem cuctemy A Ha mogmuOXecTBa A1 = S\M u A = L\(To UTY)
U UCCIIENyeM MIPUHAIIEXKHOCTE QYHKIINY U3 STUX MOAMHOXKECTB IIPEIITOII-
HBIM KJIACCaM.

Bamerum, uro T; € A3 N As. Orcroma crmenyer, uro A; € Ty, A; €
Ty, Ay M (i =1, 2). OueBunno, utro A; C S, A C L. 3amerum,
gyro m(x, y, z) =y ® yz G zx upuHALIERKUT A; U HE SIBISIETCS JIN-
uweninon. Takum obpasom, A; € L. Ocraercs BLISICHUTH CIIPABEIJINBOCTD
Bkiiouenuss A, C S. Beskas ¢yuknusa f us A umeer Bun f = o121 D
Basts D ... 0 apry, B g, mockoinbkKy As C L. Ilockonbky Ao Z Ty,

T0 a9 = 1. Mlockonmeky As € Ty, To f(1) = Z a; &1 = 0. Cremona-
1<i<n

TEJIbHO, HEUYETHOE YUCIIO KO’(pDUImeHToB a4, ..., a, oOpamiaerca B 1.

3uaunt, yHKIMS f ITUHEAHA U 3aBUCUT CYIIIECTBEHHO OT HEUYETHOTO YUCIIa

nmepeMeHHBIX. Takasg QYHKINMS, KaK HETPYOHO IPOBEPUTD, ABIISIETCI CAMO-

IBOMCTBEHHOW. AHAJIOr KPpUTEPUAILHON TabIuIbEl uMeeT Bun Tabir. 2.2.

Tabauma 2.2

1o T L S M

Al - = =]+ -

Ao — - + + -

Cucrema A me saBusercs nonHoi B P. Kpurepruanbuas Tabania MOXKET
OBITDH ITOJIE3HON M1 HAXOXKIEHUS 0A3MCOB, COMEPXKAIINXCS B cucTeMe A.
[Ipumep 3. U3 nomuoit 8 P> cucrembr A ={fi =z d vy, fo =12y ® 2,
fs=r@ydz01, f =2y Dyz @ 2r} BHOEIUTL BCEBO3MOXHBIE Oa-
3UCHI.
Kpurepunanpuag Tabnuia umeet Bun tabdi. 2.3. Ilo Tabnune cocTaBum

Tabauma 2.3

To T L S M
1 + - + - -
L+l -1 -1-1-
I3 - - + + -
fa + + - + +

K.H. §. K, B KOTOPOH 3jIeMeHTapHBIE NU3BIOHKIINI COOTBETCTBYIOT CTOJIIO-
11aM TaOIUIIBL U BKITIOYAIOT B KAUECTBE CIIaraeMbIX CUMBOJIBL TeX PYyHKITUN,
KOTOPBIE HE BXOMNSAT B KJIACC, COOTBETCTBYMOIIWA cTOJOIy. B mamHOM
cilydae UMeeM

K=Ff(fiVVi)(foV)(fiVE2)(fiVVf).
IlepeMHOXas CKOOKM ¥ WCIOIL3Ys MJIS YIPOIIEHHS PABEHCTBA, BUOA

A-A=A A(AVB)=A, AV AB = A, upuBenemk.u.b. K x n.u.d. D,
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B koropoir ympornenus AV AB = A uHeBo3MOXxHBL. B Hamem citydae

nMeeM
K=f(faoV)(frV fo)=FfsfoV fsfafi=D

ITo monmyuennon m.H.d. D BLIUIIEM ITOAMHOXECTBA (DYHKIIUH, COOT-
BETCTBYIOIIKE CIIaraeMbiM A.H.d. D. 910 m 6ynyT umckomble 6asuchl. B
HaleM cirydae umeercs nBa 6asuca: by = {fa, f3} u By = {f1, f3, fa} .
[MomuoTy cuctem GyHKIMN B Po MOXHO MOKA3LIBATH MIyTEM CBEICHUS
MCCIENYEeMON CUCTEMBI K M3BECTHBIM MOJHBIM CUCTEMaM TAaKWUM, KaK

{zy, 2vy, 7}, {zy,z@y 1}, {zZVvy}, {79}

Opumep 4. lokasars momuoty B P» cuctembr A = {f; = xy VyzV
Vzx, fo =0, fs=1, fai=xdy &z}

Nmeem  fi(z, y, 0) = zy, fa(z, y,0) =z dy. Takum obpasom, wu3
dbyHkIUI cucTeMbl A momyvuaoTcsa QYHKIUKA LY, T D Yy, 1 OOHON U3 BHIIIE-
YKA3aHHBIX [IOJIHBIX CUCTEM. OTO U O3HAYAET, 4To cucteMma A momua B Ps.

6.1. BuisicauTh, MONHA U cucTeMa, HyHKITAN:
={zy, xVy, 2Dy, xyVyzV zzr};
= {my, zVy, t®yDz@ 1}

z(y ~2) ®T(y © 2), v ~y};
z(y @ z) ®yz};
(y~z) (yVz), 2@y ® 2}
z(y ~2) ~yz, TOY O 2};
y( EBy) Ty dr Oy, 1, Ty ®yz O 22};
zy(r®z), 1}; 9D A={z—-y, Toyz, 2y z 1}

10) A = {x—)y, T®Yy}.

6.2. Boiacuuth, nomHa nu cucremMa A QyHKIUT, 33 1aHHBIX BEKTOPAMEI
CBOUX 3HAUCHWIN:

&EI 8l

1) A= {f; = (0110), f> = (11000011), f3 = (10010110)};
2) A={fi = (0111), f» = (0101 1010), = (0111 1110)};
3) A={f1=(0111), f> = (10010110)};

4) A= {f; = (0101), f, = (11101000), f3 = (01101001)};
) A ={fi = (1001), f» = (1110 1000)}

6) A={fi = (11), f> = (0111), f3 = (00110111)};

7) A={fi=(10), f2 = (0011 0111)}

8) A={f1 = (11), f» = (00), f3 = (00110101)};
)A={Q= (10000001) fo= (0111), f3 = (1011)};

10) A = {f; = (10000001), f» = (0110), f3 = (1001)}.

6.3. BuiacunTs, nonsa nmu cucrema, A:

1) A=(SAM)U(I\M); 2)A=(LNT,NTo)US\(ToUT:):
) A=(LNTHUSNM); 4) A= (LNT)U(S\Tp);

5) A= (M\Ty) U (L\S); 6) A= (M\Ty) U (S\L):

) A=(LOM)U(S\To); 8) A= ((LNM\T)U(SNT);

9) A= (M\S)U(LNS); 10) A= (MnS)U(To\M)U (T, N S).

6*
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6.4. IIpoBepurs, aBiagercs au cucrema QyHkmuin A 6asucom B Ps:
WA={z—y, 20y, xVy}; 2)A={zdydz2, zVy, 0, 1};
JA={zdyyz, 2dyedl}; 4 A={zyVz zydz, xy~z2};
5)A={z®y®z, 20yS 21, zydyz ® 2z, T};

6) A={zdyDz, zydzedzy, 0,1}; T A={zdy, z~yz};
) A={zydyzad=2t, 0, 1, zVy}.

6.5. I3 monuoit B P> cucrteMbl A BBIOCIUTH BCEBO3MOXKHBIC OA3UCHL:

DA={17, zy(zDy), 10y Dy Dyz D 273};

2) A={0,z0y, z >y, zy ~ z2};
3)A=1{0,1,20y®@z, sy P2 Dyz, 2y D2z, TV Y};
NA={zy, zVYy, zyVz, 2By, T = y};

5) A={zy® 2z, r®yd1, 77, T};

6) A={zyVZ T, x>y, 0, 2dz2yl;

N A={zy, zyVz, 2Dy, =Yy, T};

Q) A={zdy, z~y, 2Dydz, 2y, T =y}

6.6. Ncmonb3ys TeOpeTUKO-MHOXECTBEHHLIE OIEPAIlN, BHIPA3UTDL de-
pe3 m3BEeCTHBIE 3aMKHyTble Kiaccel 1y, 11, L, S, M u P 3ambikaHnue
MHOXKeCTBa, A:

3) A=M\(ToNTy); 4) A=TonN(L\S); 5) A=S\(To\T1);

6) A= (LOS\(TyUTy); 7) A=S\Ty UL\(T; UTy);

8) A=L\(SUTy); 9) A=L\(ToUTy1); 10) A= (To\T1) U (M\L);

11) A = (To\T1) U (M\Tp); 12) A= M\(SUL).

6.7 1) Iycts P§(X?) — mmoxecTBO Beex dymkimi us Pr(X?), cy-
IIECTBEHHO 3aBUCAIIMX OT ABYX MepeMennbx. Hafitu 6asucwt b C Py (X?),
comepxkariime: a) onHy GyHKuio; 0) nBe GyHKIMM; B) Tpu QyHKIUM.

2) HokasaTb, uTo HeT 6Gasucos b C Pr(X?), comepxalmx ueThIpe
byHKITINT.

6.8. BoisacHUTEL, MOXKHO JI PACIIMPUATEL OO0 6asuca B P> MHOXeCTBO A:
1) A={z~y, m(z,y,2)}; 2)A={z}; 3) A={z@y, zVy};
) A={xVy, zy}; 5) A={0,1}; 6) A={0,1, zVy};
NA={z—y, zVy}; 8§ A={zy, z~y}.
6.9. Beisicuurs, nmonua mu cucrema dyukumii A = {f1, fo}:
1) ieS\M, fog LUS, fi— fa=1;
Q)flg_fLUToUTl, fQEMﬂL f1—>f2_1
3) f1¢T0UL o288, i fi=1
4) (S N L)\To, f2 € M\(Tl N L) fl — f2 = 1.

6.10. Beracauts, npu kakux n > 2 dyukiusa f(Z") asiasercs med-
dbepoBon:

1) f(ZEn) =16 T1T2D...D LiTit1 D...0xrp—12, D Tnli;

2) fx") =10 x122D ... P LiTis1 D ... D Tp_1Ty;
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3) f(%n) = \/ T;T;; 4*) f(.%n) =1 Z TiTj5
1<i<j<n

XA I<i<jsn
5) f(%n) = \/ T, Tiy - - 'Ti]n/Q[;
1<i1<...<i[n/2]<n

)f( ):1@(371_)372)@(£E2—)5B3)@...
B (Tp—1 = xp) B (T = T1);
NfE") =10 (x1 > 22) D (22 5> 23)D ... B (Tp—1 = Tp);
8) f(&") = (21| 22) ® (22 [ 23) ® ... @ (Tn—1 | n) ® (T | 21);
9) f(@") = (21| 22) ® (22 | 23) ® ... @ (Tp—1 | Zn);
10) f(z"™) = z122 ... 2 ® (21 = 22) & (22 = 23) & ...

L& (Tp—1 = ) & (2 — 21).
6.11. Jloka3aTs, 4TO, ecli f MOHOTOHHA U 33BHUCUT CYIIIECTBEHHO He
MeHee UYeM OT ABYX IepeMeHHBIX, TO cuctema {0, f} momua B Ps.

6.12. IIycts f1, fo, f3 — momapHO pasnuuHble GYHKIIUKA ITEPEMEH-
HBIX T1, T3, CYHIECTBEHHO 3aBUCAIIE OT NBYX mepeMeHHbIX. J[oka3aTh,
uyro cucreMa {Z, fi, fa, f3} nonna B Ps.

6.13. C momorpio cynepno3unuu n3 QYHKIUUE [ MOXHO MHOIyYUTh
koucTtauTel 0 u 1. okazats, uto f — mreddepoa GyHKIIHIS.

6.14. MonoTonHas GyHKIUA f MMeeT POBHO IBe HIKHWE €NUHUIILL.
Hokazats, uto f — meddepoBa GyHKIHS.

6.15. Iloxasatb, uro ecmu f ¢ ToUTi US, to f — mmeddeposa
byHKIIMI.

6.16. Iloncunrarh yucio meddepoBbix byHkuuin B Ps(X ™).

6.17. ®yukiusa f 3aBUCUT CYIIECTBEHHO POBHO OT ABYX IIEPEMEHHBIX
u He npuHamTexuT MHOXecTBY 17 U Ty. Ilokazarsk, uTto dyukimsa f 1red-
deposa.

6.18%*). Jloka3aTh, YTO C MOMOIIBIO OTOXIECTBIIEHUS TEPEMEHHBIX

n3 1meddepoBort QYHKIIUU, 3aBUCAIIENR OT 7 > 3 IEPEMEHHBIX, MOXHO
MOJIyYUTh OMHY U3 QYyHKUMA T V7Y win T 7.

6.19. 1) Hokasats, uto L C Ty UTyUS.
2) Hoka3aThb, 4TO MHOXKECTBO A SBIISETCS HETYCTHIM:

a) A=(LNT)\(ToUS); 6) A=(LNTp)\(T1US);

B) A= (LNS\(ToUTy).

6.20. Ilycts f(z") — cummerpudeckas GYHKIUs, CYIIECTBEHHO 3a-
BUCAIAA OT N > 3 mepemenubix, u f(1110...0) = f(00...0). HokasaTn,

uyro cucrema {f(z"), 0, T} nonua B Ps.
2) llycte n werno, f(2"™) — cuMmmeTpuueckas GyHKIUs, CYIECTBEH-

Ho sapucsmas or n nepemenubix, f(0) # f(1). Iokasars, 9TO cmCTe-
ma {f(z"), T} nonua B Ps.

6.21. 1) IIyctb A — wmuOXecTBO dymkumit u3 Po(X™) Takoe, 4To

1 n
|A| > 3 22" . ITokasaThb, uTo cuctema A nomua B P, n > 2.
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2) llyctb A — muOXecTBO dyHKIUN U3 Po(X™), CylIecTBEHHO 3aBU-

CAIIMX OT 7 IePeMeHHBIX, |A| > % -22" (n > 2). Iloka3aTb, 4TO CHCTe-
Ma A nonHa B Ps.

3) yers |A\(To UTy)| > £ 22", AC Py(X™) (n > 2). lloxasars,
uyTOo cucreMa A nmomHa B Ps.

4) Ilycte [ANL|>2", [ANM|>n+2, ACP(X"™) (n>2). Ho-
Ka3aTh, 4YTO cUCTeMa A ImosHa.

5) Oycte |ANL| >2" |ANS|>2" ACPy(X"™) (n>3). Hoka-
3aThb, 4YTO CUCTeMa A MoHa.

6) Myers,  [ANS| > 5277, [AN(L\To)| > 2", AC Po(X7)
(n > 3). HokasaTsk, uto cuctema A mosHa.

6.22. JlokasaTs, uTo Besakas pyukuus f m3 muOxectBa S\(ToUTL U
UM U L) obpasyet 6a3uc B S.

6.23. Bepno su, uro Besikas dyukuust f € To\(T1 UM UL US) 06-
pasyet 6asuc B 17

6.24. 1) Bepno mu, uro ecm f € M\SU L, o {0, 1, f} —6asucs M?
2) Bepuo nu, uro mns Bcskonr dymkuumm f € M\SU L Taxoil, 4TO
fé¢ ([{zVy}U[{zy}]), maoxectso {0, 1, f} aBusercsa Gasucom?

6.25. Ilycts Gynknus f(Z*) vakosa, aro mus Beskoro ¢ (1 <4 < 4)
Kaxnas u3 nonbyukunit f; u fi npuruMaer 3HaueHue 1 POBHO HA UETHI-
pex Habopax sHaueHuil mepeMenubix. Moxer nu cucrema {0, 1, f} ObITh
rostHon B 7

[Mycts dyukmus f(Z"™) CyleCTBEHHO 3aBUCUT OT BCEX CBOUX MEPEMEH-
uerx. Yepes JM(f(z")) obo3nauaeTcs MHOXKECTBO BCEX TaKUX (DYHKUIUI,
KOTOpBIE TOJNy4arTcs u3 f(Z") OTOXMECTBICHUEM MEPEMEHHBIX, IMIPU-
yem cama ¢yukuus f(z") muoxectBy N(f(2")) ve npunannexur. Kcin
n < 2, to mo onpenenerunio N(f(z")) = &. Muoxecrso J( f) HaspBaeTcs
nacaedcmeennoti cucmemoti pywxyuy f. OyHKIUS HASBIBAETCSI HENPUBO-
dumoti, ecim [N(f)] # [f]. Basuc b 3amxuyTOro kiacca K Ha3bIBaeTCs
NPOCMbLM, €CIIA TIOCIE 3aMEHBI TPOM3BONILHON GyHkiuu f u3 b ee Hac-
JIENCTBEHHON CUCTEMOU TOJIyUaeTCs cucteMa, Hernonuas B K. Oyuakius f,
He NIPUHAIIEXKAIIAS 3aMKHY TOMY Kiaccy K, Ha3BIBaeTCs Npocmot 0mmo-
cumeabno K, ecnu ee Hacmencreennas cucrema N(f) comepxurcs B K.

6.26. Ilo pyukun f HANTK BCe IIOMNAPHO HEKOHT'PYSHTHBIE (DYHKIINMN,
BXOMSIIUE B ee HACIeNCTBeHHyo cuctemy (f):

) f=zy; 2)f=ayVyzVzz; 3)f=zydz 4)f=zyVz

5) f=xyVzt; 6) f=xyVzt; 7)f=zy®z;

8) f=zy@2zy®z@y; 9) f=(zVz)—y;

10) f=zyz@ryzal.

6.27. HaiiTu Bce momapHO HEKOHTPYSHTHBIE QYHKIINU, TPOCTHIE OTHO-
CUTENIbHO KJilacca K:

1) K={0}; 2)K="Ty 3)K={0,1}; 4) K=1L;
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5) K=LnNnS; 6) K=TyoNnTy; 7)) K=M,; 8 K=25;
9) K=[0,1,z]; 100 K=][0,1,z,%7; 11) K = [z, T|;
12) K=ToNnLNS.
6.28. Breracuuts, siBisercs mu GyHKIUS [ HEIPUBOOUMO:
f=z0y; 2)f=20ydz 3)f=10y0201;
) f=xy®yz®zx; 5) f=TVYVZ 6) f=zyzVit(xVyVz);
N f=zyVz 8 xzyVzt; 9) f=zydyzdzt; 10) f =zyd 2.
6.29. Briacauts, gapinsgercs nmu 6a3zuc b kimacca K mpocThIM:
1) 5=10, 1, zy, s dy ® z}, K = P»;
Q)b={zy®z2 1}, K=P,; 3)b={zyvz 0,1}, K= M,
4) b={zyVzt, 0,1}, K=M; 5 b={zydzy, T}, K= Ps;
6) F={z0y, z~y}, K=L, T)b={xdy, z >y}, K=DP;
)Y F={zxdy®z 1}, K=LNTy; 9 b={z—y, 2y}, K = Ps;
10) 6={z ~y, m(z, y, 2)}, K =1.
6.30. HokazaTh, uTo B P» cyliecTByeT pOBHO OBa MPOCTHIX Hasuca,
cocrosnux u3 oot yukuum: {z |y} u {z | y}.

6.31. Ioka3zarh, uTo Kaxmas ¢byHkius [ m3 mpocToro 6asuca B P
SIBIISIETCSI TPOCTON OTHOCUTEJILHO HEKOTOPOTO MPEIIOITHOTO KITacca B P,
K KOTOpOMY [ He IpUHAIIEXKUT.



['masa III
k-B3HAYHBIE JIOTUKNA

§ 1. Ilpencrasienue QyHKIuN k-3HAYHBIX JIOTHUK
dopmysiamm

1. ODaemenTapuble GyHKINU k-3HAYHBIX JIOTUK M COOTHOIIIE-
HUs MeXAy HuMHu. Bciony B 5TOl riaBe umcio k MpenrnojiaraeTcs Ha-
TypanbHeM 1 66nbmmM 2. Yepes Ej, obosnagaercs muoxectso {0, 1, ...

ooy k= 1}, Oyukums f(z") = f(x1, 22, ..., T,) Ha3BIBAETCA PYnKYUE
k-3naunot ao2ukxu, eciu Ha BCAKOM Habope a = (i, Qs, ..., Qp) 3Ha-
YEHUIl TIEPEMEHHBIX X1, L2, ..., Tn, TOe «; € Ey, snauenne f(a) Takxke

IPUHAOIEXKUT MHOXECTBY Fj. Cosoxynnocmov ecex dynwxuyut k-3naunot
a02uxy obosHauaeTcs uyepe3 Py. IloHaTus GUKTUBHON M CYIIIECTBEHHOU
IIEPEMEHHBIX, PABEHCTBA QYHKIUMN, POPMYIIBI HAZL MHOXKECTBOM (DYHKIIAN
(1 CBA30K), OIepaluil CYNEePHO3UIINN U 3aMBIKAHUS, 3aMKHYTOTO KJIACCa,
6asuca m OApyrue B k-3HAUHLIX JIOTHMKAX OIPENENSIIOTCS TaK XKe, KaK CO-
OTBETCTBYIOIIINE TIOHSTUsA B ajrebpe joruku. [losTomy B manbHenIiem
TIPUBOMSTCS OMPENEJICHUST TOIBLKO TAKUX IOHATUNA, KOTOPBIE UEM-TO Cy-
IIIECTBEHHBIM OTJIMYAIOTCS OT AHAJIOTUYHBIX MOHATHUR B Ps.

Cnenytorrime GyHKIUKA Kk-3HAYHON JIOTUKU CUUTAIOTCS IAEMEHMAD-
HOILMU:

xouwcmawmot 0, 1, ..., k — 1; 51y pyHKnum OyoyT pacCMaTpPUBATHLCS
KaK QYHKIINK, 3aBUCAIIAE OT IPOU3BOIIBLHOTO KOHEYHOTO YHUCIIa, TEPEeMeH-
HBIX (BKJIOYAs ¥ HYJIb IEPEMEHHBIX );

ompuyanue Hocma: x + 1(mod k); obosuauenue T;

ompuyanue Jykacesuua: (k — 1) — x; obosuauenue ~ x unu Nx;

zapaxmepucmuueckas Pynkuyud (nepeozo poda) wucaa i: ji(x) (i =
=0,1,...,k—1),
1, ectm = =1,
0, ecmu x # i;

filz) = {

Tapaxmepucmuueckad Pywkyug 6mopozo poda wucaa i: Ji(x) (i =
—0,1,...,k—1),
k—1, eciu x =1,
0, ecnmu = # 1;

Ji(z) = {
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murumym x u y: min(z, y) (apyrume obosnauenus: ry, £ & y);

maxcumym x w y: max(z, y) (mpyroe obozuauenume: x V y);

cymma no modyao k: r + y(mod k), uuraercs «x naoc y no mody-
a0 k>»;

npouszsedenue no modyao k: x -y (mod k) unraercsa npouszsedenue
na y no modyaw k *);

Yceuennad Paznocmn:

. J0, ecmm 0z <y <k—1,
TUV= z—y, ecm 0<y<e<k—1;
UMNAUK QUYUL:
Sy — k—1, ecrm 0 <z <y<k—1,
rTov= (k—1)—z+y, ecim 0<y<z<k—1;

dynrxyug Bebba: max(z, y) + 1 (mod k), obosuauenue vy (x, y);
pasznocms no modyawo k:

x—y, ectu 0<y<z<k—1,
Tr—1y =
Y k—(y—=z), eciu 0 <z <y<k—1.
Gyukuvu (omepanum) min, max, + u - 00JIAMAIOT CBOACTBAMU KOM-

MYTATHUBHOCTU N aCCOLMATHUBHOCTH. KpOMe TOro, ClipaB€OJIMBBEI COOTHO-

HICHUS: (x+y)-z=(x-2)+ (y-2)

— OUCTPUOY TUBHOCTH YMHOXEHUST OTHOCUTEIBHO CIIOXKEHNS;
max(min(z, ¥), z) = min(max(z, z), max(y, z))
— AUCTPUOY TUBHOCTH ONEPAIMY MAX OTHOCUTEIHLHO OMEPAIY Mmin;
min(max(z, y), z) = max(min(z, z), min(y, z))
— nuCTPUOY TUBHOCTH ONEPAIMK MiN OTHOCUTEIHLHO OMEPAIUYA MAX;
max(z, ) =z, min(x, z)=x
— UIEMIOTEHTHOCTH ONEPAIUil Max 1 min;
min(~ z, ~ y) =~ max(z, y), max(~ x, ~y) =~ min(z, y)

— anaJjoru mpaBmi ne Moprausa B Ps.
Crenyiolire paBeHCTBa BBOMSTCS MO ONPENETIEHUIO:

max(x1, To, ..., Tn_1, Lp) = max(max(zy, To, ..., Tn_1), Tn), N =3;
min(zi, To, ..., Tn_1, Tn) = min(min(zy, T2, ..., Tn—1), Tpn), N =3;
[0, ecmm x =0,
YT\ k-2, ecm z # 0.

[TpuauMas BO BHUMAHUE aCCOMUATUBHOCTL YMHOXEHUS IO MOOYJIO k,
OPOU3BENEHUE LT . . . T (I coMHOXUTENER, [ > 1) 3aMUCHIBAIOT YaCTO B BUIE

cremenn x'.

*) Bcromy B 5TOIT Ti1aBe, €CJIM HE OTOBAPUBAETCS MPOTUBHOE, 3HAKU + U -
MOHUMAIOTCSA KaK 3HAKU CAONCEHUT U YMHONCEHUL TIO MOMYITIO K.
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1.1. [loka3aTh CIPaBemIIMBOCTE CIENYIOININX PABEHCTB:

) =(Z) =~az; 2)zDy=~(zr=y); 3)z=(z+y)=min(z,y);
) (z D y) Dy =max(z,y); 5)(zrDy)+7T=min(z, y);

)=y =z—min(z, y); 7)z+y=max(z,y)—y;

) (~z) = (y =) =~max(z, y); 9) (~z)=(~y)=y~z

10) ~@ +y)=(~2)+(~y); 1) ~(T-9) =(~2)-7;

2 max((z +2) = 1, Jg—2(x)) = 7;

min(~ Ji—1(2), (k= 2) 5 @) =7;

NT2F=(@=1)+T ji1(y) +T-jrr (o)

15 Vg (T, Y) +T - Jr—1(y) + 7 Jr— )(:v) maX(fa );

6) max(z, y)+]o(y—$)‘|‘]k 1(z) -y = max(T, y);

7) min(z, y) + Jo(y = z) — jr_1(z) - y = min(Z, y);
18 Jo(maX(Jo( ) Jl( ), JL 2(37))) Jk 1(37)3
19) Ji(max(z, 1, Ji(x), Jo(x ) , Je—2(x))) = Jo(z);

z - jo(J1(z ))+Jo( ) - j1(z) =x+jo($)—j1(x);
21 Jo(x~i)=Jo(x =i —1)) = Ji(x), i=1,2,..., k—1;
22) (~((~2)= 1) =(...((k-1)=

() ()= () =
k—1

23) (...(((k—1)4j0(:1:))4jq(x; 1)~... |

= Jo(z=(k=3))=((k=1) jo(~ =) =7.

1.2. Ilokazars, uro ¢yuknus f u3 Pp TOpOXMDAETCS C MTOMOIIBIO
omepaIuu Cymnepro3uimn MuoxecTBoM Gyukiun A (A C Py), ecou:

1) f=Ji(z), A={Jo(z), J2(z), max(z, y)}, k=3;
2) f=~z, A={Jo(z), Ji(z), min(z, y), max(z, y)}, k=3;

)

3) f==, A=A{1, 2%, Ji(z), max(z, y)}, k =3;
4) f=jo(z), A={x—-1, 2?}, k=3,5;

5 f=ji(z), A={z-y+z—9y*>+1}, k=3,05;
6) f=~z, A={l,z-y}, k=3,05;

7) f=z, A= {37 jO(x)a T = y}: k = 4;

8) f=~z, A={z+2, Jo(z), Ji(z), max(z, y), z-y}, k=4
9) | = Jja(@), A: {z =1, Jo(z)}, k=6;

10) f = js(z), ={z+2, 22, J3(z)}, k=6;
11) f = ji(=), A:{x —z, Jp-1(z)};

12) f = Jioa(a), A={~a, 2=y}
13)f:Jk_2(x), A=k —1 z+2, z-y};

14) f=jo(z), A=A{1l, ~=z, z =2y}

15) f =7, ={l, ~z, -y}

1.3. Jloka3aThb, 9YTO eciu (@ MPUHALIECKUT Fj, 1 B3auMHO IPOCTO C k,
To kaxnyw ¢yukuuo J;(z) (0 < i< k—2) MOXHO IPEACTABUTHL B BULE
CyIeprosunuy Hag MHOXecTBOM {z + «, Ji_1(z)}.
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1.4. ITokazatp, uTo dyHKIUA @ U3 P, npencraBuMa GOpPMYIION HaA
muoxkectBoM {0, 1, ..., k — 1, x = 2y}, ecun:

1) o =jr-1(z), k=2m(m 2> 2); 2)¢=jo(z), k=2m+1(m>1).

1.5. llycts hi(x) =~ z, hip1(x) =z D hi(x) (i > 1). Hokazars, 94T0
~ hk_l(x) = Jk_l(a:).

1.6. [Ipu xakux 3Hauenusx k (k > 3) dymkmum z2, 22 u 2* monapmo
PA3IIMYHLL!

1.7. Ilycts k=3,4,...,9,10. IInga xaxmoro Takoro k BBISICHUTD,
CKOJIBKO PA3JIMIHBIX GYHKIUHA U3 P, 3aBUCAIIINX TOJIHKO OT IIEPEMEHHON L,
MOXKHO TIPENCTABUTL B (opMe ! (I > 1 u cremeHb paccCMaTPUBALTCS TIO
MOyt k).

1.8. IokasaTh, 4TO KaXOYO OmHOMECTHYIO GyHkumioo f(x) us Py
MOXHO IIPEICTABUTH B BUE Cynepnosuiuu Han MuoxectsoMm {1, Ji_1(x),
z+y}.

1.9. ®yukuun f1(z) u fo(z) us P; yOOBIETBOPSIOT CIEAYIOIIM Y CIIO-
puam: fi(z) Z const, fi(E3) # Es u fo(E3) = E3, rne f(E) ={f(e):
e € E}. llokasatb, uro ¢yukuus ¢(z) = fi(z)+ f2(x), rme cymma
OepeTcs MO MOOYJIIO 3, BBIIYCKAET XOTA OBl OmMHO 3HaueHMe u3 FHs,
T.C. g(Eg) ;é Eg.

1.10. Ilycte dyuxnus f(x) us Ps mpencrasuMa B BULE Ao’ + AT +
+as (3mech cymMMa u Tpom3BeneHWe OepyTCs MO0 MO0 3 U ag, 41,
a, mpuHamiexaT Fi). BeiacHuTh, kakume 3HAUEHUS MOTYT MPUHUMATH
KOS(D(DUITMEHTHI Gg, A1, U2, €CIIM U3BECTHO, 9YTO (pyHKIuUs f(Z) BHILyCKaeT
x0Ts Obl onHO 3Hauenue u3 K3, t.e. f(E3) # Es.

2. Pa3noxenue ¢pyHKIui k-3HAYHBIX JIOTMK B MEPBYIO M BTO-
pyio dopmel. Jliobyo dyukuio f(zr1, 2, ..., Ty) 13 P, (n > 1) MoxHO
IPEeACTABUTL B TaK HA3LIBAEMOUW nepsoti gopme, IBIAIOIIEHCT aHAJIOTOM
COBEPILEHHON 1. H. . 0311 GYHKIIUN aJreOphl JIOTUKU:

f(ﬂ?l, Loy ooy xn) =
= max {min(f(o1, o2, ..., 0p), Jo, (1), Jop (%2), ..., J5, (xn))},
g
rie MakcuMym 6epetcs mo BceM Habopam ¢ = (01, 09, ..., 0,) 3HAYEHUN
IIEPEMEHHBIX X1, £2, ..., Lp.

CrpaBeniuBo elle OmHO IPEOCTABIICHNE I QYHKIUA k-3HAUTHON JIO-
TUKY, Ha3LIBAEMOE emopoﬁ Popmoii:

Zf ]01 .1‘1) 'jcfn (xn),

rae CyMMUPOBAHME BEAETCS IO BceM Habopam o = (01, ..., 0y) 3HAYEHUNR
NEPEMEHHBIX Z1, ..., Ly (CyMMa U Ipou3BeneHue 6epyTCs Mo MOMYITo k).

[Ipumep. I[IpencraButs dpyukuuo f(x, y) = Tab6mauma 3.1
= max(jo(z) - jo(y), - (j1(y) + 2j2(y))) m3 P; "

B IEPBOM U BTOPOU (HOpMaX.

Pemenune. CHauajia BBIIUIIEM 3HAYEHUS
dbyukiuu f B Tabmuiy (tadm. 3.1).

3aTeM 10 5Toi TAaOINIE CTPOMM IIEPBYIO U BTO-
pyio dopmel dyukiuu f. [lepBas dopma BRITISOAUT

N = O

1
0
1
2

=N O

o O RO




92 TLa. I1I. k-3naumble A02UuKY

cIenyionmmM o0pa3om:

f(z, y) = max {min (1, Jo(z), Jo(y)), min (0, Jo(z), J1(y)),
min (Ov JO(m)a J2(y)), min (07 Jl(x)v JO(y))v min (17 Jl(x)v Jl(y))a
min (27 Jl(x)7 J2(y)), min(()? J2($)7 JO(y))7 min (27 JZ(:E)7 Jl(y))7

B min (1, J2(z), J2(y))}-
BITIOJTHSISI TIPOCTHIE TIPEOOPA30OBAHUS, UMEEM
f(xa y) = max {mln (17 JO(x)a JO(y))a min (17 JO(x)a Jl(y))a

min (Jl(il,‘), Jz(y)), min (Jz(l’)a Jl( ))a min (1 J2($)a J2(y))}7

flz,y) =1 j0() jo(y) +0-jo(x) - j1(y) +0- .70( ) - J2(y) +
+0-51(2) - Joly) +1-j1(@) - ja(y) + 2 ja(2) - j2(y) + 0 - j2(2) - jo(y) +
+2-52(z) - 1 (y) + 1-j2(2) - j2(y) = jo(z) - Jo(y) + ja(2) - ja(y) +
+2-j1(2) - ja(y) + 2 j2(z) - 51(y) + j2(2) - J2(y).
1.11. na 3amanHoro k mpenctaBuTh QyHKINWIO f B MEpPBOW U BTOPOKR
dopMax (IOTyUEHHBIE BBIPAXKEHUS YIPOCTUTD):

) f=% k=3 2)f=~z k=4 3)f=—jlz), k=5
4) f=2J1(z), k=6; 5) f=J(2®>+z), k=05

6) f=(~z)2+z, k=4; 7)f=3j(z)—j3(z), k=4

8) f=x+2y, k=3; 9) f= max(a:, y), k=3;

10) f=z=9y% k=3; 11) f=2% -y, k=3;

12) f=z-7, k=4.

1.12. Jloka3aTh COpaBeJIMBOCTD CIEMYIOIIETO0 COOTHOIIEHMS, SIBIISIO-

IIETOCS aHAJIOTOM COBEPIIIEHHON KOHBIOHKTUBHOM HOPMAJILHOU (DOPMYJIBI
nias pyskim u3 P:

f(@™) = mino {max (f(o1, 02, ..., opn), ~ Jo, (21), ~ Jpy(x2), ...

~ Jo, (2n))}
(3mecy n > 1 u MuHUMYM GepeTcs o BceM HabopaM o = (01, T2, vy Op)
3HAUEHUN MEPEMEHHBIX L1, T2, ..., Lp)-

§ 2. 3aMKHYTBIE€ KJIACCHI M MOJIHOTA B k-3HaUYHBIX
JIOTUKAX

1. HekoTopsle 3aMKHyTBIe Kjacchl k-3HauHBIX Jioruk. Ilpen-
craBiieHne ¢yHkuumii us P, nosmmoMammu mo momysro k. Ilycrs
& — nmonmuOXKeCcTBO MHOXECTBA, Fj. ['oBopar, uro dyukuus f(z™) us Py
(n>1) coxpangem mmoxncecmeo &, ecnu Ha m0O60M Habope Q" =
= (a1, ag, ..., @) TakoM, uTo a;; € & (i =1, 2, ..., n), OHA IPUHUMAET
suauenue f(a"), Ttakxe mpunamiexaiiee &. Ilpu n =0 cumraror 1O
onpenenennto, uro ¢yuknus f =a (a € Ey) coxpangem mmoxncecmso &
TOJILKO B TOM CjIyudae, Korma a € 8. Mmuoscecmeo ecexr gynkyutli uz P,
COTPARTIOUUL MHOHCECTNE0 &, ABIACTCI 3aMKHYTBIM KJIACCOM; OHO 00603-
HauyaeTcs yepes 1T'(8) u HA3BIBAETCS KAGACCOM COLPAHEHUT MHONCECTNBG &.
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Ecimum & — cobcTBeHHOE TOIMHOXKECTBO MHOXKECTBa, F, (T. e. I ; & ; Ek),
to T(8) # Py, (cm. 3amauy 2.3).
[Iycte D = {&1, &, ..., 65} — pasbuenume muoxkectBa FEj, T.e.

EkZCJ&-, 6, #0 mpn 1=1,2,...,s mu §NE; #0 mpn i #j.
i=1

CoBopaT, uTo snemenThl a u b u3 Ej sxeusasenmubl, omuocumesbno
pazbuenus D (obosuauenue a ~ b(mod D)), eciiu a u b NpUHAMLITIERKAT

OOHOMY M TOMY XKe MOOMHOXecTBY &; pasbuenus D. IIsa mabopa a”™ u 8"
HA3BIBAIOTCS IKEUBAAEHMHBIMY OMHOCUMEAbHO pazbuenus D (o6o3naue-
HuIe ' ~ B” (mod D)), eciu «; ~ B; (mod D) mpu ¢ =1,2, ..., n.To-
BOpAT, uTO dyukius f(z") us P, (n > 1) coxpangem pazbuenue D, ecin
I JIIOOBIX HAOOpPOB A U B " U3 SKBUBAJCHTHOCTH Q" ~ 5 " (mod D)

~

crenyetr skBuBaJieHTHOCTE f(a™) ~ f(8") (mod D). Ilo ompenenenuto
CUMTAIOT, YTO BCAKASA KOHCTAHTHAA QYHKIMA (T. €. HyJIbMECTHAsA (DYHKIUA
Buna f = a, a € E}) coxpanser moboe pasduenue D.

Munoxcecmeo ecex gywxuyuti uz Py, corpansowur pasbuenue D =
= {&1, 62, ..., 65}, sABIAETCS 3aMKHYTBHIM KJIACCOM; OHO OOO3HAYAETCS
yepes U(D) unu U(8&;, 82, ..., &) 1 HA3BBIBAETCS KAGCCOM COLPAHEHUST
pasbuenus D. Ecim s#1 u s# k, to ximacc U(D) ornuuen ot Py
(cMm. samauy 2.4).

Gyukums f(z") uz P (n > 0) HasbBaeTCs aunelinoti, eCIU OHA IPe-
CTaBUMA B BuOe Qo + a1%1 + ...+ anZp, voe a; € B, (7=0,1,...,n),
a CyMMa ¥ Ipou3BeneHue 0epyTcs mo Momymnio k. Mwuosxcecmeo ecex au-
netinbir pynryuli uz P obpasyeT 3aMKHYTHIA KAGCC AUHEUNBIT OYHKYU,
KOTOpBI 060o3Hauaercs uepes Ly (unu L). Knace Ly ormuaen ot Py npu
BCcakoM k > 3. Iloaunomom (wnu muo2ouienom) no modyao k OT mepe-
MEHHLIX Z1, I3, ..., Ly HA3LIBAETCS BLIpAaXKeHWE BUOA ag + a1 Xy + ...
coot+anX,,, rome KOdYOOUIUEHTHI a; NOPUHAIIEKAT MHOXECTBY FHy
u X; — aub0 HEKOTOpas epeMeHHAs U3 {1, T2, ..., Ly }, 1100 IpOU3Be-
NIeHVEe TIEPEMEHHBIX U3 5TOro MHOXecTBa (j =1, ..., m).

[oBopsT, uTo HEKOTOPAsa GyHKIWs u3 Py, npedcmasuma (wmu peaiusy-
M) NOAUHOMOM N0 MOOY.A10 k, €CIU CYIIIeCTBYET MOIMHOM IO MOIYITIO k,
paBHBIT 3TON GyHKIMU. MHOXECTBO BCex GyHKIMT 13 Py, TpencTaBuMBbIX
MOJIMHOMAMMY IO MOMYJI0 k (uiu, KOpoue, MHOXKECTBO BCEX MOJIUHOMOB IIO
MOmyJIio k), SIBIAETCS 3aMKHYTBIM KJIAaCCOM B P.

Teopewma (kpuTepuit IOITHOTHI KIACCA TIOTUHOMOB B Py ). IIpedcmas-
aenue KaxHcdol Pywxyuu u3z Py noaurnomom no modyao k e03moxncno 6
MOM U MOALKO MOM cayuae, ko2da k — npocmoe uucao (UHLLMY CA06aMU,
CUCTEMA NOAUHOMOE N0 MOy k noana 6 P, moeda u moabko moezda,
xoeda k — npocmoe wucao).

Ecnu k — cocrasuoe uucio, 1o B P, uMmeroTcss GyHKINUM, IPEICTABU-
MBbIE MOJIMHOMAMY, U (QYHKIUU, HE NPEACTABAMBIE MOJIUHOMAMY (HAIPU-
Mep, KoHcTaHTHEIE dyukimmm 0, 1, ..., k — 1 U «IOTMHOMUANBHEIES T, T2,
Z -y, ¥+ Yy NpeNcTaBUMBI MOJUHOMAMU, & (GyHKIUM jo(x), max (z, y),
min (z, y), &~ y He NPENICTABAMEI).



94 Ta. IIl. k-3naunble a02uku

[Ipumep 1. IIpencraButs MOIMHOMOM 1O MOAYIIEO 5 GyHKIMIO f(X) =
— 2 . P
= x° =~z us Ps.

Pemeunue. Cuauana npencrasum GyHkimio f(x) Bo BTOpOil hopme:

=Y f(0) - jo(x) = f(0) - jo(x) + f(1) - ja (2) +

T+ F(2)g2(2) + f(3) - gsx) + f(4) - jalz) =
=0-Jo(z) +0-j1(z) + 2- j2(z) + 1 j3(2) + 0 jalz) = 2 ja(z) + J3(2).
Iamnee Bocmombiyemcs TeM, uTo jo(z) = 1 — 271, ecim k — mpocToe
qucio (k> 3), u uro j;(z) = jo(x —1), i =1,..., k—1. (3mecn, xax

OOLIYHO, PA3HOCTDL U CTENeNb 6epyTes mo monyio k.) Mmeem
jo(z) =1— (z —2)* = —z* — 223 4+ 22 + 2z,
js(z) =1—(z—-3)*=1—(z+2)* = —z* +22° + 2* — 2.

CnenoBarenbho, 2 ~ ¢ = 2z* — 223 — 222 + 22. DTO0 BEIpaXKEHUE MOXKHO

sanucath KommakTaee: 2z(z — 1)%(z + 1.

[MosmuuoMm, peanusyoimuii GyHKIUO f(I), MOXHO HAUTU TAKXKE Me-
modom wneonpedesennir Koapduyuenmos: mycts f(x) =ag+ a1 -+
+as - 22 + a3 - 2% + a4 - z* (6osee BHICOKUE TOKA3aTENM CTEIICHN PACCMAT-

puBaTh He HyxHO, u6o 4! = z! (mod 5)). Cocrapum cucremy:

ap = f(0) =0,
a0+a1+a2+a3+a4 = ( )
a0—|—2a1 —|—4a2+3a3—|—a4 = (2
ag + 3ay + 4as + 2a3 + a4 = f(3
ag + 4ay + as + 4az + a4 = f(4) :O.
Pemas ee, Hampumep, MEeTOOOM UCKITIOUEHUS, HaxoouM: ag = 0, a; = 2,
a2:3, CL3:3, CL4:2.
Mpumep 2. Hokasars, uro byskmua f(z,y) =x>=-y us Py He
IPEACTABUMA, ITOJIMHOMOM II0 MOLYJIIO 4.
Pemenwne. Ilpennonoxum npoTuBHOE, T. €. 94TO f(, i) peamusyercs

MIOJIMHOMOM TI0 MOAYJTIO 4, 1 3amuIleM 3TOT TUNOTETUYECKUNA IOJIMHOM B
obtieM Buze (C HEOMpeneeHHBIMU KO3GOUIMEHTAMY ) :

f(x,y) = (ago +a102 + asoz? —I—a30:133) + (ap1y+ a1y + a2’y —I—a31x3y) +

):
)

2 2 2,2 3,2
+ (@o2y” + a122y° + a2z y” + az2x°y*) +
3 3 2,3 3,3
+ (ao3y” + a13zy” + assz”y” + assx’y”).
(ITokazaTesnsb cTemeHn BHIIIE 3 PACCMATPUBATH HE HAMO, TAaK Kak mpu | > 1

copasenyuBbl cooTHomenns 272 = 22 (mod 4) u z21+3 = 22 (mod 4)).

Nmeem
f(1,0) = ago + aio + a2 +aszo = 1,

*
f(l, 2) = Qoo + @19 + Q209 + @30 + 2(0,()1 + a11 +as1 + CL31) =0. ( )

Tax kak ypaBuenume 1+ 2a = 0(mod 4) perenuit He umeeT (B uem
MOXHO yOemuTBhCsS HEMOCPENCTBEHHO, MOJaras IMOCIeNoBAaTeNbHO a = 0,
1, 2, 3), To cucrema (*) Takxke He umeer perteHus. CemnoBaTeNBLHO,
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HEJIb3s IONOOPATH MOAXOMsIITe KO3h(UINEHTEL a;;, KOTOPBIE 00€CIeYnin
OLI IPENCTABUMOCTL QYHKIMK f B BUAE MOJMHOMA, IO MOAyio 4. 3uauut,
dyukiusa f He peaau3yeMa MOJIMHOMOM TI0 MOMYJO 4.

Bameuanue. B paccMOTpenHOI 3ama4e MOCTATOYHO OBLIO BHIIACATE
IIBa, COOTHOIIIEHUSA MeX1y KodhdurumerTamu. OOHAKO MHOTA OLIBAET He-
00XOMMMO PacCMaTPUBATH OOJIEE TIOTHYIO COBOKYITHOCTE YpaBHEeHUN. B 11. 2
MBI TTPONEMOHCTPUPYEM OPYTHE METONBI MOKA3aTEIbCTBA, HEIPENCTABU-
MOCTHU (pyHKIMA u3 Py, mosuHOMaMu 10 MOOYIIIo k.

2.1. 1) Bruicanrs, kakum u3 kimacco 1({0,2}) u U({0, 1}, {2}
OPUHAMIEXKAT clienyiomme byukmun u3 Ps: a) ~ z; 6) ji(z); B) Jo(x);
r) z=y; M) T +y; e) min(z, y).

2) Bruacuuts, xkaxkum w3 knaccos 1'({1, 3}), U({0, 1}, {2}, {3}) =u
U({0, 3}, {1, 2}) npumammexar cuenywmomue byuknun u3 Py: a) T
6) ~ z; B) jo(z); T) z+2y; 1) max(z, y); e) z°-y.

2.2. Hna ¢yukumu f u3 P, npu 3amannoMm k momobpaTh KITacCCh
tuna T(8) u U(D), koropeim ona npunamiexut. [Ipu stom & momxk-
HO OBITH COOCTBEHHBIM TOMMHOXECTBOM MHOXecTBa Fj, (T.e. § # 3 n
& # Er, a D — rtakum pasbuenuem {8;, &, ..., E;} muoxkecTBa Ej,

4TOOBI BBIIOJIHSIINCEH HepaBeHCTBa 1 < s < k:
) k=3, f=2>4+1; 2)k=3, f=Jy(z®+ 22);
k=3, f=@-y)+1;, )k=3, f=2-T—y+1;
5) k=4, f=ja(z—2%); 6)k=4, f=J32z+ 2?);
Nk=4, f=xz-y—y+3; 8 k=5, f=min(z? y);
9N k=5 f=0222~y)—-1; 10)k=6, f=23-y+2;
11) k — mpousBoIBHOE YMCIIO, He MeHbIIee 3, f = j1(2z =~ z?);
12) k — mpowusBosibHOE UKCiIo, He MeHbInee 3, f = Jy_1(z -y — 1).

N—

-

2.3. 1) Ilycts & C Ej. Hokasats, uto T(8§) # P, Torma m TOILKO
Torma, Korma & — COGCTBEHHOE MOAMHOXKECTBO MHOXecTBa Fj (T.e.

2) CKOJILKO CyIIIECTBYET PA3JIMYHBIX 3aMKHYTHIX KJIAcCOB B Py, sIB-
JIAIOIIUXCA KIACCAMY COXPAHEHUSI MHOXECTB?

3) llycte & C E). Honcunrarh uncio GyHKImi B Py, conepXalmxcs
B kiacce T(8) m 3aBuUCAIIUX OT TMEPEMEHHBIX X1, T2, ..., Ln (N = 0).

2.4. 1) ycte D = {61, &, ..., &} — pasbuenuwe muOX)ecTBa K.
Hokaszarb, uro U(D) # P, Torma m TONLKO Torma, korma 1 < s < k.

2) Mg k = 3, 4, 5 mOoOCYUTATH YUCIIO PA3IUIHBIX 3AMKHY THIX KJIACCOB
B P, ABASIONIAXCS KITACCAMU COXPAHEHUS PA3OUEHUN.

3) Oycte D = {&;, 8, ..., 85} — pasbuenue muoxkectBa Fji. Ilon-
cunTaTh Yucio Gyukimit B Py, comepxammmxcs B kiacce U(D) u 3aBucs-
IUX OT IEPEMEHHBIX L1, L2, - .., Ln (N = 0).

2.5. Ilycts & — HemycTOe MONMHOXECTBO u3 Fj, OTINYHOE OT BCe-
ro By, u D = {8, E;\6}. lloncunrars uncno dyuxuuit B Py, 3aBucsimx
OT TEPEMEHHBIX L1, L3, -.., Ly (N > 0) U COmEPKAIIUKCI B MHOXKECTBE:

1) T(E\U(D); 2) UDN\T(€); 3) T(8) UU(D).
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2.6. Uepes S 00603HAUAETCS MHOXKECTBO BCEX PA3HO3HAYHBIX (DYHK-
it u3 Pj, 3aBUCAIIIX OT OmHOW mepemeHHoit (T.e. g(x) mpunHame-

XKUT S TOrOa U TOIBKO Torma, korna g(Eyr) = Ey). llycrs Pk(l) — MHO-
XKECTBO BceX (OYyHKIUA k-3HAUHOW JIOTUKU Fj, 3aBUCAIINX OT OMHON
nepemennoir, 1 CSy = P,gl)\Sk.

1) IMokasars, uro MuOXeCTBA S, U C'S) ABISIOTCSA 3AMKHY THBIMU KJITAC~
CaMI.

2) HoncunraTh 4KMCIO (QYHKIWA, 3ABUCAIMX OT IEPEMEHHOA T U
npuHamexammx kiaaccy S NU{0, k—2}, {1, ..., k—3}, {k—1}).
(Ilpu k = 3 cuwmraem, uto {1, ..., k—3} =2.)

2.7. Pa3moxuTh B TONUHOM TI0 Momynio k dyuknuio f u3 Pg:

1) f=2z=2% k=5; 2)f=nmin(z?, 23), k=25;
3) f= max(a:él z?), k=5; 4) f=3z+(z~2x), k=T,
5) f=max((z~1)% 2°), k=7, 6) f=min(z?y), k=3;
7)f max(?a:—y,x y), k=3; 8) f=x~y, k=23;

9) f = Jr_2(x), k — mpoU3BOILHOE TPOCTOE UUCIIO;

10) f = ja(z — 22), k — TPOM3BOIBLHOE MPOCTOE UHUCIIO.

2.8. 1) Hokasats, uro dyukuus 2j;(x) us Py npu mobom ¢ = 0, 1,
2, 3 mpencTaBUMa, TTOJIMHOMOM II0 MOAYJTIO 4.

2) HokasaTk, uTo eciu GyHKIWMs u3 Py, 3aBUCAINAsg OT OINHOI epPeMeH-
HOI1, IPUHUMAET 3HaUYeHus Iubo TONBKO u3 MHOXKecTBa {0, 2}, mubo Tonb-
KO u3 MHOXKecTBa {1, 3}, TO OHa IpenCcTaBUMa MOIUHOMOM IO MOLYIIO 4.

3) Ucnomwsys dyuknuo f(z, y) = 2 - jo(z) - jo(y) (u3 Py), mokasars,
YTO yTBepxkOeHue 2) He 0600aeTcs Ha GyHKIUT, 3aBUcAIue 6oee yem
OT OIHOW EPEMEHHON.

2.9. Hokaszath, uyto ecau dyuxuus f(xr) uz Py He mpencTaBuma mo-
JIMHOMOM TIO MomyJio 4, To mpu soboM tesoM m > 2 dyukuus (f(x))™,
paBHas m-i crenenu ¢pyHKuuu f(r), TaKXKe HE MPEACTABAMA MOIUHOMOM
10 MOmyJiio 4.

2.10. IloncunTaTe unciio GyHKIUN B Py, KOTOPBIE 3aBUACSAT TOJILKO OT
IIEPEMEHHON & U PEATU3YIOTCS MOIMHOMAMHU IO MOMYJTIO 4.

2.11. 1) Iycrs dyukuusa f(z) us Ps peamusyercs MOIMHOMOM IO MO-
nyiio 6. JlokasaTh, 4TO €6 MOXHO PEan30BAThH MOJIMHOMOM II0 MOIYJIIO 6,
NMEIIUM BUO ag + a1 + CL2ZL’2.

2) Hokasark, uTo B Ps umuciio GyHKIUN, 3aBUCIIIUX OT IEPEMEHHON T
7 IPENCTABUMBIX ITOJIIMHOMaMU IO MomyJito 6, paBuo 108.

3) llepeuncnurs Bce dyuxiuu f(x) us Ps, KOTOpBIE TPENCTABUMEI B
Bume a + b- jo(x) (a u b npunamexar Fg), He peaqn3yeMbl IMOTXHOMAMA
10 MOIyIo 6 U yIOBIETBOPAIOT ClemyiomeMy ycnopuio: dyukims (f(z))?

peanu3yeMa MOJIMHOMOM IO MOAYo 6.

2.12. BoeracHUTD, IpEACTaBUMA, I TOJIUMHOMOM IO MOOYI0 k GYHK-
s f us Py, ecnu:

1) f=32=2, k=4 2)f=3jo(z), k=6
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3) f=2-(Ji(z) +Ju(z)), k=6; 4) f=(z-y)~y, k=4

5) f = (max (z, y) —min(z, y))*, k=4

2. WUccaenoBanme cucreM @QyHKnmin k-3Ha4YHOM JIOTMKM Ha
HOJIHOTY. B k-3HAUHBIX JIOTMKAX MCCIIEIOBAHUE MPOU3BOJILHON CUCTEMBI
OYHKIIMA HA MOJIHOTY COIMPSXKEHO C OOJBIINMEA TEXHUYECKUMU TPYIHOC-
TSAMU: UCIOJIL30BAHNE KPUTEPUs IMOJHOTHI, OCHOBAHHOIO HA PaCCMOTpe-
HUY COBOKYITHOCTH BCEX IIPENIIONHBIX KJIacCOB B Py, maxe npu k = 3, 4
TpebyeT MPOBEPKU BEChMa 3HAYMTEIBLHOIO YUCHA YCIIoBUil (Tak Kak B P3
cymectByer poBHO 18, a B Py — poBHO 82 mpemmonubix kitacca). Io-
Ka3aTeJIbCTBA, MTOTHOTHI KOHKPETHBIX CUCTEeM B FPj IPOBOOSTCS OOBLIYHO
METOIOM CBEIEHUS K 3aBEIOMO MOJIHBIM CUCTEMAaM (TaKUM, HAIIPUMED, KAk
cucmema Poccepa—Typxemma

{0, 1, ..., k=1, Jo(x), Ji(z), ..., Jg—1(x), min(z, y), max (z, y)}

umu cucmema Ilocma {Z, max (z, y)}). CymecrByer, kxpoMe TOro, psii
IPU3HAKOB MOJIHOTEL, B KOTOPLIX PACCMATPUBAIOTCI MHOXKECTBA (Y HKIINI,
comepXkalliue HEKOTOPbIE COBOKYITHOCTU (PYHKIIUI OT OHOU IMEPEMEHHOU U
ele TOJBLKO OfHY (YHKIUIO, CYIIIECTBEHHO 3aBUCAIIYIO HE MEHEe UeM OT
nByx nepemeHHbrx. ChopMymupyeM Hambolee BaXKHBIE U3 TAKUX MPU3HA-
koB. HamomuamM, uTO:

Sk — 5TO MHOXKECTBO BCEX PA3HOZHAUHBIX DyHKIME U3 Py, 3aBucsimx
OT OIHOU HNEPEMEHHON;

CSy = PLV\Sy;

P,gl) — MHOXECTBO BCEX OMHOMECTHBIX QyHKIu u3 Fj.

Oyuxiusa f(Z) € P, Ha3LIBAETCI CYuwecmeennoti, eCiu OHA 3aBUCHT
CYILIECTBEHHO HE MEHee 4eM OT NBYX MEPEMEHHLIX U NPUHUMAET Bce k
3HAYEHUN U3 MHOXeCcTBa F,.

Teopema 1 (kpurepuit E. Cunyneuxoro). Cucmema P,gl) u{f(z)}
noana 6 Py (npu k > 3) moeda u moavko moeada, xo2da f(T) — cy-
wecmeennad ynKyuA.

Teopewma 2 (kpurepmit C. B. d6mouckoro). Cucmema CSy U {f(T)}
noawa 6 P (npu k > 3) moeda u moavko moeda, xozda f(x) — cy-
wecmeennad ynKyuA.

Teopema 3 (xkpurepuit A. Canomaa). Cucmema Sk U {f(Z)} noana
6 Py (npu k>=5) moeda u moavko mozada, xoeda Pywxyus f(Z) cy-
WeCmeenHa.

[Ipu UCIONBL30BAHUU STUX TEOPEM IOJE3HBIMU SIBIISIOTCS YTBEPXKIE-
HUS, OAIOMIE PA3HOOOPA3HBIE KPUTEPUU IMOJHOTHI CUCTEM (DYHKIUN B

MHOXKECTBaX P,gl), Sy u CSy. llpuBemem omuH W3 TaKWX PeE3yIbLTATOB.
ycts dysxius h;j(z), roe 0 <4 < j < k— 1, onpenensiercs Tax:
1, eclim T = 7,
hij(z) =< j, ecmun x =1,
£ B OCTAJIbHBIX CITy4YasX.

Teopewma 4 (C. lukap). Kascdas uz cucmem {Z, ho1(x), = + jo(z)}

u {ho1(z), ho2(z), ..., ho(k—l)(w)a T+ jo(z)} noana 6 Pk(:l)’

7 T'.II. T'aBpusos, A. A. CamnoxeHKO
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2.13. ITono6pas momgxonsimit knacc tuna 1'(8) wiu U(D) mokasars,
uTO cuctemMa A He monHa B Pj:

1) A={~z, min(z, y), z-y*};

2) A={1, 2, = jo(x), max(z, y)};

3) A=12, jo(z), =+ jo(z) + J1(z) + Jp—1(z), min (z, y)};

4) A ={Jz(z), =+ jo(z), T+ jo(z) + J1(z), max (=, y)}

5) A={k—-1, Jo(z), =y, z-y- 2}

6) A={22% 2z +y, 2> -y, z- Jo(y), T+ (~y)};

VA={z -y, max(z,y) —2z+1}; 8 A=1{-2% max(z, y)+2z};
9) A={1, —xz-y, 22 ~y}; 10) A=1{2, max(z, y), z~y};
11) A={k -2, ~ jr_2(x), max(z, y), T+7};

12) A = {ja2(2), z + jo(z) + J1(z), -y, x =~ y};

13) A =1, Jo(x), T+ jr—1(x), min (z, y), max (z, y)};

14) A={1,2, ..., k=1, z+ jo(x), jo(z) + 1, max(x, y)};

15) A={1, ~z, x —y, min(z, y)};

16) A ={~ =z, Jo(x), Ji(z), ..., Jg—1(x), min (z, y) + (jo(z) +

+J0(y) - (z +y)};
17) A={1-=, jo(z), j1(2), ..., jr-1(z), z-y, £+ y), min(z, )}
2.14. Kak u3BecTHO (CM § 1), cucrema
)

_{07 1: 1 ]0($7 () "'iji—l(a;):x—'_yax'y}
1nosHa B Py
1) HokazaThb, 4TO U3 CUCTEMBI A MOXHO BBIIEIUTHL MOJHYIO B Py
HONCUCTEMY, COCTOSIIYIO U3 ABYX (DYHKIIWA.
2) MokaszaTs, 4To r06ast MONCUCTEMA, CUCTEMBI A, COCTOSIIIIAS U3 OMHON
dbyuknuu, He MOHA B Pj.

2.15. Cucrema Poccepa—TypkerTa
A ={0,1,..., k-1, Jo(x), Ji(z), ..., Jg—1(z), min (z, y), max (z, y)},
KaK M3BECTHO, onHa B P, (cMm. § 1).

1) IlpoBepuTs, uTO, ynansas us A; mobyi0 KOHCTAHTY, OTIUYHYO0 OT 0
u k—1, momydyaeMm MOANCUCTEMY, COMEPKAIIYIOCI B HEKOTOPOM KIIACCe
tuna 1'(8), rne @ # 6 # Ej, (u, 3HaunT, Henoauyo B Py).

2) Boigenuth u3 cucrembl A; mosmHyo B Pj MOACUCTEMY, COCTOSAIIYIO
n3 2k — 2 QyHKIUN.

2.16. IIns 3amaHubIX k MCCIIENOBATD HA MOJHOTY CIEYIOIINe IOMICHUC-
TeMmbl cucTeMbl Poccepa—TypkerTa:

1) k= 37 {1) Jo(ilf), Jz(x), min (217, y)a max(:c, y)}a

2) k= 37 {17 27 J2(5L’), min (ZL’, y)7 max(:z:, y)}a

3) k= 47 {1: 27 J()($), J1<$), min (xv y)a max(x, y)}a

4) k=4, {17 2, J()(LII), J3(x)7 min (LU, y)a max(:v, y)}

2.17. Iloxka3aTh, YTO KaxXmas U3 TPUBONUMBIX HUXKE CUCTEM ITOJTHA,

B S}:
1) {hoi(z), ho2(z), ..., hor—1)(®)};
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2) {ho1(z), hi2(z), ..., hiir1(z), ..., hg—2k-1(2)};
3) {T, h01<$)}
2.18. Hokasare, uro cucrema {hoi(z), ho2(z), ..., hox—1(z), z+

+ jo(z)} monua B Pk(l).

2.19. Ucnonb3ys mMeTon CBeOeHWs K 3aBEIOMO IIOJTHBIM CHCTEMAaM,
IOKa3aTh MOJTHOTY B P} ClIemyonmx cCucTeM:

1) {Jo(z), Ji(z), ..., Jp_1(2), 2%, © = y};

D{k-1, z=~y, z+y}; 3){~z, z+2, z=y};

) {—z, 1 —2% z=y}; 5) {z+y, (~z)=2y};

6) {Z, min(z, y)}; 7) {min(z, y) -1} 8) {Jp-1(z), z+y, v y};
9 {1, 2> +y, 22 =y}; 10) {Jo(z), z+y, z-y°};

I {k—2,z-y+1, (~2)~y}; 12){k—-1, 22—y, 22 =~ y};
13){1,2-2+y, z-y}; 14) {1, 2> — y, min(z, y)};

15) {1, z+y +2, 22 = y}; 16) {Z- jo(y), min (z, y)}.

2.20. Ucnonwb3ys xputepuit Cymernkoro, HOKas3aThb MOJHOTY B P
HIKETTPABONUMBIX CUCTEM:

Di{k—1,2-y+2 2>y} 2) {j2(2), 2 +y? 2y +1}

) {z+y, (~2) -yl 4) {ii(2),T—y,2° —yl 5) {7, jo(z), z -y}
6){z—-1, (z+jo(z) A=y)+ A =+2) (y —n)h

N{l=2z) y+7T- 1=y}

8) {7 - jo(z —y) + (z — jr(2)) - jo(y) + ¥ - jo(2)};

9) {jo(z —y) +z-joly) + (T —jr(2)) - j1(y) };

10) {z - jo(y) + Jo(z) - (y + Jo(y) — j1(y)) + ji(2) - (¥ — Jo(¥)) };

11) {7 - jo(z) + 51 (2) - (y + Jo(y)) + j1(y) - G2(z) — jr(2))}-

2.21. UccnenoBaTh Ha TOTHOTY B P CHEmyroIne CUCTEMBI:

) {k—1, x4+ 2, max(z, y)}; 2) {1, 2, x =~ y};

)

)

5) {2, 2z +y, 22 ~y}; 6) {1, 2, max (T, y)};
y{2=z, z-y, max(z, y)}; 8) {k—2, 2x+y, x = y};
) {N T, — -y, min (ZE, y)}a 10) {2> z+Yy, x;y};
1) {N Ly 2j0($)7 ‘]1<$>7 méy}Q
2) {17 ~ T, JO(x) +J1(x)7 max(:z:, y)}:
3) {07 1, ~x, 2_j0($) - 2.71(37)7 min (wa y)}7

14) {1, k—1, x;{g], min (z, y)}; 15){k—-2, ~z, x =~ y}.

2.22. JlokasaTh, YTO IPUBOOUMEIEC HIXE CUCTEMBI MOJIHLI B P, TOorma,
” TOIBLKO TOT[a, KOTZa k — TPOCTOE YUCIHO:

D{lL, z+y+z-2}; 2){z—y+1, 2° -y, z-y*};
N{r—1L z+y, 2°-y}; H{k-1, - y+z—y+2z}
5){k—2, z+2y, z-y*}; 6) {~=z, z—y, 2% y}

7*
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Ni{r -2, z+2y+1, z-y—z—yk; 8){l,2z+y, z-y —z+y};

N{z+y+1, z-y—2?}; 10){z—-2y, z-y+z+1};

I {14z —zo+21-2T2-... T}

2.23. Jloka3aThb, YTO IIPU COCTABHOM Kk TTepEUYUCIIEHHbIE HIXEe DYHKITII
u3 P He mpencTaBUMBI MOIMHOMAMU IO MOAYJO k:

1) fi(z), 0<i< k-1 2)max(z,y); 3)min(z, y);

Yhz=y; 5)zDy; 6) (z=y) =z

7) mwobas dyuknus [lebdepa (T.e. dyukums, obpasywoias B Py
TIOJIHYI0 CUCTEMY ).

2.24. Ilopobpas mnsa dyukmuu f(z, y) Takume MHOTOWIEHB (Qo(X),

Q1(z) 7 Qo(), TTOGET xOTA GEr Omia, w3 bymxmi Qo(f£(Q1 (), Qa(y)))
wit Qo(f(Q1(z), Q=2(z))) ObuIa 32BEOOMO HE PA3JIOKUMA, B MOJIIMHOM IO
MomyJtio k, moKa3aTh, 4TO Ipu k = 4, 6 HmXKenepeurnciaeHHble QYHKIINY He
npeagCTaBUMBI IIOJIMHOMAaMM II0 MOOYJIFO k:

D) f=@2=2%)-7, 2)f=((~7)+y) =T~ 1);

3) f=min(~z,y)=(1+2); 4) f=max(z,y)=(z=2).
2.25. Brrimenurhs 6a3uc n3 nonaou B P, cucteMmbl A:

1) A= {k - 17 jO(:E)? jl(:B)a ) jk—l(x)a -y, T— y})

2) A={z -2, Jo(z), max(z, y), z = y*, 2° -y}
3
4) A={z -1, 2+ 2, max(z, y), = y};

)
)
;A:{Nxv min(:z;, y)a Ly, a;—l—y};
)

5) A= {27 jO(m)7 $+y27 $2;ya a:yz}

2.26. Ilycts B — mpOUM3BONBLHBIN 0a3uC, BLIMEIEHHBIN U3 CUCTEMBI
Peccopa—TypkerTa. Iloka3zaTs, 4TO B HEM:

a) comepxkuTcs XoTs Obr omna u3 byukuuit J;(z) (0 <1<k —2);

6) et xoHCTAHTHL ()]

B) ecniu Jo(xz) € B, 0 k—1¢ B.

2.27. Jloka3aTh, UYTO €Ciy 3aMKHYTHIA KJIacC B P MMeeT KOHEUHYIO
MIOJTHYIO CUCTEMY, TO MHOXKECTBO BCEX PA3IIMYHBIX OA3UCOB y HETO He DoJiee
yem cuerHoe. ([IBa Gasmca CYUTAIOTCS PA3AUUHBLMU, €CIU ONWH U3 HUX
HEJIB3s IMOJIYUYUTH W3 APYTOro IMyTeM MePEerMEHOBAHUS IEePEMEHHBIX 0Oe3
OTOXKIECTBIICHMUS. )

2.28. 1) Ilycte A — HemycTOE MHOXECTBO OTHOMECTHBIX (hYHKIIWIL

)

u3 Py, oTInIHOE OT BCETO MHOXKECTBA P,gl U yIOOBJIETBOPSIOIIEE CIIEMYIO-
IIIEMY YCJIOBUIO: CYIIIECTBYET MPENNOJIHBIN Kitacc B B P, Takom, 4TO
BN P,gl) = A. Jloka3aTh, 9TO TAaKOI KJIacC B eMMHCTBEHHBIN.

2) lokasaTh, UTO YUCIO MPENNOIHBIX KIIACCOB B Py, kaxmbiii u3

1 k
KOTOPBIX HE COOEPXKUT IEJIMKOM MHOXKECTBO Pk(: ), MeHbIe 2F .

2.29. 1) MokasaThb, uTo B 3aMKHyTOM Kitacce K1 = [1? - y?] u3 P; met
HU KOHCTAHT, HU TOXIECTBEHHOW (DYHKIINN.

2) Ilokasats, uro B 3amkuyTOM Kitacce Ko = [j1(z) - j2(y)] u3 Ps mer
(QyHKIINN, 3aBUCAIINAX CYILIECTBEHHO OT OIHOU II€PEMEHHO.



§ 2. 3amrnymole Kaaccovl ¥ NOAHOMA 6 k-3HAUHDIT A02UKAT 101

2.30. IIBe dyukmum u3 P HA3BIBAIOTCI KOH2DYIHMHbIMU, €CIIA OHU
MOTYT OBITH TOJIYUEHLI NPYT W3 APYra MyTeM NepEenMEHOBAHUS Iepe-
MEHHBIX 0e3 oToxnecTBiieHus. [loka3aTh, uTO 3aMKHYTHIA Kiacc Kz =
= [j2(z) - j2(y)] m3 P5 cocTouT M3 KOHEYHOTO UKCIIA MOMAPHO HEKOHIDY-
SHTHBIX (DYHKIUN, 3aBUCIIUX CYIIIECTBEHHO OT BCEX CBOMX APTyMEHTOB.

2.31. PaccmorpuMm B P, 3aMKHYTBHIN KJTACC

K4 = [fl(xl), fz(ﬂ]l, LE2>, f3(£171, T2, :173), PPN fn(xl, Lo, ooy :En), .. .],

roe fo(z™) = jo(z1) - jo(x2) - ... - Jo(zy) (n=1,2,3,...). OueBumno,
YTO OH COOEPXKUT OECKOHEYHO MHOTO IIOMAPHO HEKOHTPYSHTHBIX (QYHKIIUA.
HokazaTs, uTo B K4 HET IPEOIOIIHBIX KJIACCOB.

2.32. [logcunTaTh YKCIO CyIIeCTBEHHBIX QyHKIUN B Py, 3aBUCSIIIIAX
OT TIEPEMEHHBIX L1, L2, ..., Ly (N = 2).

2.33. Kak usBectHO, B P, ipu kK > 3 CyIIECTBYIOT 3aMKHYThI€ KJIaC-
CBI, He UMeIoITne 6a3MCOB, U 3aMKHY ThIE KJIACChI CO CUeTHO-OECKOHEUHBIMU
6asucamu. Paccmorpum knace Ay = [fa, -- -y fm, - -], THE

1l mpm 21 =...=2j_1 =Tj41 = ... = Ty, = 2,
f(x1, o) Ty) = zi=1 (i=1,...,m),

0 B OCTAJILHBIX CIIy4YasX,
m > 2. Basucom B Ay, siBiseTcst MHOXKECTBO { fa, ..., fm, ... }. Ucnons3ys
kinacc Ag, mokazatb, uto B Pp (k > 3) cymecTByeT KOHTHHYaJIbLHOE
cemeiicTBO { B, } 3aMKHYTBHIX KJIaCCOB, OOPA3yIOIIUX II0 BKIIIOUEHHUIO 1€,
T. €. 0Jist JIE0OBIX ABYX Kiaccos B, u B., u3 cemeiictsa { B, } cupaBeniuso
TOJBKO ONHO U3 BKouenui: B, C B,, wm B,, N B, .



I'masa IV
OI'PAHMNMYEHHO-TETEPMWHUWPOBAHHBIE ®YHKIINN

§ 1. OTobpaxeHuus IMOCJIIEA0OBATEIILHOCTEN

1. OcuoBHbBIe TOHATHUA U GaKTHI, CBA3aHHBLIE C 3aJaHUEM
nerepMuUHUPOBAaHHLIX QyHKIui. [Ilycte A — HemycTONl KOHEUHBIR
aagasum. Ero smeMeHTHI HA3BIBAIOTCA Oyxeamy (WA CUMEOAAGMU).
Caosom daunvt s 8 aagasume A HA3BLIBAETCS MOCIENOBATEIBLHOCTD BHU-
na (1) z(2)... z(s), cocraBnennas u3 6yks anbasura A (3mecp s > 1).
Kpartko sTa nocnenoBaTenbHOCTL 0603HaUaeTCsa Tak: 2 °. MHOXeCTBO Bcex
cioB mirubl s B andpasure A (s > 1) obGosnauaercs uepes A°. Yacto
paccMaTpuBaT u ciaoBO mmHBL O (nycmoe €.060); ero 0603HAYAIOT

cumBoroM A. Hepes A* o6osmauaercs mHOxectBo {A}U [J A°. Cum-
s>1
BOJI BUOA [ay ... ap)%, tme s>2, n>1wu ay,...,a, — OyKBHI U3

andaBuTa A, UCIOIBL3YETCS I KPATKON 3AINCH IIEPUOOUIECKOTO® CJI0-
Ba Q1 ...0pG1 .. CQp -.. Q1 -.. Gy (OmuHEBL 1 - 8). Ecom n = 1, To BMec-
TO [a1]° IPUMEHSIOT TaKXke CUMBOJI af.

Beckoneunnie mnocnemnoBatensuoctn ¥ = (1) x(2)... z(t)..., co-
cTaBjeHHBIE U3 OyKB ajdaBuTa A, HA3BIBAIOTCA 6ECKOHEUHBIMU CAOBAMU
6 aadasume A. MuHOXECTBO BCex OECKOHEUHBIX CJIOB B ajdasure A
obo3HauaeTcsa yepes AY.

Ci10BO W, MOy YAIOIIEECs IPUINCHLIBAHIEM CIIOBA Ws CIPABA K KOHEU-
HOMY CJIOBY W1, HA3SLIBAECTCI COCOUHEHUEM CA08 W1 U Wo 1 OOO3HAYACTCS
yepe3 wyws. CIIOBO w; HA3LIBAIOT MPHU 5TOM npedurcom (AT HAUAA0M),
a CIIOBO Wy — cyddurcom (W 0KOHUAHUEM).

Cnoso z% = x(1)x(2)... m3 A“ HasbIBaeTCSI K6a3UNEPUOIUUECKUM,
eCII CYIIIECTBYIOT TakKue Hejible umceiia ng u 1, ato ng =21, T > 1 nm
z(n+T)=x(n) upu n > ng. lIpedukc z(1)z(2)... z(ng — 1) cnosa z*
B DTOM CJIy4ae HA3LIBAIOT npednepuodom, Iucio ng — 1 — daunoti nped-
nepuoda, cioBo x(ng) x(ng +1)... x(ng + T — 1) — nepuodom caosa T,
a unciio T — daunoti nepuoda. Taxoe KBa3uUIepruOOUIECKOE CIOBO yIOOHO
3aIUCLIBATEL B BUIE

() x(2) ... x(ng — 1) [x(no) x(ng + 1) ... z(ng + T — 1)]“.

CumBosiom a“ oboszuauaercs ciaoBo ¥ € A, B koropom z(t) = a 1pnm
mobom t=1,2,... (a€ A).
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[Iycte A 1 B — KOHEUHLIE HEIyCThIe ajadaBUTHL. MHOXECTBO 0TOO-
paxenuit Buna f: AY — BY obo3nauaercs uepe3 Py p . Anbasursr A
1 B Ha3LIBAIOT COOTBETCTBEHHO BTOOHbIM M 6bITOOHbIM aAPasUMaMU
orobpaxenus u3 P4 g, ; cioBa (IOCIEIOBATENHHOCT]) U3 MHOXeCTBa AY
HA3BIBAIOT 6TO0HbIMU, 8 U3 MHOXeCTBa BY — evizoduvimu. OTobpaxke-
Hue f u3 Py p . Ha3BIBAETCI 0eMEPMUHUPOBAHHbIM ONEPAMOPOM WIIN
demepmunuposarnnoti @Pywkyuet (COKpAIIEHHO: dJ. 0nepamopom WK
0. Pynrkyuet), ecam OHO YIOBIIETBOPIET CIEAYIONIEMY yCJIOBUIO: IJIS BCS-
KOro § > 1 um y1o60oro BXOMHOTO ¢IoBa, T« (13 AY) $-i CUMBOII BLIXOMHOTO
cioBa, y*¥ = f(z“) saBusieTCsl OMHO3HAYHON (DYHKIMEN MEPBBIX § CUMBO-
0B cnoBa z“. MHoxecTBO Bcex n. dyHKImui m3 Py p,, 0003HauUaeTCs
uepe3 Py B .

B Tex cmyuasx, xorma

A:ﬁkx...xE@ (n}l), B:ElX...XEL (m}l),

" "

n pas m pa3s

rme Ep={0,1,....,k—1} (k>2) = E=1{0,1,...,1—-1} (I>2),

mHOXecTBa P4 g, u Pap n Oynyr obossauaTscs wepes Py u P™

cooTBeTcTBeHHO. Ecnu orobpaxenme y“ = f(T“) mnpuHALIEKUT MHO-
xectBy Py (mwma P3"), To mpm m > 2 BMECTO §“ MOXHO IpH-

MEHSTh 3amuch (¥f, ..., y2), a opu n > 2 Bmecto f(Z%) ynorpebnsaTob
samuace f(zy, ..., Z,); 3mecb y7 (j =1, ..., m) — nepemenHas, npobera-
folas MHOXecTBO B, u ¥ (¢ =1, ..., n) — mepeMeHHas, IPOGEraomas

MEOXecTBO FE¥. IIpu n =m = 1 BepxXume WHOEKCHI g Pl
E- P p Y Lrlw kI,

OymeM MHOrIa ONyCKaThb, T.e. Oymem mucatb P, u Py n. Ilomaraem
D n,m .
Prin= U Py, Ecmm [ =Fk, 70 BMeCTO ABYX MHIEKCOB BHU3Y Oynem

n>1
m>=1

mucaTh onud (Hampumep, Py ).

Oynkumm  f1 w fo u3 MHOXecTBAa P4 p n HA3BIBAIOTCA DPA3AUNU-
MbLMU, €CIIN CYIIIECTBYET Takoe ciioBo Z5 (s > 1), uro f1(z§) # fo2(Z§)-
Ecmu xe f1(z%) = fo(2®) nna mobeix cioB £° (s =1, 2, ...), T.e. ecin
paBeHCTBO [f1(ZY) = fo(T¥) BBLINONHAETCS MPU BCAKOM BXOMHOM CIIO-
Be 2%, TO QyHKIUHU f1 U fo HABLIBAIOTCS 9KBUBAAECHMHbIMY (WU HEPA3-
AUNUMBIMY) IT. QYHKITIME.

Ilycty f nu g — dysxuun u3 Py p n. Ecau cymecTtByer Takoe CiioBo
z§ € A*, uro f(z§{z¥) = f(z§)g(Z¥) mns moboro cnosa ¥ € AY (3mechb
yepes f(Z§) obo3naueH mpeduKC MIMHBI S BBIXOMHOTO ciioBa f(Z5ZY)),
TO QYHKIUSA ¢ HA3BIBAETCI 0CMamounot gywxyuet (ML 0CmMamouHbim
onepamopom) GyHkuuu f, MOPOXKMEHHON (MOPOXKIEHHBIM) CIIOBOM I§, U

obosnauaercsa uepes fzs. Muoxectso Q(f, T§) Bcex ocTaTouHBIX (QYHK-
nuii GyHKIUK f, SKBUBAJIEHTHBIX QYHKIIIN f;g(s), obpasyeT kaacc IK6UBG-
AEHMHOCTNUY, HABBIBAEMBIN cocmognuem Pywkyuu f, comepxkaiiumMm OcCTa-
TouHyIO0 QyHKIMIO f7:. CocTosHUE, conepxaiee QYHKIUIO f, HA3BIBAETCS
nawasbrubim. OyHxnusa f HA3BIBACTCS 02DPAHUYEHHO-0EMEPMUHUPOBAHHOU
(cokpareHso 0.-0. gynxyuet uim 0.-d. onepamopom), €Ciu OHA UMEET
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KOHEUHOE YMCJIIO MOMAPHO PA3IMYHBIX COCTOSHUMA. YMCIO pa3InIHbBIX COC-
TOSHUN O.-1I. GYHKIIUYU HA3LIBAETCS €e 68ecom. KCiim MHOXECTBO TMOMapHO
Pa3IUIHBIX COCTOSHUM QYHKIMYU f OECKOHEUHOE, TO CUUTAIOT, UTO BEC €e
paBeH 0o0. MHOXeCTBO BCeX O.-1I. GYHKIUNA, TPUHAIIICKAIINX MHOXKECT-

By Pa.px (coorsercrsenno mmoxectsam P, Pi"" P u Py p),

k,o
n,m n.m p
obo3HauaeTcs 4epe3 P4 p o (COOTBETCTBEHHO Uepes Py om> Prons Pkl on
n Pk:,OI:)'

[Ipu onucauuu n. pyHKIUE OGLIBAET yIOOHO MOIB30BATHCS TEOPETUKO-
IpadOBBIM SI3LIKOM (& UMEHHO 0€CKOHEUHIMU UNHPOPMAMUEHBIMY JepPeBb-
mu). llycts A — andasur, cocrosmmit u3 | 6yks (I > 1). YUepes Dy
0603HaYMM GECKOHEUHOE OPUEHTUPOBAHHOE KOPHEBOE IEPEBO ) | yIOBIIeT-
BOPSIOIIIEE CIIEMYIONIAM yCIOBUSIM:

a) M3 KaXKION BEPIIUHBI [E€PEBA, BKIIOYAS U KOPEHb, BHIXONAT POB-
HO | nyr (T.e. OpUEHTUPOBAHHBIX pedep);

6) B KaXIyI0 BEPIINHY IEPEBa, OTIUYHYIO OT KOPHS, BXOOUT TOJIIBLKO
OIHA MYyTa, & B KOPEHb NE€PEBa, HE BXOOUT HU OIHON;

B) Kaxmou myre mepeBa D4 mpunucaHa HEKOTOpas OykBa aiidaBu-
Ta A, IpuyeM Pa3HBIM OyraM, BEIXOMAIINM U3 OMHON M TOH XK€ BEPIINHBI
nepeBa, (B 9YaCTHOCTY, U3 KOPHS), IPUIUCAHBI PA3HbIE OYKBHI.

Kopennb nepeBa D4 cumTaeTcs 8epuunoti HY4€6020 PaH2a; €CIu Bep-
muHa nepeBa 4 ABAAETCS KOHIIOM MOYTU, BBIXOMSINEH W3 BEPIIUHBI
i-ro panra (i > 0), To oHa Ha3bIBaeTCA sepuwunot (i + 1)-20 panza. yeoi
(pebpom) j-eo apyca (j > 1) Ha3BI- S
BAaEeTCSA BCAKAS Myra, BLIXOMAIIAS W13
BepmnHLL (j — 1)-20 panea. Kaxmoi
OECKOHEUHOU OPMEHTUPOBAHHOU IeNHU
B mepeBe D4 COOTBETCTBYET BIIOJI-
He OIpPEeNEeJIEHHOe CJIOBO U3 MHOXKECT-
Ba A“. Ha puc. 4.1 uzobpaxen ¢pae-

Puc. 4.1 Puc. 4.2

menwm depesa D4 (rme A = {0, 1}), cocrosimit u3 Tpex MEePBLIX SIPYCOB
5TOrO EPeBa (37eCh U B NAJBLHENIIIEM MBI IIPEAIOIAraeM, dTo cuMBoILy 0
COOTBETCTBYET JieBOoe pebpo (myra), BBIXOMAIIEE U3 BEPIIUHBLI, & CUMBO-
ny 1 — mpaBoe); XUPHLIMU PebpaMy BBIIEJIEHA IIellb, COOTBETCTBYOIIASL
cioBy 101.

Haepyacennoe depeso D 4 p momydaercs us nepesa D 4 IPUNINCHIBAHNT-
eM KaXIOW myre HeKOTOpou OykKBHI u3 ajihaButTa B. Bcesakonn 6eCKOHETHON

*) Omnpeneserue KOPHEBOTO MEPEBa CM. B TI. VI.
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OPMEHTUPOBAHHON Llenu B iepeBe D 4 p 0OTBeUaeT CIOBO U3 MHOXeCTBa BY,
COCTaBJIEHHOE U3 OYKB, MPUMKUCAHHLIX AyraMm 3Tou nenu. [flosToMmy MOXHO
CUNTATDH, UTO HArpyxkeHHOe nepeBo D4 p 3adaem (peasuszyem) BHIoOMHE
ompenenienHoe oTobpaxenue f: AY — BY, gBnswomieecs O. GyHKINER u3
MHOXeCTBa P p n. Ha puc. 4.2 msobpaxen ¢parMeHT HarpyXeHHOTrO
nepeBa Dy g, rme A={0,1} u B =10, 1, 2}; n. dyuxms, cooTBeTCT-
BYIOIIIAsI DTOMY IepeBy, «IepepabaThIBaeT», Hampumep, ciioBo 1010 B
ciioBo 2012.

Ilycts D4 p — Harpy:XeHHOe IEpeBO, peajusyrollee O. GyHKIUO f.
Ocrarounoit dyuknun fz: (s > 0) orseuaer monmepeso Da p(Zg), pac-
TyIllee W3 TAaKOW BEPIIWHBLI v(Z§) S-TO DaHra, B KOTOPOIl OKAHUIMBAETCS
I1e11h, BBIXOMSAIIAS U3 KOPHs [IEPEBA U COMEPKAIIlas POBHO S pebep; i-e 1o
OPSIAKY Pebpo STOM Ienu TPUHAMLIIEXKUT i-My SIPyCy MEePEeBa U IOMEUYEHO
cuMBOJIOM I (i) € A.

Ecnu ocrarounwie ynkimu fz: u fz; SKBUBANEHTHBI, TO COOTBETCT-
BYIOIIIE UM BepInuHbl v(Z5) u v(Z5), a Takxke pacTyIue U3 STUX BEPIINH
MIOAIEPEBbs HA3LIBAIOTCS 9K6UBaLCHMHbIMU. Bec nepeBa, pean3yroIero
. GYHKIIUIO, PABEH BECY DTOU (DYHKIINU, a CIENOBATEILHO, PABEH MAKCU-
MAALHOMY YUCAY NONAPHO HEIKBUBAAEHMHBIL 8epwun (U noddepesves)
MAHHOTO OEePEeBa.

2. TunmoBble IpUMepHI.
[Ipumep 1. Boiacuuth, sBiasercsa nu n. QYHKIIMER OTOOpaKeHUe

7Y = f(@“) € Py, tme 3¢ =2(1)2(2)...2(t) ..., §¥=y(1)y(2)...
y(0)...m y(t) = 2(t) = (1) wpm  t3> 1.

Pemenne. U3 onucanms QyHKIMU clenyeT, UTO 3HAYEHUE KBBIXO-
na» y(t) B MOMEHT BpeMeHM ¢ OTHO3HAYHO OMPENEISIeTCs 3HAUYCHUSIMU
«BXOHa» B MOMEHTHI BpeMeHu 1 u t, T.e. S-# CHUMBOJI BBIXOMHOTO CJIO-
Ba y“ mpu BCIKOM S > | ABJIIETCS OMHO3HAUHOW (GYHKIMEN MEePBLIX S
CIMBOJIOB BXOIHOTO CJIOBa £ “. 3HaumT, paccMaTpuBaeMas QyHKIUS me-
TEPMUHUPOBAHHAS.

[Ipumep 2. dBngercsa mu GyHKIUA y* DETEPMUHUPOBAHHON, €CJIN
7 = f(@“) € Py, tme ¥ =z(1)z(2)... z(t) ..., 7 =y(1)y(2)...
(1) = Z(t — 1), ecaum ¢ — YeTHOE UUCIIO,
Y z(t)-y(t+1), ecm ¢ — HEueTHOE YUCIO?
Pemenue. Ecau opumenTupoBarhbcs Ha (opMmy 3amaHus GyHKIINH,
TO €CTEeCTBEHHO IPEANOIOXNATH, YTO OHA HE SIBIISETCS MeTEPMUHUPOBAH-
HOHN, TaK KakK, HAIIPUMEpP, «BBLIXOO» B MOMEHT BpeMmenu t = 1 3aBUCHT
OT «BBIXOHa» B MOMeHT ¢ = 2. OmHako yka3zaHHAsd 3aBUCUMOCTH MO-
XKeT OKa3aThCA «PUKTUBHONS, BOSHUKIIIEH TOIILKO BCIENCTBUE ILJIOXOTO>
(meymaunoro) omucauus ¢yHkiuu. [losTomy HEOOXOMMMO NTpPOAHAIM3U-
pOBaThL «IIPUPOMY» paccMmaTpuBaeMont ¢pyuknuu. Ilycte ¢ = 2s 4+ 1, roe
s 2 0. Umeem y(2s+1)=z2(2s+1)-y(2s+2)=z(2s+1)-T(2s+ 1) =
= 0. CyemoBaTenbHO, IPU BCAKOM HeyeTHOM ¢ Bhixonm y(t) pasen 0, T.e.
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SBJISIETCSI OMHO3HAYHOU (PYHKIMEN MEePBBIX ! CUMBOJIOB BXOOHOTO CJIO-
Ba 2. QOUeBUOHO TaKXKe, YTO AHAJOTMYHAS OMHO3HAYHOCTH UMEET MECTO
" [JI YeTHBIX 3HadeHwnd t. Takum oO6pa3zoMm, paccMaTpuBaeMas GYyHKITAS
NEeTEepMUHIPOBAHHASL.

[Ipumep 3. Boiacuuth, sBiagerca au nO. QYHKIKMEHA OTOOpaKEHUE

g = f(z¥) € le”wl, rne z¥ =z(1)x(2)...z(t)..., y¥=y(1)y(2)...
Sy(t) ... m
0, ecnu cymecTByeT Takoe S < t,
y(t) = gyro 3z(s) < z(s+ 1)+ z(s + 2),

1 B uHOM Cciyuae.

Pemenue. IIpu z(s) =0 mepaserctBo 3z(s) < z(s+ 1) + z(s + 2)
BBITIOJIHSIETCSI HE3aBUCUMO OT 3Hauenuit (s + 1) u z(s + 2), anpu z(s) =
= 1 OHO He BBIMOJIHAETCS HU TPU KakuxX 3HadeHusx (s + 1) u z(s + 2).
CnemoBaTenbHO,

= 0, ecmu z(s) =0 mpu mekoTopoMm s < t,
y(t) = {1 B MHOM CITydae,

T.e. oTobpaxenue f sBisieTCs O. GYHKIEH.
Mpumep 4. Hycrs 7% = f(Z¥) € Pyl, rme 79 =x(1)z(2)...

2,w?
cx(t)..., Yy =y(D)y2)...y(t)... m y(t) ectp (t+2)-1 undpa
MOCJIE 3AISITON B ABOMYHOM pa3joxeHun uucia z(t)/6. BeisicHuTS, ABIIS-
eTcs nu O. GyHKueinr orobpaxenue f(zY).

Pemenne. W3 onucanns ¢yHKIMM BUAHO, YTO BBHIXON y(f) B MO-
MEHT BPEMEHU ¢ OIpeNesseTCs ONHO3HAYHO 3HaueHumeM Bxona z(t): Hamo
npocto HauTu (t+ 2)-10 umdpy mocie 3amsaTol B MBOMYHOM PA3IIOKE-
ary unciaa x(t)/6. 3HaunT, paccMaTpuBaeMas GYHKIUS SIBISIETCS [e-

TEePMUHUPOBAHHON. 3amuiieM Bbixon Y(t) B «saBHOU dopmes. HerpymHo

1 1 1 1
YCTAaHOBUTH, YTO 6”3 + 32 + 128 + ...+ 5 1l + ... CnemoBaTennbHO,
nBowuHOe pasnoxenue uuciaa 1/6 ummeer sum 0,0010101...=0,0(01), a

IO TOMY
y(t)—{l’ ecmm z(t) =1 u t=2s+1, rme s> 1,

0 B MHBIX CIy4dasXx.
ODpumep 5. Mokazars, uTo 068 NPUBOMUMBIX HUXKE OTOOPAKEHUS
~ ~ 1,1
y¥ = f(z¥) (w3 Py’,) He aBusorcs 0. GYyHKIUSIME (3I€CH, KaK OOBIMHO,

z¢ =z x(2)...z(t)... u y*=y(D)y2)...y{)...):

£+ 267 +1
a) y(t) = (W>’ t>1;
0, ecimm B ciose (1) z(2) ... z(t? — 2t + 2) nmeercs
6) y(t) = MaCCHUB U3 ¢ HyJIel U €My He IPEAIIeCTBYeT

MAaCCUB U3 { €OUHNIIL,
0 B mHOM ciydae.

Pemenwne. a) Moxuo nocienoBaTenbHo BEUuCIaTh y(1), y(2) u . o.
0 TeX MOp, MOKa He mpumeM K cooTHomreHuio Buma y(tg) = z(to + )
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s HeKOTOporo to > 1 m mekoroporo s > 1. OmmHako Takas IpOIEIy-
pa «IOCIENOBATENBLHOTO HAXOXKIEHUs BLIXOMOB» ¥(1) MOXKET OKa3aThCs
IPAKTUYECKU HEOCYIIECTBUMON (HAIPUMED, €CII MUHUMAJIBHOE to, YIOB-
neTBopsitolee cooTHoreHuio Y(ty) = x(tg + s), rme s > 1, pasuo 2000).
[MosTOMy HAIO MEACTBOBATL MHAUE, 8 MMEHHO BBISICHUTD, IPU KAKOM
(xoTst 661 OmMHOM) ¢ BBITIOMHAETCA HepaBeHCTBO (t3 + 22 +1)/(12 +3) >
>t + 1. HomywaeM, 9TO 5TO HEPABEHCTBO CIPABEIJIMBO IIPU BCIKOM HATY-
pampaoM t >4 (B uwactHocTu, ecimu t =4, 1o y(4) =x(5)). Cie-
NIOBATENbHO, Tpu ¢t > 4 «BeIXOm» Y(f) 3aBUCUT OT HEKOTOPOIO «BXO-
na> z(t +s), rme s > 1 (3mecw s sBisieTcs dyukuuei ot t). Tem cambiv
HENEe TEPMUHUPOBAHHOCTD 33IAHHOTO OTOOPAKEHUS IOKA3AHA.,.
6) [Ipukunem, kak MeHaeTcs mauHa, cioa (1) £(2) ... z(t? — 2t + 2)
B 3aBUCUMOCTH OT 3HAUEHU ¢, ITOOBI MOXKHO OBIIO BHICKA3aTh KOHKPETHOE
cooOpakeHme O TOM, NPU KAKOM BXOIHOM CjoBe T“ «BuIXOm» y(tg) B
HEKOTOPBII MOMEHT BPEMEHU lg 3aBUCUT OT BXOmOB Buma =(ty + S), rme
s > 1. SIcHo, uTO IIMHA YHOMSHYTOTO BEINIE CJIOBa paBHa (t — 1)% + 1.
CrienoBaTeIbHO, OHA, MIPEBOCXOMUT 3HAUEHNE | HA 33BEIOMO IOMXOIS-
YO [JI HAINUX IIeJIell BEIMUMHY yXKe pu ¢ = 3: MacCUB U3 TPEX HYJIEH
MOXeT HAUUHATHLCA C 3-TO CUMBOJIA BXOMHOTO CjioBa. UMmeeMm cremyroree:
eciim ¥ = 01000z(6) ..., To y¥ =010..., aecim ¥ = 01011 z(6)...,
o y¥ =011... Takum 06pasom, 3-iI CHUMBOJI BBIXOMHOI'O CJIOBA, COOT-
BeTCTBYyIOIMN BxogHOMY cioBy 010z(4) 2(5) ..., 3aBUCAT He TOJBKO OT
IEePBBLIX TPex OYyKB HTOrO CIIOBA, HO TakKXe u OT cuMBOJIOB £(4) u z(5).
3HaunT, paccMaTpuUBaeMOe OTOOPAKEHWE HE SBIISIETCS NETEePMUHU-
poBauubM. (3amerum, urto y(1) = z(1) u y(2) sABIsIeTCI ONHOZHAMHON
dbyuknuen cumpoios (1) u z(2).)

IIpumep 6. YUepes & o6o3HaumMM 30€CH MMOOMHOXECTBO BCEX TAKUX
cioB % m3 muOXkecTBa {0, 1}*) B KOTODBIX HA YETHBIX MECTAaX CTOST
enuuuUIel, T.e. £(2s) =1 mpu s > 1. Beiacuurs, MOXHO mu QyHKIM0O f
TMOOIIPENENTUTE 0 NeTEPMUHUPOBAHHON:

) 1) = {

1 2%, ecmm xz“ € &,
19, ecm z“ = 01[0]“;

¥, ecnim ¥ € 8,

6) f(Z¥) =< 0%, ecmm ¥ =00z(3)z(4)... z(t)... (r.e.
BXOIHOE CJIOBO HAUMHAETCS C IBYX HYyJIeil).

Pemenne. a) OueBnmHO, YTO 3HAUEHNE IIEPBOIO BBIXOMHOIO CHMBO-
na y(1) ue 3aBucur ot BxOmHOro cuMBoia (y(1) =1 mw npu ¥ = 01[0]“,
u npu z¥ € 8). Oguako y(2) sBnsgercs GyHKIMER OT IOCIIENOBATEIBLHOC-
i z(2)x(4) ... x(2s) ..., npuuem y(2) =x(1), ecmm z(2s) =1 mnpm
BeskoM s > 1, m y(2) =1, ecim 2% = 01 [0]“.

Paccmorpum nBa Bxomubix cioBa: [01]Y u 01[0]“. Umeem f([01]¥) =
=[10]“ = f(01[0]“)=1%. Bmaunr, y(2)=0, ecm Z* = [01]*, m
y(2) =1, ecnim ¥ = 01[0]¥, T.e. y(2) He aBIAACTCS OMHOZHAUHOU (DYHK-
el 0T BXOMHBIX cuMBOJIOB (1) u z(2).
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Taxum o6pasom, paccMaTpuBaemas HaMu QYHKIUs [ He MOXeT ObITh
«TIPONOIIKEHAS> 10 NETEPMUHUPOBAHHON (OHA yXKe caMa HeIeTePMUHUPO-
BAHHAs, XOTs U He IBISIETCS BCIOAY OIpeneseHHon Ha MmHoxecTse {0, 1}¢).

6) U3 npuBenennoro onucanust Gyukiuu f Bumuo, uto y(1) = x(1)
u y(2) = x(2) kak mns z¢ € &, rak u ws ¥ = 00x(3) z(4) ... z(t) ...
Hasee, ecnmu 2(2) B pacCMaTpPUBAEMBIX BXOMHBIX CiioBax paBuHo 0, TO
y(t) = 0 mpu Beskom ¢ > 3, aecnu z(2) =1, To y(t) = z(t), t > 3. 3ua-
YUT, 33IAHHYI0 QYHKIMIO f MOXKHO TIONBITATHCS MOOMPENEIUTE CIIEMY FOIIIUM
oopazom: ecrm £¥° = x(1)1z(3)1z(5)1...1x(2s — 1)0zx(2s + 1)z(2s + 2) .. .
roe s > 1, o f(z¥)=x(1)1z(3)1 ... 1z(2s — 1)[0]“ (mpyrumu cioBa-
MU, HA «BBIXOHe» Beinaercs y(t) = x(t) mo Tex mop, moKa mpu HEKOTOPOM
to = 2s Ha «BxOm» He mocTynuT cuMBod 0; mocie storo y(t) = 0 mus Bcex

~

t > tg. OueBunno, uro f(Z%) — n. QYHKIMA, ABIIAIOMIAACS TPOIOIIKEHIEM
byukum f(zY).
Ipumep 7. Bouacuurs, ssusercs nu dpyukuus f(z¢) = y(1) y(2)...
cy(t) ... (us3 lev’;) 0.-I. DYHKITNE, 1 HANTHU ee Bec:

_ [z(1) opm t=1, 2,
a) y() = {:r:([t/?)]) mpu t > 3;

o) v(0) = {

0O mpu t =1,
z(t) = y(t —1) mpu t > 2;

1, ecnmu t — HeueTHOE YUCIIO,

) u(0) = {

Pemenue. a) U3 npueenennoro onucanus pyukuuu f(z“) ciaenyer,
YTO IS TOJIYyYeHUs BBIXOMHOTO cuMBOJIa ripu ¢ = 3s (s > 1) Heobxommumo
«XPAHUTDH B NAMSITU» BXOOHOM CHMBOJI, MOCTYIUBIIAA B MOMEHT BpEMe-
HU S, T.€. 9TOT BXOQHON CHMBOJI HAMIO [IOMHUTH®» B TeUCHUE 25 MOMEHTOB
BpEMEHU. 3HAUUT, VI <«PEAJU3AIUI> PACCMATPUBAEMON M. GYHKIAN
HYXHO UMeTh GECKOHEUHYIO0 (PACTYIIYI0 BO BPEMEHH) MAMSITh, YTO COOT-
BETCTBYeT GECKOHEUHOMY MHOXECTBY COCTOSIHUI.

K Takomy xe BBIBOLY MOXHO HIPUATH, CTPOSI I 3a0aHHON (DyHKITIN
dbparmenThH ee uabopmaTuBHOro nepesa. (Omuako morpebyeTcs moCTpo-
uTh 89 SPyCcoB mepeBa, 4TO BECHMa, IPOMO3IKO. )

s 060CHOBAHUST TOTO, UTO MAHHAS (DYHKINS HE SIBIISIETCS OTDAHU-
YEHHO-IETEPMUHAPOBAHHON, PACCMOTPUM OCTATOYHBIE DYHKIIAU, TOPOK-

Z(1), ecmum t — yeTHOE YUCIIO.

neranubie cmoBamu 0° =00 ...0, roe s > 1, u cpaBHUM 3HAYEHUS DTUX
s pa3s
dyukimit Ha BxomHoM cioBe 1¥. Umeem f(0%1%) =00 ... 0[1]¥, a caeno-
3542

BaTenbHO, [f5.(1¢) =00 ... 0[1]“. 3HaunT, OIg Pa3HBIX 3HAUEHUH S 3TU

3s+2
GYHKIIMKM TIOIIAPHO HE SKBUBAJEHTHHI. TakuMm obpas3oMm, Bec GyHKIuu f
paBeH 00, T.€. OHA HE SIBISIETCS O.-O. PYHKIIUEH.

-
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6) [TocTpous ueTwIpe spyca HOGOPMATUBHOIO AEPEBa 33 0aHHON yHK-
mun (puc. 4.3), HETPYOHO BLICKA3ATH MPEIIOIOXKEHIE, UTO BCE BEPIIIMHEI

&

Puc. 4.3

mepeBa pa3bUBAIOTCSI HA TPU KIIACCA SKBUBAJEHTHOCTU: MEPBBIN KJIacC
COmepXuUT TOJbKO BepiuHy 0, BTOpoir — Bepmuubl 1, 2, 4, 6, 10, 14 u
T.I., & TPEeTUN — BepiuHel 3, 5, 7, 8, 9, 11, 12, 13 u T. .

Bepiraam u3 BTOpPOro Kitacca COOTBETCTBYIOT OCTATOYHBIE (DYHK-
mun fo(z), fo7.(2¥) u f7.(Z¥), rme s > 1, a BepIIMHAM U3 TPETHErO
KJIACCA — OCTATOYHLIE DYHKIUN [,z (ac“’), rae o pasuo 0w 1, s > 1
u T # 1.

Yb6enumcss B 9KBUBAJIEHTHOCTY (DYHKIIAA, BXOMAIINX B OOUH U TOT XK€
KJTacC SKBUBajieHTHOCTHU. MMeem

FOz(D)z(2)...2@)...) = 0=(1) = 0)(z(2) = (z(1) — 0))...
(@) = @t —1) = .. = z(1)

i = 07(1) (F(1) VE(2))... (T(1)
FOT 2(D)z(2)... 2()..) =0T ... 171)(@

1= 1 1...1 :
(3mechb 0 mopz s > 1 cioBo yCTOe)

s—1
Orcrona 3aki0yaeM, 9TO KaxkOas U3 OCTATOUHBIX GyHKuuin fo(z*),

for:(z¥) m fr.(z¥), rme s>1, skBuBameHTHa Qyukumm g¢(z¥) =
=y()y(2)...y(t)..., tme yt)=Z(1)V...VE(Et—-1)VE({E), t=>1.
Haree,

floxyzo ... zsx()x(2)... z(t)...) =
=0Z1(T1 VT2) ... (T VT2V ...VTs_1)(T1 VT2V ... VTs) &
&(ZT1VTy...VEsVE(L))(T1 VT2 V... VEsVE(L) VT(2))...
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(TAVEV...VEVE(L)VER2) V... VI(t))... =

:Ofl(fl \/fg)...(fl V@V...\/@_l)ll...l...,

u60 Z° #1° (asmaunr, Ty VT V... VT, = 1).
Takum 06pasoM, fozs(z(1)z(2)...) =1¢. U3 Hammx paccMoTpeHui
BBITEKAET, YTO 3amaHHas GyHkuus f sBisercs o.-A. GyHKImen Beca 3.
B) HapucoBap nsTh NOJHBIX SIPYCOB M YACTUYHO IIECTON SPYC MHDOD-
MaTUBHOTO AEPEBA 3a0aHHON GyHKImu (puc. 4.4), IErko yBUNETH, HA KAKWE
KJIACCHI SKBUBAJIEHTHOCTH Pa30UBALTCS MHOXKECTBO BEPIIUH 3TOTO IEPEBA.

Bepmmaa 0 obpasyeT OnmH KIIacC SKBUBAJICHTHOCTH; BCE BEPIIWHHI,
MIPUHAIIEXKAIINE NEPEBY, PACTYINEMY W3 BEPIIUHBI 1, 06pa3y10T BTOPOU

Puc. 4.4

KJIACC DKBUBAJIECHTHOCTU; BEPIINHA, 2 BMECTE CO BCEMU BEPITMHAMU YET-
HOrO paHra nepeBa Dy, pacTylero u3 Hee (caMa BEpPIIUHA, 2 UMEET B
nmepeBe Dy paur 0), o6pasyer TpeTuil KiIacC SKBUBAJIEHTHOCTH; HAKOHEII,
BCE€ BEPINUHBLI HEUETHOTO PaHTa nepeBa [y 0Opal3yroT YeTBEPTHIN KJTacC
HKBUBAJIEHTHOCTMN.

CrnemoBaTenbHO, pACCMATPUBAEMAs HAMU ceidac QYHKIUSI €CTh O.-1I.
dyuknus Beca 4. Bce ee ocTaTouHble DYHKIIUM W3 YHIOMSHYTOTO BBIIIIE
BTOPOTO KJTACCA, SKBUBAJIEHTHLI QyHKInu g(T%) = 1¢. Ocrarounse byHK-
IIMY, COOTBETCTBYIOIINE BEPITUHAM YETHOTO paHra nepeBa g, KBUBa-
neutusl dyukmun o(z%) = y(1)y(2)... y(t)..., roe

y(t) = {0, ecam t HEYeTHOe,
1, ecnu t getHoe.

Hakowerr, ocTaTousbre GyHKINY, COOTBETCTBYIOINE BEPIIXHAM HEIETHOTO
paura nepesa Dy, skBuBasieHTHbI dysximn ¢ (2%) = y(1) y(2) ... y(t) ...,

rmoe
1
=147
y(t) {0)

ecnu 1 HeYeTHOoe,
ecyim ¢ 4eTHOeE.
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3. BrisBiieHMe cBolCTBa NOeTEPMUHUPOBAHHOCTH (PYyHKIINN.
OKBUBAJIEHTHOCTH IeTEPMUHNPOBAHHLIX QyHKIN. OcTaTOUHbIE

dyHKIININ.

1.1. ycrs f(z(1 ) (2)...2(t)...)=y(Dy(2) ... y(t)... — dbysk-
IS 13 MHOXECTBA P ! BELICHUTS, SBISETCS M OHA NeTEPMUHAPOBAH-
HOM, KOTa:

Dy(l)=2z(1)n yt) =2(1) @ z(2)®... ®z(t) nmpu t > 2;
2)yt) =z(1)vz(2)V...Vz(t)Va(t+1) mpu t > 1;
3) y(t) = x(1)- z(2)-. ( )-z(t+2) = (1) mpu ¢ >1;
4) y(t) = z([logy t] + 1) mpu t > 1
5) y(t) = z(\/[3/(21)]) mpu ¢>1
6)y(1)=y(2)=1 un yt) =221 —t) opu t>3
7) y(t) = z([3t/4] + [V]) mpu ¢ > 1;
8)y(l)=1 u y(t) =z(2+ z(t)) mpu ¢ > 2
9)y(1) =y(2) =0 u y(t) =22 +z(t)) mpu t>3;
10)y(1)=1 n y(t) =z(2+y(t—1)) opu t>2;
1) y(t) = {(1), SC;?O;Y:;;?&]ZGT Takoe 1enoe [ > 0, uro t = 2’;
o= {3 41
£(20t — t* — 90), ecimm 7 <t < 13,
13) y(t) = {0 B MHOM CIIy4ae;
RECEErivp

y 1,1
1.2. BBIACHUTD, ABIAETCA JM NETEPMUHUPOBAHHON Qynkuus f us Py,
3aJaHHAS CIEAYIOIINM ONUCAHUEM:
~0 0“, ecm ¥ =0Y,
1) f(z) =14 7.
1% B mwHOM Cityuae;

~

~ 1%, ecim ¥ = 0%,
2) f@¥) =1 _
Z(1)Z(2)...Z(t)... B UHOM CiIyuae
(3mecy T(1)Z(2)...ZT(t)... — BLIXOOHAS TOCJIENOBATEIBLHOCTh, COOT-

BETCTBYIOIIass BXOOHOM nocnenoBaTenbHocTu % = x(1)z(2)...2(t)...);
~ 1%, ecim ¥ = 0%,
3) f(z¥) = — - -
z(1)Z(2)z(3)Z(4) ... x(2s — 1)T(2s) ... B UHOM Cirydae
(smecy z(1)Z(2)z(3)T(4)...x(2s — 1)T(2s)... — BLIXOmHAS MOCIENO-
BATEIHHOCTb, COOTBeTCTBy'IOH_Iaﬂ BXOINHOM IOCJIENOBATEILHOCTH I¥ =

— 2(D)z(2) ... (0. ..);
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4) f(¥) =y()y(2)...y@)..., rne
() = z(t), ecmu t — MPOCTOE YUCIIO,
Y 0 B MHOM CiTyuae;

. 1%, ecau HAROETCS YUCIO ¢ TAKOE, ITO Z z(t) < ¢,
5) f(@¥) =9 t>1

0% B MHOM ClIydYae;

(1%, ecnum HOCIIENOBATEIBLHOCTE I “ TAKOBA, YTO

¢ t
6) f(z¥) = < Zx(Ql—l)éZa:(Zl) nnsa Beex t=1,2, ...
=1

=1

0¥ B umHOM ciyuae;

7) f(Z¥)=y(1)y(2)...y(t)..., rme

[(t+1)/2] [t/2]
1, ec (2l —1) < x(20),
y(t) = Jin lz:; ( ) lz:; (2)

0 B mHOM ciTydJae;

8) f(z¥) =y()y(2)...y(t)..., rne
[t/2]+1 [t/2]+1

1, ecmm (21 — 1) x(
1) = R T
0 B MHOM ClIyUae;

(2%, ecnau MOCHemoBaTEILHOCTE I TAKOBA, UTO

9) f(¥) = { > (i) >t/2 nnascex t=1,2, ...

L 0¥ B mHOM cityuae;
10) f(z¥) =y(1)y(2)...y(t)..., rme

. t
y(t) = 1, ecmu le(z) > 3’
0 B MHOM CIIyUae;
11) f(z¥) =y(1)y(2)...y(t)..., rme

1, ecnm ac 1+ 1
y(t) = Z

0 B mHOM cnyqae,
y(Dy(2)...y(t)..., roe
(1), ecom t =1,

y(t) =< T(t) dy(t — 1), ecnu t — meuerHoe yucio u ¢ > 1,
z(t — 1), ecnu t — YeTHOE YUCIIO;

l\.')|ao~

p—d
(N
N—r’
~
Sk
&
S—
I

8|
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13) f(z¥)=y(1)y(2)...y(t)..., rme y(t) ompememnsieTrcs U3 COOTHO-
mennit y(20) =x(20—1) m y(21—-1) =220 -1)Vvy2l), 1=1,2,...;

14) f(z¥) =y(1)y(2)...y(t)..., rme y(t) ects (t + 1)-a mudpa mocse
3am9TON B IBOMYHOM PasiioxkeHun uucia (t)/3;

15) f(z¥) =y(1)y(2)...y(t) ..., rme y(t) ectv (3t + 2)-a uudpa moc-
JIe 3aIsTOU B MBOMYHOM pasiioxenun yucia z(t + 1)/7;

16) f(z¥) =y(1)y(2)...y(t)..., rme y(t) ects 2T'-g nudpa mocse
3aISTON B OBOMYHOM pasioxenun uncia (2z(t + 1) +1)/15.

1.3. Uepes D 6ynem 00603HAUYATH 3€CH TONMHOXKECTBO BCEX TAKIX CJIOB
u3 MuOX)ecTBa {0, 1}¥, B KOTOPBIX HE BCTPEUAIOTCS 1B EMUHUIILI TIOMPSII.
BBISICHUTD, MOXKHO JI IOONIPERETnTb GYHKIUO f 0 e TEPMUHUPOBAHHOIA,
U eciiu JOONpENeSieHre BO3MOXKHO, YKa3aTh, KaKyO-Iub0 (DYHKIUIO, SB-
JISIFOIITYFOCSL oompeneienneM QyHkiun f:

1) f(¥) =0% mpu F¥ € D;

2) f(z¥)=2(1)z(2)... z(t)... mpm z“ € D;

3) f(z¥) =0z% mpu z¥ € D;

4) dyuknuss f ompemeseHa TOJIBKO HA ONHOM CJIOBE I =
= 11010010001 ... (r.e. =zo(t)=1 mmmwmb mus t=1i(i—1)/2+1,
1=1,2,...)un f(z§)=ys = 1010010001... (T.e. yo(t) =1 nuue opu
t= (g) i=2.3,...):

5) dyukIua f ompemeneHa TOIBLKO HA ABYX CIIOBAX: 0% u [01]“, mpu-
sem f(04) =1 = f([01)*) = 1[10]*;

0%, ecm ¥ € D,

6) 1) = {1

, ecomm ¥ =1%;

I
0
0
0
- Z()Z(2)...T(t)..., ecmm ¥ € D,
1 W) = 2
0) 7&%) { O[1]“, ecnm z¥ =1%.

1.4. B nepese, coorBercrBymomeM ¢GyHkmuum [ u3 P2 ’n, M3MEHEHa,

MeTKa Ha pebpe [-ro sSpyca, IPUHALIIEKAIIEM eIN, OTBEYAOIICH BXOTHOM
nocnenoBarensaoctr 0. Haittu Bec r(f) dyukuuu f m Bec r(g) BHOBB
TIOJTY Y€HHOMN (byHKuI/II/I g, eclu:

1) f(z )—Ow’l_g 2) f(z¥)=z%, | =4,

3) f(2¥) =00[01]*, I =2 4) f@®) =0zv, I=1;

5) f(z¥) =y(1)y(2 ) y(t ) , rie y(t) ectsb t-s udpa moce 3ars-
TOU B JBOUYIHOM paBJIO}KeHI/II/I qmcna 2/3, 1 =3;

8 I'.II. I'aBpusio, A. A. CanoxeHkKo
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6) f(zY)=y(D)y(2)...y(t)..., rme y(t) ecTb t-s1 mudpa mocse 3arsi-
TOM B IBOMYHOM DAa3JIOXKeHWH ducia 1/ V2, 1=1;

7) f(z¥) =y()y(2)...y(t)..., rme

0, ecim t =1
t)=1<" ’ [ =1;
y(t) {y(t— 1) @ z(t), ecmm t > 2, ’

8) f(2¥) =y(V)y(2)...y(t)..., rne

0, eciu t =1
pu— ? ? pu— 1.
y(®) {x(t) a(t—1), ecm t>2, U

9) f(@°) =y(L)y(2)...y(t)..., rne
y(t):{l’ GCJ'II/I_t—l, I—o
z(t) > gt —1), ecnm t > 2,

1.5. 1) Ilokasars, 4TO eciiu U3MEHUTH METKY Ha KAKOM-nOO pebpe,
IPUHAMIIEKAIIEM j-My SPYCy OepeBa, COOTBETCTBYIOIIEro GyHKIuu f €
€ P5 on, TO Bec r(g) BHOBB IOy I€HHON (DYHKINN ¢ yOOBIETBODPSIET HEPA-
sencTsy |r(f) —r(g)| < J.

2) Kak Moxer m3MeHHTHCS BeC O.-4. yHKImU f € P on, €ciu B CO-
OTBETCTBYIOIIIEM €l IepeBe U3MEHUTHL METKI Ha OBYX pe6pax j-ro spyca?

1.6. BeisacHuTh, SKBUBAJIEHTHEL JIu O. QyHKnuu fi1 u fo, ecim:

1) fi(zY)=2(1)x2(2)Z(3) z(4) T(5) ... z(25)T(2s + 1) ... (T.e. BXON-
Has mocienoBaTeabHocTh T¥ = x(1)x(2)... z(t) ... «mepepabaTniBaeT-
CsI» B BBIXOMHYIO mociaenoBaTenbHOCTh (1) 2(2) T(3) ..., BLIOUCAHHYIO B
IAHHOM COOTHOIIIEHUU CIPABA),

L(z?) =y()y@2)...y@)...,

z(t) mpu t=1, 2,
y(t) = - .
z(t—1) @z(t) 0yt —1) mpu t > 3;
2) fi(@¥) = 02(1) 02(2) 0x(3) ...0x(t) ... (T.e. BXOmHAS TOCIIENOBA~
renbHOCTDL % = x(1) 2(2) ... z(t) ... «nepepabaTHIBAETCI> B BHIXOLHYO

)
nocnenoBarenbHocThb 02(1) 02(2) 02(3) . . ., BLIMMCAHHYIO B HAHHOM COOT-
HOIIIEHUU CIIPABA),

rme

L(z¥) =y y@)...y@)...,

TAe 0 mpm t =1,
KO = Lo o0t 1) mn €3 2
3) 1(@¥) = 2(1) (2(D) &=z(2)... (¢(1) &z(2) & ... &x(t)... (1.e
B MOMEHT BpeMeHu ¢ > 2 «Bwixom» pasen z(1)&z(2)& ... &x(t)
amnpu t =1 ou pasen (1)),

fL(z?) =y()y@2)...y@)...,

)

re ‘
t
0, ecnu x(t) < =,

1 B maOM Cityuae;
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4) [1(@¥) = z(1) (2(2) = 2(1))(z(3) = 2(2)) ... (z(t) = 2(t - 1))..
(T.e. mpu t =1 «Bbxom» paBeH z(l), a mpu ¢t > 2 OH paBeH ac(t) —
— z(t — 1)),

fo(z%) =y y(2)...y@)..

HHe z(t), ecmm t =1,
y(t) = {T(t), ecim t>2 u z(t—1) =0,
1 B OCTaAJBHBLIX CIIyYasdXx;
5) fi(z¥) = 1(z(2) = (1)) (2(3) = z(1)- (2)) ... (z(t) —
—z(1)-z(2)-...-z(t=1))...
(T.e. mpu t=1 «BeIXOm» paBen 1, a mpu t>2 oH paBen z(t) —
—z(1)-z(2)-...-z(t — 1)),

fo(z?) =y()y(2)...y)...,

rue
() = Z(t), ecmm t > 2 u Haimercs takoe s < t, uro z(s) =0,
Y71 B ocranbuix CITY UasX;

6) f1(z¥) = (1) 1:13(3) 12(5)1...17(2s — 1)1... (r.e. BxOmHAS TO-
crenoBaTeabHOCTE % = (1) 2(2) ... «mepepabaThIBAETCSA> B BEIXOMHYIO
nocnenoBaTenbHoCTh Z(1) 1Z(3) 1Z(5) . . ., yKa3aHHYIO B MaHHOM COOTHO-
IIIEHUN CIIPABA,),

@) =yM)y2)...y@)...,
FHe (1) = Z(t) mpum t =1,
PO T\ e@t+1)/2 - D) @yt —1) npa t > 2;
7) [EY) =yD)y(2)...y@). .., rme

Y
_ |1 mpm ¢t =1,
y(t) = { —)®x(t) y(t—1)) opa t > 2,
1)(@(3) = (2(2) — z(1)))(x(4) —

= (2(2) = 2(1))) ... (z(t) = (2(2) > z(1)))...
(T.e. mpu t =1 «BBIXOOD» coBnamaer ¢ 1, mpu ¢t =2 — ¢ z(2) = Z(1), a
npu t >3 —c z(t) = (2(2) —» z(1)));

8) fi(z“) =y(1)y(2)...y()..., rme
_ fz(t) mpu t=1,
=200 2 ot~ 1) > 00 ot — 1) o ¢32
f2(z%) = =(1) [1]¥;
=y(Dy(2)...y(t)..., rme
{:I:(t) mpu t =1,
z(t) = (z(t)-yt—1) - x2(t—1)) npu t > 2,
f2(z2%) = 2(1)1(2(3) = 2(2))(z(4) = 2(3))...(z(t) = z(t —1))..

(T.e. mpu t =1 «BeIXOm> comamaer ¢ z(l), mpu t=2 — c 1, a
npu t >3 —c x(t) - z(t —1));

8*

fo(z¢)=1(z(2) > =

9) fr(z*)

y(t) =
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10) f1(z¥) = 01(z(2) — =(1)(=zB) = z(Q2))... (=
1))... (r.e. mpu t =1 «BeIXOm» coBmamaer ¢ 0, mpu ¢ =
npu t >3 —c z(t) = Z(t — 1)),

fL(z%) =y()y@2)...y@)...,

) — T(t —
2 —c

roe
0 mpu t =1,
y(t) =<1 npu t =2,
zt—Dy(t—1) = (z(t—2) > Z(t—1)) upu t > 3.

1.7. BeracHUTE, 5KBUBAJICHTHEI JIM OCTATOUHBIC GYHKINM fz: U fz; I
byukuun f € Pl’1 (3mecw Beromy f(z¥) =y¥ =y(1)y(2)...y(t)...):

z(t) mpu t=1,2,3
1 =
) y(t) {f(t) npu ¢ > 4:
a)T? =11, 3 =00101; 6) z3 =010, 75 = 1001;
z(t) mpu t=1,2,3
2 =
) y(t) {x(t—l) npu ¢t >4
a) 72 =10, 33 =011; 6)F3 =111, #3 = 00101
B) 74 — 0101, 74 = 1000;
_ [Z(t) mpm t meueTHOM,
3) y(t) = {:Iz(t) npu ¢ YeTHOM:
a) 72 =00, 78 =100101; 6) 73 =101, #3 = 110;
B) 74 = 0101, #3 = 11111;
0 mpu t=1,
Hyt) = { (t—l)EBx() npu t > 2
a) 72 =00, 73 =110; 6)F%=0110, 74 = 0101;
B) 72 = 11111, #§ = 001001;
1 mpu ¢t =1, 2,
s v ={ | ™

y(t—2)@y(t—1) opu t > 3:
=10, 23 =010; 6)2:=1110, 71 = 1011101;
110, % = 00101;
O npu ¢t =1
6) y(t) = { p—)yt—l) npu t > 2
F3 =011, 3% =1111; 6) & = 01111, 73 = 00111;
B) #0100, 79 = 111010;

0 mpu t = (;) i=2,3,....

(¢
1 B ocTanbHBIX ClIy4asix:

a) #3 =101, #3=110; 6) % =0101, &3 = 11011;

-3
~—
N

~

1, a
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8) y(t) ecTn t-s1 umdpa mocIe 3amATON B NBOMYHOM DA3IIOKEHUN IKC-
na 9/20:

a) 31 =0, #$=001110; 6) 73 =101, % = 1001011;
B) 74 = 1101, 3 = 00100;
9) y(t) ecThb t-s1 undpa MOCHE 3aIATON B MBOMUYHOM PA3IIOKEHUN UUC-
na 23/28:
a) 3l =1, 34 =0110; 6)%2 =10, #3 = 00110;
B) 73 =110, 73 = 111101111;

.-lM—H—t

z(t), ecm z(1) 4+ z(2)+ ...+ x(t) < t/2,
10)y(t):{1() (). (2) () <t/
B MHOM CJIyYae:
yz2 =10, 25 =0011; 6) 23 =111, T35 =01111;
T1=1101, 73 = 10010;

0, ecim z(1) +2(2) +...+z([(t +1)/2]) < /3,

a

B)

11) y(t) =
) y(®) 1 B uHOM Ciyuae:

a)

72 =10, 74 =0110; 6)#3 =110, #3 = 001;
B) 7 ¢ = 100101, z§ = 010101;
1, ecm t =1
12) y(t) = i ecin t > 2 u Zl—x -1 < t-x(t),

z(t) = z(t — 1) B uHOM CJIyLIae.
a) 72 =01, 72 =11; 6) 73 =101, 7% = 0011;
B) 76 = 011101, #$ = 000111;
1, ecm t=1
13) y(t) = wmecon t>2 m t-xz(t) > 1+ Z(l — (7)) -4

0 B mwHOM ciyuae:
a) T3 =011, 3 =101; 6) 2 =11, 25 = 0101;
B) 72 = 11001, z3 = 10110.

1.8. oxaszars, uro . dyuxius fi; (fi € Pa ) He ABISETCSI OCTATOU-
HOWt dyHKumenr n. dyukuuu fo € Po 5 (3mech, Kak OOBIYHO, CINTAECM, ITO
fo =(f)o(w“)’) =y* =y(y2)...y(t) n fr = fi(@¥) =y~ =y(Dy(2)...
Lylt) L)
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y(1) = z(1),
£ L) =) = 02,
y(t) = (z(t —1) = z(t - 2)- z(t))- (y(t - 2) =
—x(t—2)x(t —1)-z(t)), t > 3;
7) fo: y(t) ecTs t-s mudpa moce 3aIATON B OBOUYHOM DPA3IIOKEHUN
qucsa 2/3,
fi: y(t) ecTtb t-1 mumdpa mocie 3amATOA B ABOMYHOM PA3JIOKEHUU
uucia 1/3;
8) fo: y(t) ecTs t-s mudpa MmOCIE 3aMATON B ABOUYHOM PA3IIOKEHUU
qucia, 7/60,

fi: y(t) ectb t-a mmdpa mocie 3amATOA B ABOMYHOM PA3IJIOKEHUU
quciaa 13/15.

4. BoisiBiieHue cBolicTBa OTPAaHNYEHHON e TEPMUHUPOBAHHOC-
™ pyHknuu. [lopox neHHble 1 aBTOHOMHBIEe dyHKIINN. CTpoeHUe
KJIACCOB HYKBUBAJIEHTHOCTU. MOIITHOCTN HEKOTOPBLIX MHOXKECTB
oTOoOpakKeHu.

1.10. Beracuuts, asngercs mu dyskuus f € P 5 0.-O. QyHKIUEH, 1
HAUTU €€ BeC:

1 opum t =1, 0 mpu t =1,
1 2 =
) y(t) = {(t 1) mpum t>2 ) y(®) {az(t) npu t > 2;
z(1) mpu t =1, z(l) ompu t =1,
o) by = [TV 15
g(t—1) opu t > 2; 0 mpu t > 2;
_ [x(1) Hpmt_l
|yt —1) = z(t) opm t > 2;
|1 mpm t=1, 2,
" \z(t—2) opum t > 3;
_ [z(1) HpI/I t—l
lz() e ...®z(t) mpu t > 2;
_ Onpnt—l
B [t Vi — ] npu t > 2;
_ [=z(1) HpI/It—12
| z(1) x( -x(t —1) mpm t > 3;
(

= (2] —1/2 +1), t2 1

t
(t), ecnmu t — HEUETHOE YUCIIO,
)

T
Z(t), ecium t — YETHOE YUCIIO;

ecnu t — HeEYeTHOe Umcio u t > 3,

{
{x(l ecm t =1,

(t/2) — y(t/2), ecnm t — ueTHOE UKCIIO;
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13) y(t) = 0, ecnu t — HEYETHOE YHUCIIO,

v = z(t/2+ 1), ecmum t — UeTHOE YUCIIO;

1 opu t=1, 2,

y(t—2)®x(t—1) npu t > 3;

0, ecnu t =1,

15) y(t) = < z(t) ® y(t — 2), ecam t — HeyeTHOE UMCHO U t > 3,
z(t — 1), ecnu t — YeTHOE YUCIIO;
1 mpu t=1

1 t) = ’

0090 = {1 @3 5 60 mom ¢ 5 %
0, ecm t=1,2,...,1

17 t — Y Y Y Y Y

) y(®) {y(t—l), ecim t>1+1, 1>1;

18) y(t) ectw t-1 mudpa MOCIE 3aAMATON B ABOMYHOM PA3IIOKEHUU
qucia 7/15;

19) y(t) ects t-1 mumdpa mOCTe 3aMATON B ABOMYHOM PA3IIOKEHUN
qucia 11/24;

14) y(0) = {

(y1(1) =0,
1,2 ) y2(1) =1,
20) FE€Pan 1 £ ity = ot - 1), £ 32
Ly2(t) =t = 1), t > 2;
'ylglg - x121§- 332(1(),)
2,2 ) y2(1) = 21 (1) Vaa(1),
20) £ € Py W f1Q 0 () = wy(6)V 2o (t) V galt — 1), £ 2,
Ly2(t) = 21(2)- 22(t)- w2t — 1), t > 2.

1.11. HyCTb fl(xl,xg,.. ) f ($1,$2,...,3}n), RPN fm(:zzl,:r;g,
.+, Tp) — OYHKIUN BAOA Ek X Ek X..XE,—E,rne k>2mul>2.

n pa3

OHepaTOp (pflaf27"'7fm s P’:;},:TIL[ (T'e' (pf17f27"'7f”m = (Ei’/](:u7 Tt ﬁﬁ) =
= (¥, 95, ..., ¥¥)) HazweBaeTcs onepamopom (wnum Pywryued), no-
poxcdennvim  (nopoxcdennott) Pynwkyuamu fi1, fo, ..., fm, ecom mis

BCIKOTO ¢ > 1
yi(t) = fi(z1(t), 22(t), ..., 2u(?), i=1,2,...,m.

BeracHuTb, gBUISeTCS u nOpoxaeHHON ¢yukmusa f € P 5, ecnn:

1) =1,
1)f€P217’I1[ u f{y ):x

(
(
1,1 y(l):O,
2) J € Pyl “f{y(t)zx(t—l)%y(t—n,tzz;
11 y(t) = xz(t), ecimt =2s — 1, s > 1,
3)fehy nf {y(t):f@)—)x(t—l)-x(t), ccmnt =25, 5> 1;
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11 fy() =7
Viehy n [ {yu) =a(t-1)@a(t) @yt —1), t>2;
5) f(z¥) =1(z(1) - 2(2) = x(2)) ... (z(1)- z(z) = x(2))... (T.e. upm
t =1 «soixom» coBmamaer ¢ 1, a mpu ¢t >2 — ¢ x(1)-z(t) — z(t));
6) f(z¥)=y(1)y(2)...y(t)..., rme y(t) ecTdb t-s mudpa mocme 3amsi-
TOIl B JBOMYIHOM Da3jioxkeHnu uncia 1/7;

7 f@Y)=y(D)y(2)...y(t)..., rme y(t) ecTsb t-s1 nubpa mocie 3ars-
TOI B IBOMYHOM Da3IoXKeHUn uucia 1/5;

S

8) fEleﬁ u f: 4

(
yi(t) =yt —1) >t —-1), t 22
(y2(t) =z(t) = y2(t — 1), ¢ > 2;
(y1(1) = z(1),
9) feP? m f: )=t —1) =yt —1) > 2), t =2
L y2(t) = x(t), t 21,
y1(1) = y2(1) ==(1),
10) fePyy m fr Q) =mnlt-Dox), t>2
y2(t) = y2(t — 1) = y1(t — 1), ¢ > 2
y(t) = x1(t) > z=2(t), ecmm t=2s—1, s > 1,
].].) f € P22,’I1l n f: y(t) = :z:l(t)- T2 t) EB:):l(t) SY 1,

ecnu t = 2s, s > 1.

1.12. U3 onpenenenus MOpOXMAEHHON (GYHKIMKM (CM. MPEOBIIYIILYIO
3a1a4y) CIeflyeT, 4TO BeC MOpPOXIeHHOU dyHkiuu pased 1. JlokasaTb,
YTO CIPABENJINBO 1 00paTHOe yTBepxkaeHue: ecnu f € Py p 5 u Bec QyHK-
uu f pased 1, To cymecTByeT pyukius @: A — B, mopoxnaroras GyHK-
mmo f, T.e. f(z¥) =y* =y(1)y(2)... y(@)..., roe y(t) = ¢(z(t)) opn
BesakoM t > 1, z(t) € Au y(t) € B.

1.13. 1) Oyuknua f us P> , omnpenensercs ciaenyommuM 00pasoM:
~w — w
z¥)=1(0...01 rae | — mpom3BONIbLHOE (GUKCUPOBAHHOE IIEJI0€ YMC-
fze) =] 1“, p ukcup
l
710, HEe MeHbInee 1. IlokaszaTb, 4TO:
a) y ¢yuknum [ Bec KaXIOil OCTATOYHON (GyHKImu paseH [+ 1;
6) KAXIOBIA KIIACC SKBUBAJEHTHOCTU OCTATOUYHBIX (QYHKINNA yV (DYyHK-
1y f SBJISIETCS CYETHO-OECKOHEUHBIM MHOXECTBOM.

2) llycty f(z¥) € Poy m f(z¥)=0...0[1]*, rmne | — npowussois-
l
HOe (DUMKCHPOBAHHOE IIeJI0e UmMCiI0, He MeHbIee 1. [oka3aThk, 4TO:
a) IJIS KaXKIOro 7, yIOBIETBOPsIOIIEro HepasencTBaMm 1 < r <1+ 1,
y ¢yukimuu f cymecrByer B TouHocTu 27Tl ocTaToumbIX yHKIMIT
BECA, T}
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6) dyukuust f uMeeT TOJIBLKO ONUH GECKOHEUHBIN KIIACC SKBUBAJICHT-
HOCTU OCTATOUYHBIX QYHKIIUN U €T0 3JIEMEHTHI — HNOPOXKOEHHbIE (QYHKIIUNA.

3) llycte f(z¥) € Poy m f(2¥) =y(1)y(2)...y(t)..., rme

(t) = 0, ecmu 1 <t <,
Y=\ 2()- 2(2)- ... - x(t), ecnm t>141,

1 | — mpousBOIbHOE GUKCHPOBAHHOE IIEJI0e YKCIIO, He MeHbInee 1. Iloka-
3aThb, 4TO:

a) IJIs KaXIOro 7, yIOBIETBOPAIOIIErO HepaBeHcTBaM 3 < 1 <[+ 2,
y Gyukiun f CyIIecTByeT JWIIL OOHA OCTATOYHAsS (QYHKIUS BECca T;

6) dyukuust f mMeeT POBHO IBa OECKOHEUHBIX KJIACCA SKBUBAJICHT-
HOCTHA OCTATOYHBLIX QYHKIIAN, TPUYEM DJIEMEHTHI OMHOTO W3 HUX SIBJIIS-
I0OTCS MOPOXMEHHBLIMU (DYHKIUAMU, a OPYroro — QYHKIUIMHE Beca 2.

4) B samaue 3) wm3MeHHM TOJBKO OmHO ycioBme: ecnu 1 <t <,
to y(t) = 1. O60o3nauum HOBYIO pyHKIMIO uepes fi. IlokasaTs, 4To:

a) y dyHKuuu f; B TOYHOCTU NBA OGECKOHEUHBIX KIIACCA SKBUBAJICHT-
HOCTH OCTATOUYHBLIX (DYHKIUN, W 3JEMEHTHI ONHOTO W3 HUX SBIISIOTCS
GYHKIUSIMEU Beca 2, a APYroro — MOPOXIECHHLIMY QYHKITUSIMU;

6) oCcTaJIbHBIE KIIACCHI 9KBUBAJIIEHTHOCTY OCTATOYHBIX QYHKIUN (Y HK-
I f; KOHEeUHBIe, 1 Ipu | > 2 cpemu HUX POBHO [ + 1 OMHOBIEMEHTHBIX
KJIACCOB;

B) Bec yukiuu f; paBen 2/ + 1.

5) @yukuus f us Ps , OnpenenseTcs CIeLy M 06pa3oM:

0...0[1)%, ecmm z“ =0...0z(l+1)z(l +2)...,

N
f(@®) = 1 !
0“ B mHOM cityuae,
[ — mpousBoIbHOE GUKCUPOBAHHOE IEJIoe Umuciio, He MeHblee 1. Iloka-
3aThb, 4TO:

a) dyHkiusa f uMeeT POBHO NBa OECKOHEUHBLIX KITACCA, S9KBUBAJIIEHTHOC-
TU OCTATOYHBIX DYHKITUNA, M 3JIEMEHTHI KaXI0TO U3 HUX — MOPOXKIEHHBIE
byukUNT;

6) ocTaJibHBbIE KJIACCHI YKBUBAJIEHTHOCTH y GYHKIUU f OXHOBIIEMEHT-
HBIE;

B) IJIA KaXIOrO 7, YOOBIIETBOPAIOIIErO HepaBeHCTBaM 3 < 7 < [ + 2,
y GyHKIuUu f CymecTByeT eOuWHCTBEHHAsI OCTATOUYHAsS DYHKIUS BECa T.

1.14. BeracauTs, CKOIbKO y dyHKIUN f € P5 ; KOHEUHBIX U CKOJIBKO
OECKOHEUHBIX KJIACCOB SKBUBAJIEHTHOCTU OCTATOUYHBIX (QYHKIIUHN, BBITIN-
caTh SIBHO (B KakKOW-nmbo dhopme) Bce OCTATOUHBIE GYHKIMU (IO OMHOM
U3 KaXIOTO KJIACCA DKBUBAJIEHTHOCTH) U HANTHU UX BECA:

y(1) =0,
1) f: {y(t) =z()@z(t)®1, t>2;
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y(1) ==(1), y(1) = z(1),
4)f:{y<t>=y<t—1>,t>2; 5)f‘{

6) f(z*) = [010]*;
([01]Y, ecmu Z¥ =0¢,

(01 1z(20 + 2) (20 + 3) ..., ecmm T =
=021z(20+2)x(2A+3)... mwl>1,

<
01220 + 1) 220+ 2) ..., ecom ¥ =
=0 1z + Dz +2)... mwil>1,

% B MHOM CIIydYae;

1.15. Oyuxiusa f u3 P4 p n HA3LIBAETCS aA6MOHOMHOU (AIH KOMC-
manwmot, un Pyuryueti 6e3 6viroda), eCiii OHA MPUHUMAET MOCTOSHHOE
3Hauenue (Ha MHOXecTBe AY), T.e. ecium Ha JIOOOM BXOTHOM CJIO-
Be % € AY dyukuusa f paBHA ONHOMY U TOMY Xe€ (BBIXOZHOMY) CIIO-
By u3 B“.

BBIICHUTD, SIBIIIE€TCS U aBTOHOMHOHN GyHKumsa f € Ps 5, n eciu OHa
aBTOHOMHA, TO HAUTHU €€ BEC:

D) fePy u f {ZEQZS@_U, t>2;
2) fEP, m f:{y(l):;

3)f€P217’I1[ u f:ry(t)==z(1)-...
ecmu t=3s—2, s > 1,

) fePyyu f:Qy) =7t —1) > x(t—1)- z(t),
eciu t=3s—1, s > 1,

y(t) =yt —2)@dy(t—1), ecnmm t =3s, s > 1;

11 y(1) =0,
5) feP, u f: {y(t) =7Z(2) = (z(1) > Z(t)), t > 2;

y(t) =1, ecrm t =2 (1=0,1,2,...),

6) fePy, u fiyt) =y ®y2) @ ...yt —1)
B MHOM ClIyYae;
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y(t) =0, ecmm il +1 <t <+ 1),
7V fEPy,; u f: i=0,2,4,...,2m, ...,
y(t) =y(t — 1+ 1) B uHOM Cityuae
(3mech | — mpOM3BOIBHOE GUKCUPOBAHHOE YKCIIO, HE MEHbIIee 2);

(y1(1) =1,
y2(1) =0,

t) =z(t) = (y2(t — 1) =7, (t = 1)), t > 2,
Ly2(t) =91t — 1) = y2(t — D)a(t), t > 2;

8) fEleﬁ u f:

y2(t) =
yl(l) - 17
1,2 y2(1) =0,
W) FEPm 1 F 3 y)) =it — 1), 32,
y2(t) =yt —1) > y1(t —1)- 2t —1), t=>2.

1.16. 1) Hokaszats, uTo ecnu f — 0.-m. QyHKIWMI u3 P4 g, TO s
BCAKOTO KBasuIepuompmueckoro ciosa ¥ (u3 A“) cmoBo f(z%) Takxke
KBA3UIIEPUOMNIECKOE.

2) YrBepxmenue, o6paTHoe K CHOPMYIUPOBAHHOMY B 1), HEBEPHO.
[Tokaxure 50, MCHONBL3yst crenyiorntyo dyukuuio f(2¢) = y(1)y(2)..

. y(t) ... U3 MHOXeCTBA le,’zll
y(t) =z (1)- 272(2)- ... - 27t (1),

roe t > 1,
g o Z(i), ecnm o; =0,
O Z(1), ecnmm o; =1,
1 0103 ...0; — npedpukc mmmeab ¢ coBa 0101101110. .., B koTOopom HyInH
CTOAT TOIBKO HA MECTaX C HOMEpPaMH (%), 7=2,3,4,5, ... (Hpy-

rumu cioBamu, ¢Gyukius f(Z“) TakoBa, UTO B PEANU3YIOIIEM €€ Iepe-
BE CHMBOJI 1 IpuWmmcaH TOIBKO OyraM, KOTOPBIE NPUHAMIJIEXAT OPUEH-
TUPOBAHHOM IE€NM, UCXOOIIIEN M3 KOPHS U COOTBETCTBYIOIIEN BXOIHO-
My cqioBy 010110111011110...; ocTajmbHbIM myraM mepeBa npunucas 0.)

1.17. 1) llycte D 4 p — HarpyxenHoe nepeBo Beca r > 1. IlokasarTs,
9ITO MJIS KAaXKIOOW €r0 BEPHIMHBI HAWUOETCS SKBUBAJIEHTHAS €U BEPIIUHA,
paHra He BhIe r — 1.
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2) Ilycty r > 2. llokasars, uTo B 3anade 1) 3ameruts r — 1 HA 7 — 2,
BOOOIIIE TOBOPS, HEIIB34.

1.18. Ilycts BCe BeplIMHBLI HarpyxeHHoOro nepeBa D4 p pa3OUTHI
OOBIYHBIM 00pa30M Ha KIIACCHI SKBUBaJIEHTHOCTH. [l0Ka3aTh, 4TO, KAKOB
Obl HE OBLI KJIACC 3KBUBAJICHTHOCTU nOepeBa D4 p, B HEM CyLIECTBYET
Takasd BEPIINHA ¥, YTO B OPUEHTUPOBAHHOU IIENU, UCXOMSAIIEN U3 KOPHSI
IepeBa M OKAHUYMBAIOLICNCS B BEPIIMHE VU, BCE BEPIIUHBI IIONAPHO HE
SKBUBAJIEHTHHIL.

1.19. HaiiTu MOIIIHOCTH CHEmYIOITNX MHOXKECTB:

1) muHOXECTBO BCex oTobpaxkenmit suna f: {0, 1} — {0, 1}¥, saBucs-
WX OT (OUKCUPOBAHHON) MEPEMEHHON I1;

2) MHOXECTBO BCEX ONHOMECTHBIX m. ¢yukumit Buma f: {0, 1}¥ —
— {0, 1}¥, sapucsiux oT (OUKCUPOBAHHON) IEPEMEHHON I{’;

3) MHOXECTBO BCEX ONHOMECTHBHIX O.-I. dyukrmit Buma f: {0, 1}¥ —
— {0, 1}¥, saBucsinux OT IEpeMEeHHON T{’;

4) MHOXKECTBO BCEX ABTOHOMHBIX byHKImit (cM. 3anaqy 1.15), mpuna-
1,1 s
TIeXKAITNX MHOXECTBY P, U 3aBUCAIIMX OT IEePEMEHHOH T1;

5) MHOXECTBO BCEX MOPOXMEHHBIX H. dyHkuuit (cMm. 3amagy 1.11),

1
MIPUHAIIIEXKAIINX MHOXKECTBY Pzn > roe n = 1, v 3aBUCAIIUX OT TEPEMEH-

HBIX T{,T8,...Z2;

. 1,1 L~
6) MHOXeCTBO Bcex dyHKuuA u3 P’ , 3aBUCAIINX OT HEePEeMeHHOH T{’

¥ YIOBIETBOPSIONINX CJIEAYIOIIEMY YCIOBUIO: B COOTBETCTBYIOIIAX WM

NEPEBbAX, HAUUHASL C [-TO sgpyca, CTOAT TOJLKO Hyiu (3mech [ > 1 m

OUKCUPOBAHO);

. 1,1 .~
7) MHOXeCTBO BCceX GyHKIWN u3 Py, 3aBUCAIINX OT IHEePEeMEeHHOH 1’
I TAKUX, YTO B COOTBETCTBYIOIINX UM OEPEBbIX €OUHUILI MOT'YT CTOSATH
TOJIBKO HA MOyrax, MPUHAMJIEKAIIMNX [EeNr, OTBEYAOINIER BXOMHOMY CIIO-
By 0¥;
o 1,1 o~
8) MHOXKeCTBO BceX dyHKIMA u3 P57, 3aBUCAIINX OT IHEePEeMEHHOH T
U YOOBIIETBOPSIOIIAX CIIEAYIOIIEMY VCIIOBUIO: B COOTBETCTBYIOIIIUX WM
NIEPEBBAX YUCIIO EIUHUI] KOHEUHOE (XOTS MOXKET OBITH CKOJIb YIOMHO GOIIhb-
IIIUM );
© 1,1 o~
9) MHOXKeCTBO BcexX GyHKIMA u3 P, 3aBUCAIINX OT IHEePEeMEeHHOH I
U TAKWX, YTO B COOTBETCTBYIOIINX UM OEPEBbIX B OO0 IEIN, BbI-
XOMAIIEN 13 KODPHsI, IBE €OUHUIIEI He MOTYT OBITHL IMPUIIKMCAHBI COCETHUM
IyTaM;
o 171 o~
10) mHOXECTBO Beex MyHKIUE u3 Py, 3aBUCAIIMX OT HePEMEHHOH Z {
7 TAKUX, YTO B KAXKIOM SIPyCE COOTBETCTBYIOIINX UM IEPEBLEB:
a) HAXOMWUTCs TOJILKO ONUH HYyJIb (OCTAJbHLIE BBIXOMHBIE CUMBOJIBI —
eIUHUIIBL);
6) 4uCIo HyJell PaBHO 2;
B) YUCJIO HyJIEN PABHO YUCITYy €IUHUIIL;
') 9UCIIO HYJIEH MEHBIIE YUCIIa eIUHNUIL.
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§ 2. IImarpaMmbl, TaGINITbI, KAHOHNYECKNE YPABHEHNUS,
CXeMBbI

1. Imarpammer Mypa, KaHOHNYecKre TaGJIMIIbl 1 KaHOHIYeC-
kue ypaBHeHwms. llycte Q = {Qo, @1, ..., Quw—_1} — MHOXECTBO BCEX
cocrosuuil pyuknuu f u3 Py B on. ComocraBuMm ¢pynknum f opmeHTHPO-
BaHHBIN rpad I'f, 3amaBaeMelil ClIenyIOIIM 00pa3OM:

1) muoxecTBOM BepumH oprpada I'y sBmasercs MHOXecTBO E, =
={0,1, ..., w— 1}, npuuem CcUMTAETCs, YTO BEPIIAHA j COOTBETCTBYET
COCTOSHUIO () j;

2) ecin f) u fU) — ocrarounbie GyHKIMM, peasm3yeMbIe COOT-
BETCTBEHHO COCTOSHUAMU (); 1 (), 1 ) gpmsercs ocraTouHOM (QYHK-
nueit dyuknmz f(9), nopoxmaemoit ciosoM Z' = a, mpumaem [ (aZ¥) =
= bfW)(F¥), To B oprpade I'; umeercs myra (i, j), u eit TpUIUCHIBACTCA
BoIpakenue a(b);

3) oyra (i, j) cymecTByeT B 'y TONBLKO NPH BBLINOJHEHUN YCIOBURA
m. 2).

Bepmmnaa u3 'y, cooTBeTCTByIOMIAs HAYAILHOMY COCTOSHUIO (YHK-
uu f, OOBIYHO OTMEYALTCS 3Be300UKOM. IlyCTh 13 BEePINHLL § B BEPIIUHY j
UOYT M OyT, KOTOPBIM TPUIUCAHBL BoipaxkeHus a1 (b1), as(b2), ..., am(bm)
(3mecb 06s3aTENBHO G 7# Gy OPU P 7 ¢, HO HEKOTOPHIE WK BCE CHM-
BOJIBI by MOTYT COBNAAaThL OPYL C OPYTOM); TOrma OymeM COCOUHATD i
C j TOMBKO 00not myrou (i, j) u OymeM NPUIUCHLIBATHL €l BCE BBIPAKE-
Hus ap(bp) (p =1, 2, ..., m). Oprpad I'y naseiBaercs duaepammoti Mypa
dynxyuu f.

IlBe BEpUIVHLI v7 U Vo AuArpaMMbl Mypa Ha3bIBAIOTCS IK6UBAAEHM -
HbLMU, €CIT BCEM BEPIINHAM OUATPAMMEI MOXKHO TaK COINOCTABUTDL HATY-
paJibHBIE YKCiIa (HOMepa), 4TO OyAyT BBIMOIHATHCS CIIEAYIOIINE yCIIOBU:
a) HOMEpa BEPIIUH U] U Uz COBHANAIOT; 0) €Ciaum u; U U — OBE IPO-
U3BOJILHLIE BEPIIVHEL ¢ OOMHAKOBLIMU HOMEPAMU, TO, KAKOB Obl HU OLLI
BXOMHOM CUMBOJI @, Oyru (uy, wy) U (U2, W2), COOTBETCTBYIOIIUE €MY,
UMEIOT OIWHAKOBYIO OMETKY a(b) M KOHIIBI 5TUX IYyT, T.€. BEPIIUHBI W1
U Wo, UMEIOT ONMHAKOBLIE HOMEPA.

Onepayudg ckieu8anud (IK6UBAAEHMHBIL) COCMOAHUT COCTOUT B CIie-
NYIOIIEM: BEPIIUHLI C OOMHAKOBBIMA HOMEPAMU «CTATUBAIOTCI» B OOHY
BEPIINUHY, & MOABIISIONINECS IPU STOM MapPaJUIebHbIe *) ONMHAKOBO TIO-
MEUYEHHBLIE NyTU 3aMEHSIIOTCS OMHON Oyroll (C TeM XKe HAIPABJIEHUEM ),
HECYIIEN Ty XK€ NOMETKY.

Bepruna v nuarpamMer Mypa HaseiBaeTcsa docmuxcumots u3 (Hauaib-
HOt) BEPUUHBL U, ECITU CYIIIECTBYET OPUEHTUPOBAHHAS II€TIb, BHIXOMAIIIA
13 BEPIINHEL U U 3aXO0A111as B Bepiuuny v. HauanbHas Bepimaa canTaeTces
[0 ONPENEJIEHUIO TOCTUXKUMOMN.

*) Ilyru B OpreHTHPOBAHHOM rpade HAZBIBAIOTCS NaP aAAeabHbIMU, €CIT OHA
COCOUHSAIOT OOHU U T€ XK€ BEPIUIVHBI U UX HAIIPABIICHUS COBHAIAIOT.
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Onepayusg uckamovernusg (Yyoarenusg) HedocmuIcumbly 6ePUUH COCTOUT
B VOAJCHUN U3 JUATPAMMEL BCEX BEPIINH, HE SABJISIOIINXCS JOCTUXKUMBIMU.
IuarpamMMa, B KOTOPOR HET HI OMHOM MMaPLI SKBUBAJICHTHBIX BEPIIIH U BCE
BEPIIMHLBL JOCTUXMMEIE, HASLIBACTCSI NPusedennots duaepammor.

HemocTukuMbIe BEPITUHBI MOXHO HANTH, IPOCMATPUBASL B IUATDAMME
BCE OPUEHTUPOBAHHLIE IEMU, BLIXONAIINE U3 HAYAJILHON BEPIIUHLI. OK-
BUBAJIEHTHOCTD BEPIINH MOXHO yCTAHABIUBATE, UCIOIL3YS HEITOCPEICT-
BEHHO OIIPeNeJIeHNe SKBUBAJEHTHBIX BEPIIUH WX CTPOS IO TUATPAMME
uHGOPMATUBHOE NEPEBO, COOTBETCTBYIOIIEE eit (1 TOi O.-1. (HyHKINH,
KOTOPYIO 9Ta MUArPAMMA OIMUCHLIBAET ).

C nomolnbo nHOOPMATUBHLIX I€PEBLEB JIETKO YCTAHABINBACTCS CIIPa-
BEIJINBOCTD CJIEAYIOIINX Y TBEPXKICHUIA.

a) Omeparus WUCKITIOUEHUST HENOCTVKUMBIX BEPIINH B IAATPAMME
Mypa o0.-o. GYHKIUM NPUBOAUT K OUATPAMME, PEAIM3YIOIIE Ty XKe
(pyHKIIUIO.

6) Omnepalius CKICMBAHUS SKBUBAJICHTHBLIX BEPINUH, IPUMEHEHHAS K
nuarpaMme Mypa 0.-n1. GyHKIUYM, IPUBOOUT K AUATPAMME, PEaIn3yoLiein
Ty XK€ PYHKIUIO.

B) Yucno BepiiumH B npuBemeHHOU muarpamme Mypa o.-m. dbyHKIun
PaBHO BeCy 3TON PyHKIIUMN.

C muarpammoit I'y pysxum f MOXHO CBSI3aTh nABe QyHKIUU:

a) F: AxQ — B (pynrkyug 661£0008);

6) G: AxQ — Q (Pynwryug nepexrodos).

$ynkunun F' u G mo oprpady ['y onpenensorcs rax: no nape (a, j)
HAXOOWM BEPIIUHY j U TAKYIO OYTy, UCXOMSAIIYIO U3 §, KOTOPO IPUINCAH
BXOIHOW CUMBOJI a (IIyCTh 5Ta myra ecTb (j, [)); suauenuem dyuxiuu F
Ha mape (a, j) SBISIeTCs BBLIXOMHOW CUMBOJI, NMPUIUCAHHLIN nyre (7, 1) u
CTOAIINA B CKOOKAX 33 CUMBOJIOM a; 3Hauenue ¢pyukuuu G Ha nape (a, j)
COBIIAHAET C [, T.€e. PABHO «HOMEDPY®» TOTO COCTOSHUS, KOTOPOE «SABJIACTCS
KOHIIOM>» nyru (7, ).

Cucrema ypaBHEHU

(z(1), gt — 1)), (1)
Q(O) = qo,
rne z(t) € A, y(t) €B, q(t) €Q (t=1,2,...) u gy € ), Ha3BLIBaeTCA
Kanonuueckumy ypaswenugmu dynwxyuu (onepamopa) f ¢ nauasbnvim
ycaosuem qo.

C momorpro muarpamMm Mypa ¥ KAHOHMYECKUX YPABHEHUN MOXKHO
3aIaBATh U TaKNe JeTePMUHUPOBAHHBIE QYHKIIUN, KOTOPLIE HE SABIISIOTCI
OrpaHUYEHHO-NeTEPMUHUPOBAHHLIMU. MHOXecTBO BepmuH oprpada 'y,
COOTBETCTBYIOIIIETO TAKOW M. DYHKIINKN, COBIANAET C PACIIMPEHHLIM Ha-
rypasbaeiM pagom N = {0, 1, 2, ... }. («Oprpad» onpenenen B ri. VI.)

Ecnu f — o.- n. dyskuus, to bdyuxkuun F(z(t), q(t — 1)) n G(z(t),
q(t — 1)) (cM. cucremy (1)) m aprymMeHTHI, OT KOTOPBIX OHU 3aBUCIT,
MIPUHUMAIOT KOHEYHOE YMCIIO 3HaueHu#. [[oaToMy BO3MOXHO TabIMIHOE
3amaHre O.-O. QYHKIuM f C IIOMOIIBI0 TAK HA3LIBAEMOUW KaAHOHUUECKOU
mabauybt (Tabi. 4.1).
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Tabnuma 4.1
z (1) q(t —1) y(t —1) q(t)

a J F(a, j) G(a, j)

BmecTo kanounueckux ypasaenuii (1) 6b1BaeT yao6HO pacCMaTPUBATD
TaKue KAaHOHMYECKNE YPABHEHN, B KOTOPHIX (DYHKIIUN BBIXOHOB U IIEPEXO0-
IOB ABJIA0TCS yHKumsiMu k-3Hauu0i joruku Py, (k > 2). Ilng nonyyenus
COOTBETCTBYIOLIEro npencrasieHns Gymkmumu [ andasuter A, B u @
KOMUPYIOTCS BeKTOpamu (HabOpaMmu), KOOPAUHATEL (KOMIIOHEHTHI) KOTO-
peIx npuHamexat MmaoxectBy By = {0, 1, ..., k—1} (k > 2). Ecin f —
0-n. dymaums u 1 =]log, [Al[, m=|log |BIl, r =]logy [Q|[, To Ana
komuposauus Oyks u3 anabasuto A, B u () mOCTATOYHO B3SITH BEKTOPEL
(¢ KoopmuHATAMU, NMPUHALJIEKAIUMEA Fy), UMEIOIe MIIUHLL N, 1M U T
COOTBETCTBEHHO *) .

Cucrema (1) mpeobpasyeTcs TOra B CIEAYIOIIYIO:

yl(t) :Fl(a:l(t), ceey :cn(t), ql(t — 1), PP qr(t — 1)),

.....................................................

qr(t) = Gp(z1(t), ..., zo(t), 1 (t = 1), ..., g-(t — 1)),
¢1(0) = qo1, ---, ¢ (0) = qor
Ucnonb3yeTcs: Tak:ke BEKTOPHAS 3aIACH CUCTEM, AHAJOTUYHBIX CUCTEME
(2). IIpu Takoi 3anucu cucrema (2) mpuMeT BUI

y"™(t) = F™ (x (1), (¢ - 1)),
q”(t) = G (" (1), gt - 1)), (3)
q”(0) = qj”.

Gyukuun F; u G; B cucteme (2) SBISIOTCSI, BOOOILIE TOBOPS, %aCIMUY-
HbLMU, T.€. He BCIOMy onpenesieHHbIMUA. OOLIYHO MX MOONMPENeNaioT TAakK,
yTOOBI MpaBble YACTH YPABHEHWH B (2) mMenu mo BO3MOXHOCTH 6oiee
IIPOCTOU BUII.

Kanounueckas Tabuiia, 3a0ao1as 0.-1. GyHKIUIO f, COOTBETCTBYIO-
myto cucteme (2), mmeer m + n + 2r cTonbuos u k™" cTpoK.

YpaBueHus cucTeMbl (2) HA3BIBAIOTCS KAHOHUUECKUMU YPAEHEHUTIMU
6 crasaprotl @dopme, a ypaBHeHUs u3 cucteMbl (1) — xanonuueckumu
YPABHEHUAMY 8 8eKMOPHOT Popme.

*) Ecim n. dyukiusa f He SBISETCI OrPAHUYEHHO-IETEPMUHUDPOBAHHONM,
TO T = OO.
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MoxHO cumTaTb, 4TO cucTeMma (2) ompemenser (QYHKIMIO U3 MHO-
xectsa P "

[Ipumep 1. [loctpouts nuarpammy Mypa, KAHOHUYIECKYIO TAOIIUITY
u KaHOHm4eckue ypaBHenus s byskmun f(2)Y =y(1)y(2)... y(t)...
(u3 Pyl ):

2,04

_ [0 mpm ¢t =1, |1 mpm ¢t =1,
a) y(t) = {1 npu t > 2; 0) y(t) = {t(l) npu t > 2;

z(t) pu t HeYeTHOM,
) () = § 71
Z(t—1) mpum t ueTHOM.
Pemenwne. a) [Toctpous Tpu spyca nuHGOPMATUBHOTO IEPEBA, 3a,0aH-
Ho yuKImu (puc. 4.5), BUmuM, 94TO BCE BEPIIMHBI JEPEBa Pa3OUBAIOTCS

0@)
« 00), 1@2( )
0 1
1(1)
Puc. 4.5 Puc. 4.6 Puc. 4.7
HA [BAa KJIACCA YKBUBAJIEHTHOCTU: MEPBBIN KJIACC COONEPXKUT TOIIBKO BEP-
mHy 0, a BTOPOM — BCe OCTajibHBbIE BepIuHBI. (CJenoBaTebHO, BEC

paccMaTpuBaeMoy GYHKINY PaBeH 2, u guarpamMMmy Mypa miis Hee MOXHO
IIOCTPOUTH, OTOXIECTBIISISI B «YCEUEHHOM>» NepeBe, M300paXKEHHOM Ha,
puc. 4.6, BepumHbl 1, 2, 3, 4 U «BOCCTAHABINBASLY> BXOMHBIC CUMBOJIHI,
COOTBETCTBYIOIINE pebpaM 5TOTO OEPEBa.

Huarpamma Mypa 3agannoi Gyukiumu npusenena Ha puc. 4.7. (Bmecto
IBYX Oyr, uaymunx u3 BepinuHbl 0 B BepmuuHy 1, MBI n300pa3uiaud Ha
PUCYHKE TOJBKO OnHy, npunucas ei nsa suipaxenus: 0(0) u 1(0). Aunano-
TUYHO MBI TIOCTYIUIN U C OYTaMU-TIETIIAMU, UCXOMSAITAMY U3 BEPIITUHBI 1.
HauanpHOE COCTOSIHIE TOMEUEHO 3BE3I0UKON. )

Ucnonbiys muarpammy Mypa, ctpoum Tabmuny. B kauecTBe «BXOI-
HOI» U «BBIXOQHOI» IIEPEMEHHBIX Bo3bMeM x1(t) u y1(t) (a me z(t) u y(t),

Tabnauma 4.2

(t) q(t —1) y1(t) q(t)

x

[

(
0 0
0 1
1 0
1 1

_ o = O
—_ = =

4TOOBI SABHO TOMUYEPKHYTH COMEPXKATEJIBHOE OTINYME TEePEeMEHHBIX U3
MEPBOHAYAJILHOTO 3a0aHUS pPacCMaTpPUBAEMON (PYHKIUM OT MEPEMEH-
HBIX, BXONSIIUX B €6 KAHOHUYECKUE ypaBHEHUs ). B kauecTBe mepeMeHHon

9 I'.II. T'aBpusioB, A. A. CanoxeHKO
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1715 Ommcanus cocTosiHuit 6epem q(t — 1) (ma «Bxome») u ¢(t) (Ha «BBIXO-
nes). Kanonuueckas tabnuna dyukunn — tabn. 4.2.

W3 rabnumet ciaenyet, uto y1(t) = q(t — 1) u ¢(t) = 1. Buauur, kaHo-
HUUYECKUE YPABHEHUS M HAYAIBLHOE YCJIOBUE 3a0AHHON (MYHKIMUA TAaKOBBIL:

yi(t) =q(t —1),
q(t) =1,
q(0) = 0.
6) Hns HaxoxmeHUs Beca GYHKIWM W MOCTPOEHMS AuarpaMmbl Mypa
IOCTATOYHO U300PA3UTH TPHU APYCa ee nHDOPMATUBHOIO fnepesa, (puc. 4.8).

0Q1 00

. (1) 10)

0 0(1)

1) 1)

Puc. 4.8 Puc. 4.9 Puc. 4.10

Bec ¢dyuknum paBen 3. Bepmmua 0 obpasyeT oowH KITacC SKBUBAJICHT-
HOCTHU. BTOpOn knacc oOpa3yoT Bepimubl 1, 3, 4, ... Tperui kimacc —
BEPIIUHEI 2, 9, 6, ... «YCceueHHOE» NepeBo n quarpamMMa Mypa npuBeneHb

Ha puc. 4.9 u puc. 4.10.

[TocTpoum Tabnuity. B kauecTBe «BXOMHOI» IIEPEMEHHON BO3bMeM (1),
a B KauecTBe «BBIXOmHOIW» — y(t). Hums ommcamms coctosmuin Gepem
nepemennsbie q; (t — 1), ¢2(t — 1) (ma «Bxome») u q; (), ¢2(t) (Ha «BBIXOMmES).
Cocrosuue 0 komupyem mapoit (0, 0), T.e. ¢ = g2 = 0, cocrosrue 1 Ko-

Tabauma 4.3

z(t) q(t—1) g2(t —1) y(t) q.(t) g2(t)
0 0 0 1 0 1
0 0 1 0 0 1
0 1 0 1 1 0
0 1 1

1 0 0 1 1

1 0 1 0 0 1
1 1 0 1 1 0
1 1 1

mupyem mapoi (0, 1), r.e. ¢ =0, g2 = 1, u cocrosume 2 — mapou (1, 0),
T.e. 1 =1, go = 0. Kanouuueckas Tabnuia dyuknuu — Tabi. 4.3.

B rTabnuie BbIDUCAHBI BCe HAOOPHI 3HAYEHWI TEepEMeHHBbIX (1),
q1(t — 1), go(t — 1). Ima ¢1 = g2 =1 COOTBETCTBYIOIIETO COCTOSHUS B
paccMaTpuBaeMon auarpamme HeT. M3-33 5TOro QyHKINM, «OMUCHIBAO-
wes y(t), q1(t) u ¢2(t), aABnsroTCS YacmMmuunbimy (HE BCIOMLY ONPENETeH-
HbIME) OysieBbiMu QyHKIusaMu. Mbl UX HOOIpenesnM KakuM-in6o obpa-
30M; HAIIpuUMep, Kak B Tabmn. 4.4.
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Tabauma 4.4

z(t) q(t—1) q(t —1) y(t) q1(t) q2(t)
0 1 1 0 1 0
1 1 1 0 0 1

YkaszaHHOE NOONpENeeHne NAeT MOCTATOYHO MPOCTHIE IIPENCTABIIE-
Hust nepeMmeHHBIX y(t), q1(t) u g2(t) (kak OyneBBIX GYHKIM OT IEpe-
meHHBIX Z(t), q1(t — 1) u ¢t — 1)): y(t) =Gt —1), ¢ (t) =7F(t)-
cqu(t—1) V() -Gyt — 1), ¢2(t) =F(t) -G (t — 1) Va(t) - g2(t — 1). Tem
CaMbIM KAHOHWYECKVE yPaBHEHWsI HaMu mosrydeHbl. OCTaeTcs BBIIUCATH
nauasbHoe ycnosue. Ouno umeer Bun ¢g1(0) = ¢2(0) = 0.

B) JlocTaTOYHO TOCTPOUTL YETHIpe Apyca WHGDOPMATUBHOTO IEPEBA
(puc. 4.11). Bce BepumHbI mepeBa pasOUBAIOTCA HA TPU KIIACCA YKBUBA-
JIEHTHOCTH: IEePBLIN Kiiacc comepxkut Bepiuub: 0, 3, 4, 5, 6, ..., BTOpon

Puc. 4.11
KJjlacc — BepmuHel 1, 7, 9, 11, 13, ..., TpeTuii Kjiacc — BEPUIXHLI 2, &,
10, 12, 14, ... Bec paccmaTpuBaeMOoit QyHKITUM PABEH 3.

«YceuenHoes» mepeBo u muarpamma Mypa m3obpaxenbl Ha puc. 4.12

Puc. 4.12

Puc. 4.13

u puc. 4.13. Kanouuueckas tabmuma (¢ JOOMPENEIEHHBIMI 3HAUECHUSIMU
cooTBeTCTByOINX GyHKIui) — Tabm. 4.5.

CocTosHES 3aKONMPOBAHLI HAMM TPAOUIMOHHBIM OOPa30M: COCTOsI-
uuio 0 comocrasnena mapa (0, 0), T.e. ¢ = g2 = 0, cocTostHMo 1 comoc-
rapyena mapa (0, 1), r.e. g1 =0 u ¢ = 1, cocrosuuio 2 — mapa (1, 0),
T.€. q1 =1mu QQZO.

9*
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Tabauna 4.5

z(t) @ (t—1) g2(t — 1) y(t) q.(t) g2(t)
0 0 0 0 0 1
0 0 1 1 0 0
0 1 0 0 0 0
0 1 1 1 0 0
1 0 0 1 1 0
1 0 1 1 0 0
1 1 0 0 0 0
1 1 1 0 0 0

Kanonuueckune ypaBHEHUs U HAYAJILHOE YCIIOBUE UMEIOT CIIEOYIOIITUMA

i y(t) =z(t) - 2(t = 1) v z(t) - q, (¢ - 1),
q(t) =z(t) g (t—1) -t — 1),
¢2() =Z(t) g, (1 — 1) g (t — 1),
q1(0) = ¢2(0) = 0.
ITpumep 2. Hnsg xaxmou nuarpaMMbl, n300pakeHHON Ha, puc. 4.14,
MIOCTPOUTH MPUBENEHHYIO MUATPAMMY.
Pemenwne. a) PaccmaTpuBas nuarpaMmy, HETPYIHO 3aMETUTD, YTO
BEpPHIUHLI 3 U 4 He MOCTUXWMBI U3 HAUAJIBLHON BepiwHbl 0. Y mansasa ux,

10)
1 >y 2
. (1}(0)
11)| (o) 4 0(0)

) 0(1) 10)

0 11) 3
00) a 6

Puc. 4.14
010 2

0(1)

0(0) — 10)
6’0 T ®

Puc. 4.15 Puc. 4.16 Puc. 4.17

MOJIy4YaeM nuarpammy, m3obpaxkenunyio Ha puc. 4.15. Ucxoms wu3 sToi
(HOBOIT) mUATPAMMBI CTPOUM HECKOJIBKO SPYCOB COOTBETCTBYIOIIErO WH-
dopmaTuBHOro mepesa (puc. 4.16; HOCTATOYHO HEMOIHBIX YETHIPEX SIPY-
coB). M300paxeHHbIil HPArMEHT MEPEBa MO3BOJSIET CHENATDH 3aKIIOUEHNEe
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06 skBuBasyieHTHOCTHU BepinuH 1 u 2. CkeuBas 5THU BEPIIUHBI, TOIYJIAEM
nuarpaMmy, IpencTaBIIeHHYo Ha puc. 4.17. OTa auarpaMMa IpUBEeIeHHAT,
TaK Kak 00e ee BEPIINHBI NOCTUXUMBIE U HE SKBUBAJICHTHBI IPYT IPYTY
(XoTs OBI MOTOMY, UTO MyTa, BBIXOMAIIAS U3 BepIIuHbl 0 U COOTBETCT-
BYIOIIIas BXOMHOMY CUMBOJTY (), TOMeueHa BBIXOOHBIM cuMBOJIOM 0, a myra
C TAKUM XK€ BXOMHBLIM CUMBOJIOM, BBIXOOAIAs U3 BepmuHbl (1, 2), umeeT
MeTKy 1).

OKBUBAJIEHTHOCTL BepiuHd 1 u 2 B guarpaMme, m300pakKeHHOW HAa
puc. 4.15, MOXHO OGOCHOBATH TaKXe CleAyloinuM obpaszom: 1) myru,
COENUHSIIONINE BEPIIUHEL 1 1 2 MeX 1y cOO0M, MOMEUEHBI OMUHAKOBO (HA HUX
crost metku 1(0)); 2) nyru ¢ merkoir 0(1), BEIXOMSAIIME U3 STUX BEPIIVH,
3aXOMsAT B OOHY W Ty ke BepinuHy (; clemoBaTebHO, BEPHIMHBI 1 m 2
SKBUBAJIEHTHHI (B CUIJLy OIpPENesIeHns S5KBUBAJIEHTHBIX BEPIIIVH).

6) B muarpamme He noctmxumbl Bepiuubl 3 u 4. [locne ynamerus ux
MOJIyYaeM OuarpaMmy, n3o0paxeHnuyto Ha puc. 4.18. @parmenT nuudpopma-
TUBHOTO IEPEBA, COOTBETCTBYIOIIErO 5TON (HOBOI) muarpaMMe, MOKA3aH

2 01 2 2 01 2

10)

0
N
0 o), 1) \&2)

Puc. 4.18 Puc. 4.19 Puc. 4.20

Ha puc. 4.19 (moctaTouno Tpex ApycoB). lcHO, uTO BepiuHbl 1 1 2 5KBU-
BasieHTHBI. CKIlenBas ux, MOIyvaeM MpUBEIeHHy o nuarpammy (puc. 4.20).

Mpumep 3. Hus wactuano onpenenennon byukmuu f(z): {0, 1} —
— {0, 1}¥, orobpaxaroleil 3aJaHHbIe TOCIIEN0BATEILHOCTY B 3aIaHHbIE,
NOCTPOUTDL (€CIUM 5TO BO3MOXHO) muarpammy Mypa ¢ KOHEUYHBIM ¥ IO
BO3MOXHOCTY MEHBIINM YUCIIOM BEPIIUH. 3aTeM IOy YEHHYIO JUATPAMMY
MOOIPENeNuTh 10 AuarpaMMbl Mypa BCIOMY ONpeneeHHOn O.-11. QYHKITN

1,1
n3 Pz,on'

a) f(0[001]*) = 1[0]* u f(1[100]*) = [01];

6) f([110]¥) = 0[001]* u f(1[10]“) = 00[011]“.

Pemenne. a) Tak xak y 3amaHHBIX BXONHBIX IIOCIIENOBATEIBLHOC-
Tell mepBble CUMBONEL (T.€. IpedhuKChl MIuHBEL 1) pasHbe, TO MUCXOMHAS
JACTUYHO OIperelieHHas GyHKIMSA MOXKeET ObITh IPONOIIXKEHa IO BCIOLY
onperneneHHon n. gyskuuu. Hajgee, HeTpy[AHO 3aMETUTb, YTO 3aJaHHBIC
BXOIOHBIE I BBIXOTHBIE IOCIICAOBATEILHOCTU KBA3UIIEPUONAICCKIE.

3HAUNT, MCXONHYIO YACTUYHYIO (QYHKIUIO MOXKHO NOOIDPENENATH IO
0.-n. dyukuuu. (Kcmu npuBeneHHble B yCIOBUM 338497 COOTHOIICHUS 1€~
penucats B Bune f(0[001]“) = 1[000]“ u f(1[100100]“) = 0[101010]“, To

CTAHOBUTCS OUEBUOHBIM, UTO BEC MOAXOMSIIEN O.-. QYHKIIUU HE OOJIbIIIE,
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qeM 1+3+4+6=10. 3gece 1 — ofias muHA OPEOIEPUONOB B HOBOKI
3aMKUCH BCEX YETBIPEX BXOMOHBIX M BBIXOMHBLIX IOCIIEMOBATEILHOCTEHN, a 3
n 6 — o0Ilue MIIMHBLI TEPUONOB ¥ MOCIENOBATEIHHOCTEN COOTBETCTBEHHO
U3 TIEPBOrO ¥ BTOPOTO COOTHOIIEHUIA. )

Mur BHauasie He OymeM MBITATHLCA HauTu auarpammy Mypa ¢ MuHUz-
MAJILHO BO3MOXHBIM (MU XOTs OBbI ¢ HE OU€HBb HGOJIBIIIM ) YUCIIOM BEPIINH,
a mpocTo OymeM CTPOUTH KAKYIO-HUOYOb MOOXOMAIIYIO OUATPAMMY, CO-
OTBETCTBYIOIIYIO BCIONY ONpeneseHHON . GyHKIUN, epepadaThIBAIONIEN
3aJaHHBIC BXOMOHBIE TTOCICIOBATEIBLHOCTY B 33 IaHHBIC BBIXOMHBIE TIOCIIEO-
BATEJILHOCTH.

151 MOCTMXEHUS 5TOU eI IENCTBYEM CIIEAYIONIMM 00Pa30M: CHAUAJIA,
1300pa3uM 4acTh AUArpaMMbl, peaiusyiomryio coornomenue f(0[001]¥) =
= 1[0]“¥, a sarem moGaBUM K HEN YaCTh, OTBEUAOILIYI0 PAaBEHCTBY
f(1[100]¥) = [01]“. Tax xax cooruomenue f(0[001]“) = 1[0]¥ wmoxHO
sammcats B Bume f(0[001]¥) = 1[000]¥, To umeem z(i+3l)=z(i) m
yi+3l)=y@) npu i =2,3,4,... ul=1,2, ...

Orcoma cmemyer, YTO MAHHOE COOTHOIIEHWE MOXKHO PeasIn30BATh
4-BEPIMHHON NUATPAMMOR ¢ MUKIOM miuHbl 3 (puc. 4.21). Anasmoruu-

0(0)
1(0)
« 0(1), 0(0) 00O L0 (1) 00) 01) 10) 01)
0 1 2 3 0 4 5 6 7 8 9
Puc. 4.21 Puc. 4.22

HO MOCTYTIaeM CO BTOPLIM COOTHOIIeHHEeM. Ero MOXHO 3ammcaTh TaK:
f(1[100100]*) = 0[101010]*. CnenoaTensHo, umeeMm z(j + 6m) = x(j) u
y(j+6m)=y(j) npm j=2,3,4,... m m=1,2,..., a modTOMYy pac-
CMaTPUBAEMOE COOTHOIIEHNE MOXKHO PEATTM30BATD 7-BEPIIMHHON UATPaM-
MO ¢ nukJjioM mimHbl 6 (puc. 4.22).

Iasee «CKIEeMBaEM» NBE TMOCTPOEHHBIE NUATPAMMEI B «HAYAJIBLHOI»
peprmmEe () ¥ ZOOTpenesnseM MOJIYYUBIIYIOCA TIPU 3TOM <YACTUIHYIO»

100) 1) 0(0) OUuarpaMMy TOOXOMAIIIAM cnoco6f)M bi(o)
00 00 NUArPAMMBI BCIOMY OIPENeSIEHHOW O.-1I.
1 ) ©) 3 Gyskuun. [Ipmxomam, HarmpuMep, K quar-
0(1) paMme, n306paxkeHHon Ha puc. 4.23. Ora,

£ 40 1(0) nuarpaMmma nMeet 10 BepriuH.
1(0) 1(1) 1(1) IeTanbHO MPOAHAIN3NPOBAB B3aMMO-
000) Y 0(0) 0(1) CBSI3U MEXIY BXONHBIMU U BBIXOOHBIMU
© 4 9 84 IIOCIIENOBATEJIbHOCT IMU, YKA3aHHBIMU B
101) 10) VCIIOBUU 33/IaUM, W YITS CTPYKTYPHBIE
OCOOEHHOCTU ATUX IOCIIENOBATEITHHOC-
y5 00 6 0@ 7 Teil, MOXHO IOCTPOUTD 6OJIee «3KOHOM-
O Hyo0» ([0 YHUCIy BEpIIUH) UATDAM-
1(1) 1(1) 0(0) MY, PEaAIN3yIOIIY IO 3aJaHHOE YaCTUYHOE

oTOOpaxKeHue.
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4
00) 0(0) 00) 1(0)
Qo « 10 /0y,
n o B
1(0) 1(1) 1(1)
0(0)
1 1(0) 3

N 10) ) 1y 0@)
0(0) 1(1) 1(0)
D1

Puc. 4.24

Ha puc. 4.24 npuBenenst Tpu 5-Bepiiuuuubie (a—8) u omHa (2) 6-Bep-
IIIUHHAS TUATPAMMBI, PEAJU3YIOINE 33 IaHHYI0 YACTUUHO OIMPENeIeHHYO
byHKOUIO.

6) BxonHble MOCIENOBATEIHLHOCTH MOXHO 3ammucaTh Tak: [110]Y =
= 1101[101]* = 1[10]* = 1101[01]*. OTcroma crenyer, ITO UX NPEPUKCHI
IUHLL 4 COBIAMAOT (& COOTBETCTBYIOIIME HMPEPUKCHI GOIBIIEN IINHBL
NOMAPHO OTIUYHBEL NPYT OT MPYTa). SHAUWUT, MPEXKIE UYeM CTPOUTH U~
rpamMmy, HaJO IPOBEPUTH, COBIAMAIOT JIX MPEDUKCHL IJINHLL 4 v 33 1aHHbIX
BBIXOIHBIX MOCJIEIOBATENILHOCTEM (€Cu 5TU NPedUKCH PA3INIHBIE, TO HE
OyIeT BBIMOIHATLCS YCIIOBUE NETEPMUHUPOBAHHOCTH).

SanuieM 3aIaHHBIE BHIXOMHBIE IOCIENOBATEILHOCTU B MHOM (HOpME:
0[001]* = 0001[001]* = 00[011]* = 0001[101]*. Teneps oueBHIHO, UTO
y 9THUX MOCIIENOBATENBHOCTEN mpeduKchl IiuHbl 4 ommuHakoBbie. CooT-
somerus f(1101[101]*) = 0001[001]* MoxHO peanr30BaTh OUAIDPAMMOIL,
UMeIOIIeN TOJILKO MIBE Bep- 14 1(0)
mmmHbl (puc. 4.25). OmHako ®
«PaCIIMPUTES BTy OUATPAM- 0 S 1 @ m
My TakuM OOpa3oM, dYTO- * 00 ‘

OBl Pean30BLIBAJIOCH M CO-
ornomernue f(1101[01]*) = Puc. 4.25 Puc. 4.26
= 0001[101]“, ue ymaercs.

[TosTOMYy mJIst TNy YEHUST BO3MOXHOCTHU OTHOBPEMEHHOI (COBMECTHON )

peanu3anum 0O60MX COOTHOIIEHN Hamo 60see TuOKO CTPOUTH YACTHU UCKO-
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MOH OUarPaMMEI, IIOMHS O TOM, 4TO IIPENCTONT «CKIIEMBATH®» nX. B HaIem
ciydae KaXmas W3 OBYX YacTel MUarpaMMbl HOJKHA, MMETh OOWHAKOBOE
«HAYAJIO», COOTBETCTBYIOIIee o01eMy npedukcy (muubl 4) nBYX 3amIaH-
HBIX BXOMHBLIX mociienoBaresbrocTein. (Kpome Toro, momesso mpuHsaTh BO
BHUMaHME, UYTO 00Illee HaWMEHbIlee KPATHOE JINH IePUONOB 33qaHHBIX
BXOMHBIX ¥ BBEIXOMHBIX MOCIIENOBATEIHLHOCTEN PABHO 6.)

[Monxomsmas nuarpamma, muist cooraorernus f(1101[101]¢) = 0001[001]¢
n3o0Opaxena Ha puc. 4.26. Humarpamma, peaim3yiomnias COOTHOIICHNIE
f(1101[01]*) = 0001[101]* u mpucnocobneHHAsI I CKIIEAKY C TPEBIIY-
ey quarpamMMmon, nzobpaxena Ha puc. 4.27.

IIpu ee mocTpoeHNN KUCIIOIBL30BAJICSA, KAK OOBIYHO, «IIOJIHBIN Iepebops
BO3MOXHBIX cinyuaeB. [lokaxem nonpobHee, Kak 3T0 nenanoch. o Bepim-
HBI 2 OUArPaMMa, COBIAMAET C IPEObIAYINER 1 peajn3yeT Ipeobpa3oBaHue

10)

10)

Puc. 4.27 Puc. 4.28

npedukca 1101 B npeduxc 0001 (myra (1, 0), usoOpaxkeHHas Ha PUCYH-
K€ IITPUXOBOW JWMHWEN, s peanusaruu coorHomenus f(1101[01]¥) =
= 0001[101]“ ue HyXkHAa, HO €€ CIENyeT YUYNTHIBATEH IPU IOCTPOCHUN MUA~
rpamMmbl). Jlasee BLIACHSEM, MOXKHO JTU «HAIIPABUATLS AYTY U3 BEPIINHBL 2
¢ myxuoirt Ham MeTkou 0(1) B kakyro-nmu6o u3 umerorruxcs epiaus 0, 1
mwim 2. Eciou sTa nyra Oymet BxonuTh B BepimHy 0, TO cnoBo 010 GymeT
peobpasoBeBaTLCA B cioBo 100 (mpu «OBUMXKEHUM®» 1O AUATPAMME U3
BEPIIUHEL 2), 8 HaM HYKHO uMeTh ¢iioBo 101. CienoBarensHo, B Bepiiuwy 0
9Ty OYyT'y HATPABUTH HEJB3sd. He MOxeT 3aX0nuTh paccMaTpUBaeMas OyTra
1 B BepiuHy 1, Tak kak nHaue cjoBO 01 mpeobpazoBasock Obl B ciioBo 11
(a MBI mOMXKHBL UMeTh ciioBo 10). HenaTs 5Ty nyry meTieil B BEPIIUHE 2
TaKXke Hellb3sl, 00 B IPOTUBHOM CiIydae mMeeM cuemytorree: cioBo 010
npeobpasyercs B cioBo 100 (a mam Hyx)HO cioBo 101).

Urak, myra, Boixomsinas u3 Bepiiuubl 2 u umerorias metky 0(1),
MOJIXKHA 3aXOMUTH B «HOBYIO» BepiiuHy 3. Ilajlee cMOTpuM, Kyna MOXKHO
HAMPABUTL NyTy u3 Bepiiuubl 3 ¢ MeTkoi 1(0). JIerko ybexmaemcst B TOM,
4TO HU B ofnHy u3 BepiiuH 0, 1 unm 2 5Ty nyry BeCcTHU HeNlb3s, HO CHEIATh
ee TeTJel B BEPIIMHE 3 MOXHO.

3aTeM BBISCHSIEM, KyOda MOXHO HAIPABUTL HYT'y M3 BEPIIMHBI 3 C
meTkoit 0(1). OkasbIBaeTCS, UTO IS STON MyTY HYXKHA HOBAS BEPIIMHA, 4.

Hakomerr, HETPYIHO TPOBEPUTH, 4TO AYry ¢ MeTKOi 1(1), BEIXOMAIIY IO
13 BEPIIUHLI 4, MOXXHO HAIIPABUTH B BepinHy (.

ITocne «cknemBaHUsT» MBYX MOCTPOEHHBIX MUArpaMMm B BepinmHax (),
1 u 2 ocTaeTcsd MOOAXOMAIITUM CIIOCOOOM MOOTPENENUTDH MOIYUUBIITYIOCST
«YACTUYHYIO» MUATPAMMY [I0 IUATPAMMBI BCIOMY ONPENeIIeHHON QYHKITINT.
Ha puc. 4.28 usobpaxkeHna onHa U3 TaKUX OUATPAMM.
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[Ipumep 4. Haiitu Bec o.-n. dyukunu f u3 P.
YECKUMU YPABHEHUSIMU:
y(t) =  (t—1),
t

) q
@) =2@) ~a-1),
T ob=at-Deat-1),
qi (0) 1, 9 (0) = 0.
Pemenue. Ory 3amauy MOXHO PEIIATH IIyTEM IOCTPOEHUs MHDOP-
MaTUBHOTO nepeBa ¢yukuuu f. OOHAKO MBI MOCTYIUM HHAUE: CHAUAJIA,
Tabnuma 4.6

2 O.El’ 3&,II&HHOI/I KaHOHU-

t
(

z(
q

z(t) @it —1) g2(t —1) y(t) q:(t) g2(t)
0 0 0 1 1 0
0 0 1 1 1 1
0 1 0 0 0 1
0 1 1 0 0 0
1 0 0 0 0 0
1 0 1 0 0 1
1 1 0 0 1 1
1 1 1 0 1 0

mOCTPOUM mJjig QYHKIUKM [ KAHOHMUECKYIO TAOJIMILy, 3aTeM II0 TabJImie
nmocTpouM nuarpammy Mypa u, HaKOHeIl, HOIyUYuM U3 Hee MPUBEICHHYIO
nuarpamMmy. Yucjao BepIuH B TPUBENEHHON NUAarpaMMe PaBHO BeCcy QyHK-
muu f (cM. samaay 2.3.3). Kanonuueckas Tabnuna dyukinuu f — Tabi. 4.6.

Huarpamma Mypa ¢yuknuu f nszobpaxena Ha puc. 4.29. Ananusupys
ee, monydaeMm: coctosHume 00 skBuBajsieHTHO cocTosgHuio 01, a cocTos-

10 100) e 10 — cocrosumio 11. IlosTomy mpwm-
© BeleHHAS NUArPAMMa, BBITJISOAUT TaK, KakK
00 01 nokasano Ha puc. 4.30.
0(0)
00
0w 9 o
0(L)
Y 10) 1(0) 10)
10 711 1 »
10) 01 0(0) >
Puc. 4.29 Puc. 4.30

CnenoBaTenbuo, Bec ¢pyukiuu f paBen 2. HerpynHo BumeTh, 4TO 1Ie-
pPEMEHHas ¢o ABJAETCSA GUKTUBHON: GYHKIMA [ YKBUBAJIEHTHA (II0 CBOEMY
bYHKITMOHUPOBAHMIO) DYHKIIUU clienyromien f', 3amaBaeMoil KAHOHUIECKY-
MU YPABHEHUSIMU U HAUAJIBHBIM YCJIOBAEM:

y(t) ==(t)-q(t - 1),
f's < qt) =x(t) ~q(t —1),
q(0) = 1.

Bec dyuknum f' pasen 2.
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2.1. IlocTpouth nuarpammy Mypa, KAHOHUYIECKYIO TaOIUIY U KAHOHU-
geckne ypasmenns mis dyskmumy f(Z¢) = y(1) y(2)... y(t)... us Pyl :

2,00°
1) y(t) = 1 opu t=1,
YW et —1) = 2(t) mpu ¢ > 2

0 mpu t =1,
2) y(t) =
) y(®) {x(t—l)—)ﬂ(t—l) npu ¢ > 2;
1 opu t=1,
3) y(t) =
) y(®) {y(t —1)-z(t) npm t > 2;
&) y(t) = 1 opu t=1, 2,
PWZN ) = 2(2) mpm t > 3;
z(1) mpm t =1,
5) y(t) =
) y(®) {x(tl)@x(t) mpu ¢ > 2;
6) y(t) = z(t) mpu t =1, 2,
= Z(t—1) opm t > 3;
7) u(t) = z(2), ecim t =2,
711 s ocrammmx CITyJastx;
8) y(t) = z(1l) = z(t), ecm t =1, 2, 3,
= 0 B uHOM Cityuae;
0) y(t) = Z(1) mpm t =1,
WYyt =) va) opu t>2

z(1), ecmm t =1, 2,
(t—2)oy(t—1), ecmm t > 3;

{y
0, ectu t=1 u t =3,
Z(t), ecnmu t =2 wm t > 4;
z(l) mpu t =1,
12) y(1) = 2 |

gt —1)-x(t) opu t > 2;

1 opu t =1,

z(t —1)Vz(t) mpum t > 2;

Z(1) mpm t =1,
y(t—1) @ T(t) npu ¢ > 2;
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z(t), ecnum t HewyeTHOe,

15) y(t) = {

0, ecnu t YeTHOE;

(t), ecnum t HeueTHOE,

16) y(t) = {

T
y(t—1) @ z(t), ecau t ueTHOE;

z(t), ecmm t HeueTHOe,

z(l) > y(t —1), ecnu t ueTHOe;
2)[1]%; 19) f(z*) ==(1) 2(2) [0]*;
20) f(z¥) = 0z(1)[01]*;  21) f(z*) = [=(1) 0]*;

(6“’, ecn ¢ = 0%,
22) f(Z) =< 0'[1)”, ecim ¥ =0'1z(l+2)z(I+3)... u 1 >1,

~

1¢) ecmm z¢¥ =1z(2)z(3)...;

€

~

1%, ecm 79 =0% wm ¥ =1¢,
L0]“, ecmm ¢ =0'1z(l+2)z(l+3)... wm
7Y =10z +2)2(l+3)..., toe I >1;

\
(

DO
=
=

=

€

I

-

\

24) y(t) ecTtb t-a1 nmdpa moCIE 3amATON B ABOMYHOM PA3IIOKEHUU
qucaa 5/7;

25) y(t) ects (t + 1)-a udpa mocie 3ansaTol B ABONIHOM PA3IIOKEHUN
qucia 1/9;

26) y(t) ecTs (t + 2)-a undpa mocse 3aIsITON B JBOMYHOM PA3IIOKEHUN
uncna 11/15;

27) y(t) ects (t + 1)-2 undpa mocse 3ansTON B JBOMYHOM PA3IIOKEHUN
qucia z(t)/5;

28) y(t) ecTs (t + 2)-s undpa mocse 3aIsITON B JBOMIHOM PA3IIOKEHUAN
ucia 3z(t)/7;

29) y(t) ecTb t-s1 mudpa mocie 3anATON B JBOMYHOM PA3JIOKEHUN UKC-

na (z(t) +1)/3;

(

(1) mpm t =1,
(1)-7(2) mpm t =2,
yt—2)x(t) - z(t — 1) mpu t > 3;

T

8

30) y(t) = 1

7~

\
( 1) mpu t =1,
1) 4+ z(2) upu t =2,

t—2)@z(t—1)®xz(t) npu t > 3;

8 8l

(
31) y(t) = ¢ =(

8

\
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,

z(1) mpu t =1,
32) y(t) = { 2(2) = =(1) mpu ¢ =2,
L z(t) = (z(t —1) = z(t —2)) npm ¢ > 3;

'0, ecmu t =1,

33) y(t) = z(t — 1) = xz(t), ecnu t geTHOE,
| T(t) B mHOM CiyuJae;
(2(1), ecm t=1,
34) y(t) = < T(t — 1), ecnm t > 3 u HeweTHOE,
y(t —1) B mHOM Ciyuae;

(0, ecit t=3s—2 u s>1,
35) y(t) =<1, ecim t=3s—1 u s> 1,

| #(t) B uHOM Ciyuae;

(1, ecom t=3s—2 m s > 1,
36) y(t) =< T(t—1), ectmu t=3s—1 u s> 1,
7t —1) = z(t) B unOM Cimyuae;

’0, ecmu t =1,
37) y(t) =< z(t), ecm t=35s—2 m s> 2,
z(t —1)-y(t — 1) B mHOM Cityuae;

(1, ecru t=4s+1 u s> 0,
z(t), ecim t=4s+2 u s >0,
Z(t), ecru t =4s+3 u s >0,

|0 B mHOM Ciyuae;

o
oo
~—
<
—~~
~
~—
I
7N\

t—1), eciu t=4s+2 u s >0,
t—1), ecnu t=4s+3 u s >0,
t

—1)- z(t) B uHOM Ciyuae;

o
Ne
N’
<
—~~
o~
N’
Il
7\
AN TN N N

, ectu t=4s+1 u s >0,
z(t—1)@®x(t), ecrm t =4s+2 u s> 0,
y(t—1)Z(t), eciu t =4s+3 u s >0,
lz(t —1)®y(t —1) B uHOM Cityuae.

2.2. Iy Kaxmoit 3 muarpaMM HOCTPOUTD IPUBEIEHHYIO TUATPAMMY:
1) puc. 4.31,a;  2) puc. 4.31,6; 3) puc. 4.31,6;  4) puc. 4.31,e;
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Puc. 4.31

5) puc. 4.31, ¢ 6) puc. 4.31, ¢; 7) puc. 4.31, xc; 8) puc. 4.31, 3;
9) puc. 4.31,u; 10) puc. 4.31,%; 11) puc. 4.31, .

2.3. HoompenenuTh YaCTUYHYIO OUATPAMMY TaKUM 00pa3oM, UTOOBI
HOBOHN OuarpaMme COOTBETCTBOBAJIA O.-. QYHKIIAS YKA3aHHOTO BeCa T

1) puc. 4.32,a; r=2; 2) puc. 4.32,6; r =2; 3) puc. 4.32,8; r = 2;
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Puc. 4.32

4) puc. 4.32,2; r=2;  5) puc. 4.32,0; r=3;  6) puc. 4.32,¢; r = 3;
7) puc. 4.32, 0c; r =4; 8) puc. 4.32,3; r = 4.

,1

. 1 ,
2.4. Havitu Bec o.-n. dyukmun f uz P 3aJaHHON KaHOHUYECKUMU

ypaBHeHI/IHMI/II o
(y(t) =Z(t) = qu(t —1)-g2(t = 1),
1) f: 4 i (t) =q(t —1) = q2(t — 1),
T @(t) =Gt —1) = qi(t - 1),
. Q1(0) = QZ(O) =1
( y(’é))= w(l(f))ea QI((t - 1)),
1 t) = t 2 t— ]. 5
D5 Yty =71t~ 1)
L 1(0) =1, ¢2(0) =0;
(y(t) = a(t—1),
JREE
\ ql(O) = 07 QZ(O) =L
A At
) q1(t) = x(t) B g2(t — 1),
VI o) =20 a1t - 15t 1),
L 71(0) = ¢2(0) = 0;
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( y(?(f))Z 0 (?é - 1))—> g2(t — 1),
1(1) =q5(t — 1),
) 1 alt) = o(t) — as(t - 1),
L ¢1(0) =1, ¢2(0) =0;
(y(t) =z(t) ®q(t—1) gt — 1),
6) f: 4 q(t) = g2t — 1) = qu(t — 1),
") @2(t) = qu(t — 1) = z(t),
[ ¢1(0) = g2(0) = 0;
(y(t) =Z() 1t —1)- Gt —1) @G (t — 1) - qa2(t — 1),
7) f 4 q(t) =z(t) VG (t—1) gt — 1),
g2(t) = T(t)- G (t — 1),
\Q1(0) =0, ¢(0)=1;
( y(?(f))= ﬂ?(tz-ﬁl(t)— 1) E/)qz(t - 1),
1) =q1(t—1) = x(t R
95 t) = o(t) = Bt - 1)
L ¢1(0) = 2(0) = 1;
(y(t) =Z() - q1(t — 1) Vz(t)- g (t — 1),
0) f: 4 q1(t) = z(t)- g, (t = 1) VE(t)- Gp(t — 1),
g2(t) = T(t)- (G, (t — 1) VGp(t — 1)),
\QI(O - 17 QZ(O) = 07

) = z(t),
t)=gqt—-1)®qat-1),
q1(0) = ¢2(0) = 1.

2.5. Ins wactuuno omnpenenenHont n. ¢ymkmum f(z¢): {0, 1} —
— {0, 1}¥, orobpaxaroleil 3aaHHbIe TOCIIENOBATEILHOCTY B 3aIaHHBIE,
[OCTPOUTEL AuarpaMMy Mypa ¢ BO3MOXHO MEHBIIUM YHCIOM BEPIINH;

3aTEeM MOJIYYEHHYIO OUarpaMMy OOOMPENeInTh 10 nuarpaMMbl Mypa Bcio-
’ 1,1 y .

Iy OIpENeNeHHOu O.-1. QyHKmum u3 P,’) , u nis 5TOd HOBOU (QyHKIUM

MMOCTPOUTH KQHOHUYIECKYIO TAOUIYy U KAHOHNUIECKNE YPABHEHUS:

1) f(0%) =[01]“ u f([10]*) =1%;

2) f([01]°) =0 = f(1[10]*) = [001]¥;

3) f([101]¥) = [110]* =m f([010]*) = [1011];

4) f(1[110]°) =10[001]* u f(01[100]*) = [101]%;

5) £(01[10]“) =[100]* m f(011[110]*) = 100[01]“;
6) f£([1101]“) = [011]* u £(1100[1]¥) = [0111]%;

7) £(111[100]¥) = 00[001]* = f(1[1100]*) = 000[1]¥;
8) f([11000]“) = [010]“ = f(1100[1]*) = 01[0]“.
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2.6. IloncunTaTh YMCHIO PA3IUYHBLIX O.-1. GYHKIUHA U3 le”oln, y KO-
TOPLIX IpUBENCHHAs OuarpamMma Mypa mojlydyaeTcsd U3 YKa3aHHOTO OPU-
eHTUPOBAHHOrO rpada MNyTeM IPUIMCLIBAHUS €ro AyraM IOOXOMIIX
MeToK Buna a(b), rme a u b npunannexar muoxectsy {0, 1} (3Besmoukoit
0003HAYAETCA HAYAIILHOE COCTOSHIUE):

1) puc. 4.33,a;  2) puc. 4.33,6; 3) puc. 4.33,6;  4) puc. 4.33, e;
5) puc. 4.33, J; 6) puc. 4.33, ¢; 7) puc. 4.33, x; 8) puc. 4.33, 3;
9) puc. 4.33,u;  10) puc. 4.33,%; 11) puc. 4.33,4;  12) puc. 4.33, m.

a 6 6
1
* * 2
1
0@ 0 C0C L E i
2
2 d e
*
0 1
Cx—r—40 O
0 2
2 2
e 3 u
* 0 1
0 1 *
y
> 3) 2
K a M
Puc. 4.33

2.7. 1) JlokasaTh, 94TO NpUBENeHHBIE NUarpaMMbl Mypa pasiudHbIX

, 1,1
0.-0. QyHKIUR Beca 2 u3 P,|) MCUEPNBIBAIOTCA AMArpaMMaMu, IOJIy-
JAIOIIMMUCS U3 OPUEHTUPOBAHHLIX TpadoB, n300paKeHHBIX Ha puc. 4.34,

Puc. 4.34
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myTeM NPUNKUCHIBAHUS MX BepimmHaM MeToK 0 u 1, NpunuceBaHUS WX
pebpam metok Buma a(b), rme a u b mpuHamexkat muOxecTBy {0, 1},
U BBIIEJICHUS TOAXONAIINAX BEPIIUH B KAUECTBE «HAUAJBHBIX®» (T.€. B
Ka4eCTBEe BEPIIUH, COOTBETCTBYIOIINX HAYAIBLHLIM COCTOSHUAM ).

2) IloncunTaTh YKMCIO PA3IUYHBIX O.-I. (QYHKIUN u3
IUX BeC 2.

?
5 on» AMEIO-

2. Onepanuu Hal OeTePMUHUPOBAHHLIMU GyHKIMaMU. IlycTo
n. dyukuus f 3amana cuctemon (2) (cm. m. 1) u xaxmnas u3 Gyukuuin F;
u (G; — Bcoony ompenesiennas byHkuus k-sHaunon soruku P (k> 2).
Bynmem paccmarpuBaTh GYHKINIO f KAK SJIEMEHT MHOXECTBA P,Z e

Crema Xy, peasusyrowad $pywxyuio f, ONpemernseTcs CIemyOIINM
obpasom: X ¢ mpencTasisieT coboi ceTh (OmpemnesneHue ceTu cM. B 1. VI),
MOJTFOCAM KOTOPOW TMPUIIMCAHBI CUMBOJIBI BXOMHBIX M BBIXOOHBLIX IEpe-
MEHHEIX, & HEKOTOPLIM BEPIIMHAM, OTJINYHBIM OT IOJIHOCOB, IIPUIMCAHLL
CUMBOJIBI KAKUX-TO (BIIOJIHE OIPENENIEHHBIX U CBA3AHHBIX C f) m. dyHKIu

(1/13 MHOXecTBa |_J Py Z) Cxemy oyukrun f us P Gynem usobpaxars

151
T1 o—> ——>0 Y1 L1 o>
Ty o—> ; ——>0 yo T2 o0———> ; oy
Tno— > >0 Ym Tho— >
Puc. 4.35 Puc. 4.36

B BUIE NIPSIMOYTONLHUKA, (puc. 4.35) ¢ n éxodamu (8rodnbimu Kanaiamu)
u m ebizodamu (6bITOOHLIMU Kanasamu). BXombl n300paxkarTcs B BUIE
CTPEJIOK, UCXOMAIINX U3 6L00NbIT NOANCO8, 8 BHIXONBI — B BUIE CTPEIOK,
3aXOmAIUX B 6bizodnbie noatoca. llomoca m300paxaioTcs B BUIOE KpPY-
xK04koB. Ecmm m = 1, To cxemy X, peanu3syromyo GyHKINoO f, HHOTOA
n300paxkaT B Bume TpeyronbHuka (puc. 4.36) ¢ 1 BXONHBIMEU U OIHUM
BBIXOIHBIM TTOTFOCAMMU.

CunTaem, 4TO B KaXXIbIM MOMEHT BpeMmenu t = 1, 2, ... Ha ¢~ BXOI X;
nocmynaem BXOOHOW cuMBON %;(t) € Ej, a Ha j-M BLIXOmE y; éuidaemcd

3HAUEHUE
Y (1) = Fy(@1 (D), -, 2n(t), 1t — 1), ..., gt — 1),

IoBopsiT, 9TO 661200 Y; 3asucum ¢ 3ana3dvieanuem 0m 6100a T, €CIN

dymxms Fj(x(™ (), q'")(t — 1)) e 3aBUCHT CYIIECTBEHHO OT TEPEMeH-

HOH Z; (t)

[lousatue 3asucumocmu ¢ 3ana30bl6aHUEM MOXKHO BBECTU UHAUE.
Paccmorpum, Hanpumep, ciyvain n. dysxkuun Buna f(z{,T5, ..., TY):
Ay x A§ x ... x A¥Y — BY m onpenmenuM 3aBUCUMOCTD C 3aIa30LIBAHIEM
oT nepeMeHHon z;. Pynkuus f 3a6ucum c 3ana3dvieanuem om Ti, eciu
npy IOOLIX BXOAHBIX CIIOBaX 4i’,as’, ..., a, (a¥ € AY, j=1,2,...,n)
s-s OykBa BBIXOOHOTO cioBa b* = f(af,ay, ..., a¥) ONHO3HAYHO OI-
penesnseTcs S MEePBHIMUA CHMBOJIAMA CJIOB G5, ..., a2 @ § — 1 mepBBIMEU
cuMmBosaMu cioBa ay (s =1,2,...).

10 I". II. T"'aBpuoB, A. A. CamoxeHKO



146 I'a. IV. Oepanuuenno-demepmunuposannvie GynryuL

IIycts n. dyuknus f 3amana cuctemont (2) m Xy — cxeMma, peau-
syomiasg 5Ty ¢yukumo. OmpenenuMm Tpu omeparuu Han QyHKIuen [ u
CXeMOM X ¢.

1) Onepayus O; — OTOXKMECTBIEHWE NBYX WU OOJBIIErO YKUCIIA
BXOOHLIX IeDEMEHHLIX B QYHKIMZ f ¥ OTOXIOECTBIEHUE B CXeMe X ¢
COOTBETCTBYIOIIUX STUM IIEPEMEHHBIM BXOOHBIX IHOIIOCOB. OTOXIECTB-

xIl%Imeg xIn xl:ﬁ fg xjn {IIH xIn :Iil an
7
Ef! f Zf’: fl Ef f Z]f': f
L L i o l ii i i i
Y1 Ym Y1 Ym Yyiry2 Ym Y2 Ym
Puc. 4.37 Puc. 4.38

JIEHHBIE TIOJIIOCA PACCMATPUBAIOTCS KAaK ONWH IIOJIOC HOBOM CXEMHI.
Ha puc. 4.37 nokasana cxema X ¢, KOTOpas IOJIYydYeHa U3 X f OTOXICCTB-
JICHUEM TIOJIFOCOB 1 U 3.

2) Onepayug Oy — ynajeHue HEKOTOPOH BBIXONHOW IePEMEHHOH
y dyuknuu f (4TO SKBUBAJIEHTHO BLIOPACHIBAHUIO U3 CUCTEMBI (2) ypaB-
mernus y;(t) = Fj(x("(t), q")(t — 1)), u ynanenwme m3 cxembr Y; Bbi-
XOMHOI'O KaHAJa U MOJIIOCA, COOTBETCTBYIOIIUX BLIXOMHOU IIEPEMEHHON ¥
(ma puc. 4.38 usobpaxeHa cxeMma X ¢/, IMOJyUeHHAs U3 CXEMBI X f IOCIIE
yIAJIEHUsI BEIXOMHOTO KAHAJIA U TIOIIOCA, Y1 ).

Bameuanue. Eciim m = 1, To, ynansas nepemenuyo y; (€IMHCTBEH-
HYIO BBIXOIHYIO IEPEMEHHYIO), MOIyUaeM asmomam 6e3 8vizoda (ero Bec
CUMTAETCS HEOIPENEIEHHBIM ).

3) Onepayus O3 — BBemeHue OOGPATHOW CBS3U IO OMHOW BXOIHOM
¥ OMHOW BBIXOMHOU mepeMeHHBIM. IlycTh B kKauecTBe BXOMHOU TEpEMEH-
HOUI B34Ta IIEPEMEHHAsd T;, & B Ka4eCTBE BBLIXOOHOU — IEPEMeHHas Y;.
Omnepanuio O3 MOXHO NPUMEHUTb K GYHKIUHM f M CXeMe Xf TOJBKO B
TOM CIIydae, KOTZa BBIXOA y; 3aBUCHAT C 3ala3fbIBaHUEM OT BXOAA ;.
Kanounueckue ypaBHEeHUST I HOBOW (DYHKIIAN (f’ MOy YAIOTCSI UCKITIO-
genmeM u3 cucremsr (2) ypasuenus y;(t) = F;(x™(t), ) (t — 1)) u 3a-
MEHOI mepeMeHHON z;(t) B xaxnoi ¢yukiuu F, (¢ # j) n G; Ha DyHK-
LITIO F]{(xl(t)a Tt xi—l(t)a xi—i—l(t)a cee xn(t)a Q1(t - 1)7 T QT(t - 1))7
nostyuasoryocs u3 byskman F;(x(™ (1), g™ (t — 1)) orbpaceBanuem He-
CyLLIECTBEHHON nepeMenHoln z;(t). HauambHble yCIOBUS OCTAIOTCS TIPEX-
HrMu. COxema Y4 TIONydaeTCs M3 CXeMBI X IYyTEM OTOXIECTBIICHU
BBIXOHA Y; C BXONOM Z;; IIPA 3TOM OTOXIECTBIIEHHBIE IIOIIOCA OOBSBII-
I0TCS BHY TPEHHEH BEPIINHON CXEMBI X f/.

Ha puc. 4.39 nmokazana cxema X/, IOJTydeHHAs U3 CXEMBI X BBee-
HUeM OOPATHOW CBS3U IO MEPEMEHHBIM T1, U1.
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3ameuanue 1. Ecim n =1, To, T1x2  Tn Tz Tn
BBOIsI OOPATHYIO CBSI3b IO TEPEMEH-
HOI %1 (u 7060 BBIXOMHOM TIEPEMEH- o
HOI), TIOJIYYaeM asmomam 6e3 6xoda.
Bameuanue 2. [Ipumensd nepe- 3. f I £
YMCJIEHHBIE BBIMIE Onepalnuu, yaoOHO

yKa3bIBaTh B CKOOKax (3a obosHaue-
HUSMHU DTUX ONEPAINil) Te KAHAJILI

(mosroca M mepeMeHHbIE), K KOTOPBIM G1Y2 Um Jr U
omepainuy npuMmensiorcs. Hampnm-
mep, O1(z1, z3), O2(ys5), O3(x10, Y2). Puc. 4.39

OmnummeMm emre Tpu omnepanuyd HAL . (QYHKIWAMMA.
4) Onepayus O4 — onepanus O0bENUHEHUS ABYX (M1 GOIIBIIIETO YIC-

ma) dymkmmit. ycrs fi € PIY™ u fo € P3"™. Tlpennonmaraem, uTo
!

n1

u zy, Ty, ..., T, COOTBETCTBEHHO, a& B KadeCTBE BEIXONHBIX — Iepe-
/ / ! i " 1"

MEHHBIC Y1, Yo, -y Yy, X Y15 Y, oy Y, CUMTAEM, UTO BCE BTH Ie-

peMeHHEBIEe TONapHO pasnudHbl. IlycTs Xp m YNy, — cxemer ymKImin fi

n fo coorBercTBeHHo. Torma cxema Xy dyHKNuUM f, paBHOM OOBEIUHE-

uuto Gyukiui fi u fo, OymeT BHITIIAOETH TaK, KAK MOKa3aHOo Ha, puc. 4.40;

5TU (QYHKIIMYM UMEIOT B KAUEeCTBE BXOMHBIX [EPEMEHHBIE I], Ty, ..., T

T Ty, T, Ty
U P - _
| [
| [
[
[
[
Ef: : fl f2 |
| [
| I
[
! / 1 11
Y1 Ymq Y1 Ymo
Puc. 4.40

IPA 5TOM BXONHBIMU ¥ BBLIXONHBIMU IOIIOCAMM CXEMBL X ¢ SIBIISIEOTCS
COOTBETCTBEHHO BCE BXONHBIE W BCE BBIXONHBIE ITOJIIOCA CXEM Lf U Lf,.
Kanonnueckne ypapHEHMS U HAUYAJIbHLIE YCIOBUSA I GYyHKIUM [ IIO-
JIy4aIOTCA MyTeM OOBENUHEHNA KAHOHUYECKNX YPABHEHUN U HAUAJILHLIX
ycioBuii, 3amaomnx ynkuun f; u fo. I[Ipum sTom mpemmosmaraercs, 94To
muoxectBa QY u Q) cocrosHumit dyHkumi f1 ¥ fo He HEPECEKAOTCA.

5) Onepayus S — onepanus cynepnosuiuu. llycte f1 € Paop, u
fo € Pp.c.n. Cynepnosuyuet fo(f1) dyuknuit f; u fo HasBIBaeTCsa Takas
byukuus f € Pa.cn, 9T0 f(2%) = fo(f1(2)) npu moboM BXOTHOM CIIO-
Be ¢ m3 A”. llycts f; € Py™ (i =1, 2), n uM oTBEHAIOT CXeMBI Xy,
u Yy,. (CunTaem, 94TO BXOOHbIE ¥ BBIXONHBIE [IE€PEMEHHBIE U COCTOSHUL

10*
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byukumit fi u fo Takue Xe, Kak B OIPEABIAYINEM HyHKTE.) MoxHO BBECTH
TAKyIO CYIEPIO3UINIO STUX GYHKINN: OTOXICCTBUM, HAIIPUMED, BXOTHOIM
MONTIOC &) CXEMBI Yy, C BBIXOIMHBIM TIOJIIOCOM ¥, CXeMBI Xy, TIOIOC Ty

! ! 11 1

X1 wnl xml—l—i—l xng
(o] (o]
T E - T - |- ==
| |
I |
| fi '
| |
| . - [
/ _n |
| Yt y= o1 | |
| ! .
| yml wml—l |
| y y Y Y |
|
[ fa |
|
| |
| |
e e |
Y Y
(o] o O (o]
! " "
Yyi Yoy Ymo
Puc. 4.41

C TIOJTIOCOM ¥, » W T.I., HAKOHEI, TIOJIIOC T,/ _; C TIOIOCOM ¥y, 5 TIOTyIiM
cxeMy Y (puc. 4.41), y KOTOpOIi:

a) BXOMHBIME TIOJIIOCAMu OyOyT BCE BXOOHBLIE IIOJIOCA CXEMBI Xy K
BXONHBIC IIOJIIOCA CXEMBI X¢,, HC yJaCTBOBABIINE B YKa3aHHOW BBIIIE
IIPOIIENyPE OTOXKIECTBIICHIUS;

6) BBIXOOHBIME IIOJIFOCAMU SIBJISIIOTCSI BCE BBIXOLHBIE IIOJIOCA CXe-
MBI 2 f, ¥ T€ BEIXOLHBIE IIOJIFOCA CXEMBI X ¢/, KOTOPBIE He OBLIN OTOXKIECT-
BJIEHBI HI C OIHUM BXOIHBIM IIOJIFOCOM CXEMBEI X+, .

OToXmeCTBIEHHBIE TIOIOCA OOBSIBIISAIOTCS BHYTDEHHUMY BEPIIMHAMU
cxembl Xy. Cxema Yy HasbIBaeTCs cynepnosuyuet crem Xy u g, (10

MEPEMEHHBIM U 1 — X1 Yjio — Ty -5 Yy, — Ty ;). Bermm dyukms fi
3a0a€TCA CUCTEMOU
Y0) = FL@5 (1), ., (0 bt = 1), ., (= 1)),

¢\ (t) = Gy(zy(t), ..., Tl (8), gLt = 1), ..., g, (t— 1)),  (4)
g (t) =Gl (2L (1), ..., 2 (1), g1 (t = 1), ..., g\ (t — 1)),
¢,(0) = gby, -- -, g, (0) = g,
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a pyuknusa fo — cuCTEMON
yil(t) - F{l(xlll(t)a T aj” (t) ql (t - 1)7 A q7/°,2 (t - 1))7

12}
¢l (t) = Gl (= @), ...,z <t> ¢t —1), ..., q" (t—1)), (47)
gl (t) = G (2} (t), ...,z (), ¢/t —1), ..., ¢ (t — 1)),
g1 (0) = qo1, - --» 47, (0) = qg,
TO QyHKIUN f, peaan3yeMoi CXeMOu X f, COOTBETCTBYET TaKas CUCTEMa:

y(t) = Fi(zy(t), ..., 2, (1), @ (t = 1), ..., q. (t = 1)),

yi(t) = F/ (21 (1), ..., 2, (1), @1 (6= 1), .., g, (T — 1)),

yil(t):Fll/(F}l+1a F;nlﬂ Ly — 1 (0), -

T, (), it —1), .., g, (t— 1)),
yiim(t) = F%2(F}I+1a ERE! F7Q7,17 mlnlzl (0, -

s T (t) q(t—1), ..., ¢t —1)), (5)
G(0) = G (1), - 2y (). gl (t— 1) .. gl (t— 1),
dh ()= LD, o a0, 60D, (1)
q1(1) :Glll( ll—|—17 Frlnla m1 l+1(t)

Loy Ty (2), ql(t—l) o @ry (T = 1)),
Qrz(t):G¥2(F}l+1a°- Frln17 ;Inl 41(8), -

s Ty (), (= 1), ., gy (P 1)),
q1(0) = qo1s -+ 47, (0) = gy, 91(0) = g1 -+, 4, (0) = gy,

rﬂeFJZF;(xi(t) , Ty (t), @y (t=1), ... q,, (t=1)), s =1+1,..., my.

6) Onepayus Os — onepauus Pa3BeTBIICHI (HEKOTOPOTrO BBIXOIA
0.-n. pyuknum). [lycrs f — dyuknus us Pk 70n 1 Y5 — pealm3sylolasd ee

cxeMa. PesynbpraTom npumenenus onepanuu Os K BeIXOmy y; dyHKIuu f
U cxeMbl X s sBisitorcs Gysknus f' u cxema X Takwme, 94TO:

a) KAHOHUYECKUE yPaBHEHUs, 3anatomme GyHKImio ') IOmyatoTcs u3
KAQHOHUYIECKNX YPABHEHUN, ONMUCHIBAIONIUX QYHKIINIO f, 3aMEHOU ypaBHe-
muas y;(t) = Fj(x("™(t), q (r) (t —1)) cosokynuOCTbIO ypaBHeHu Y, (t) =

= F;(x("M (1), q(’”) (t—1)) (s=1,...,v) (ecaum BBIXOH Y; PA3BETBUIICS
HA U BBIXOMOB Yj1, - -5 Yjy);
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6) cxema Xy TONydaeTCs W3 CXEMBI X DA3BETBIECHHEM KaHAIA (4
IOJIIOCA) Y; HA COOTBETCTBYIOLIEE UNCIO OOWHAKOBO DABGOTAOIIAXS

1 Tn 1 Tn

o«
o——
———]|

L oe——
«—
o«

Yi  Y; Ym O‘/\‘ Ym
o
yjl y]v
Puc. 4.42
KaHaJIOB y}l, cee y;-v, KaXIBII U3 KOTOPBIX PEAJIU3yeT Ty ke (PYHKIIUIO,

9TO U KAHAJI Y; B cxeMe Xy (puc. 4.42).

N3 onpenenenns omepanuin O1, Os, O3z, O4, O u S HeMmMemIICHHO
BBEITEKAIOT CIIEAYIOIINE yTBEPKICHU:

a) eciim ¢ =1, 2, 3, To Bec dyukuuu f', momydennoin u3 GyHkiuu f
¢ momotnbio onepanuu (O;, He mpeBocxonuT Beca Gyukuum [ (3meCh, ec-
TECTBEHHO, MPENNoJIaraeTcd, uro y Gyukuunm f' umeercs XoTs ObI OmHA
BLIXOIHAS [IEPEMEHHAS; MHAYE €€ BeC ObLI ObI HEONIPENEIEHHLIM );

6) Bec yukIuu f, mosryueHHON u3 GyHKIMKA f1 U fo C TOMOIIBIO Oepa-
muu Oy (omepanust OOBEIVHEHNS ), PABEH TPOU3BEICHNIO BECOB QYHKIUT f1
u f2;

B) Bec Gyukuuu f', momydeHHou u3 GyHKIuU f C IOMOIIBIO OIepa-
muu O3 (omeparus pa3BeTBICHUs ), PABEH Becy GyHKIuu f;

r) Bec QyHKIMU [, MONy4YeHHON u3 GYHKIUA fi U fo C TOMOIIBIO
oneparuu S (Oomepanus CyIepHIO3UIUK), He TPEBOCXOAUT MPOU3BEICHUS
BecoB GyHKIUN f; U fo.

CrpaBeniuBel 1 TaKUe TPENJIOKEHU:

1) ecimu 1enible YUCHA T; W To YOOBIETBOPSIOT HepaBeHCTBaM 1 <
< r;1 £ T2, TO CYHIECTBYIOT O.-O. pyHKIUU f; u fo, Beca KOTOPBIX PaB-
HBI COOTBETCTBEHHO 11 W 7o, W HpU 3TOM (GYHKIUS fi TOIydaeTcs u3
dyukmu fo ¢ momorrsio oneparuu O; (i = 1, 2, 3);

2) eciiu TeNBIE YWCIIA Tg, 71 W Ty YIOBIETBOPAIOT HEPABEHCTBAM
1 <rg <r1-re, TO cylIeCTBYIOT O.-I. QyHKIIMU fo, f1 m f2, Beca KoTO-
PBIX PABHLI COOTBETCTBEHHO Tg, Ty M T9, W IPU 3TOM (PYHKIUA fy €CTh
cyneprosuiiust Gyukimin f; u fo.

Herpynuo nokasars, uto onepamus Os nopoxcdaemcs oneparmsavu Oy ,
Oz u O4, a UMeHHO, eciu 0.-0. Gyuknus f’' momyuena us o.-m. Gyukiun f
¢ momorikio onepannn Os, To GyHKINO f' MOXHO peajin30BaTh HAII MHO-
xecTBoM {f} (T.e. ucmomb3ysi, BOOOIIE TOBOPSI, HECKOIIBKO YK3EMILISIPOB
dbyuxnun f) ¢ nomorrsio oneparuit O1, Oz u Oy.
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Oaemernmom edunuunoti 3adeprcru (Mmu, Kopoue, edunuunotl 3adepic-
Kol) B MHOXecTBe P , HasbIBaeTCSA 0.-I. QyHKIUS ¢,(x), 3amaBaeMas

CECTEMO# y(t) = q(t — 1),
{q(t) = z(t), ©
q(0) = 0.

Ha «s3bike MIOCJIEIOBATEIILHOCTEN> eNUHIYIHAS 3a,0EPXKKa OIIUCBIBAECTCIA
CJICOYOIIMM COOTHOIIICHUEM:

0y () = 05,
HuarpaMmmer Mypa equHUYHBIX 3amepxkek mias k = 2, 3, 4 u3o0pakeHbl

Ha puc. 4.43. Bec enumHUYHON 3amepXKKU U3 MHOXKeCTBa [ , paBeH k.
Cxemy, peaqu3yoINyI0 eIUHUYHYIO 3a0EPXKKYy, OymeM m300paxaTh TakK:

CropaBenmBo CIIEOYIOIIEE YTBEPXKIOEHNE: BCAKASA O.-O. (OYHKIUAI

u3 Py on MOXeT OBITH pealn30BaHa CXeMOH HaJ TaKUM MHOXECTBOM,
KOTOPOE COMEPKUT:

1) cxeMbl, peau3yIOIIe SJIEMEHT eIUHUIHON 3a,0€DXKKU;

2) cxeMbl, peanusyolue QyHKINN, TOPOXKICHHBIE QYHKIUIMA U3 He-
KOTOPOM TOJHOU B P, CUCTEMBIL.

WNubIME crioBamu, 1:000€ MHOXKECTBO O.-I. GyHKIURA u3 I on, COCTOL-
Iree 13 JIEMEHTA IUHUTHON 33 0ePXKKM 1 PYHKITUT, TOPOXKICHHBIX (DyHK-

q)
o) 1(0)0\ 32)| |26)
N
3(1)
0(3) y
00) (U300 "33
k=4
Puc. 4.43

UAMI 13 HEKOTOPOH MOJHOU B P cuCTeMBl, 00pasyeT NOJHYI B I ox
CHCTEMY OTHOCUTENBHO COBOKymHOcTH omeparuit {01, Oz, O3, O4, S}.
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[Ipumep 5. Haittu Beca 0.-m. QYHKIIUN, MOIYYAIOMIUXCI U3 O.-1I.
byukiu f ¢ TOMOINBIO ONEePaIuyd OTOXIECTBIIEHUs, TPUMEHEHHOU K
BCEBO3MOXHBIM ITapaM BXOMHBIX MEPEMEHHLIX L1, Lo U I3:

y(t) = q(t — 1) = (z1(t) V 22(t) V T3(t)),
foq a@) ==(t) T2(t)- 23(t) = q(t — 1),
q(0) = 0.
Pemeunune. Ilomaras x; = z2, monyuaem QYHKITAIO
y(t) =q(t — 1) = (21(2) VT3(t)),
fi2: S q(t) =1,
q(0) = 0.
Huarpamma Mypa sTonn dyukium mi3obpaxena Ha puc. 4.44. Bec dyHK-

1y f1o paBeH 2.
Ilomaraem x, = 3. llpuxonum K GyHKIIAMA

y(t) =1,
fiz: < q(t) = z1(t)- T2(t) = q(t — 1),
q(0) = 0.

Bec stont pyukmnuu pasen 1. Iluarpamma Mypa dyuknuu fi3 u ee nmpuBe-
NEHHASA NuarpaMMa OpencTaBlIeHbI Ha puc. 4.45.
[Tonoxum Tenepy xo = 3. Illonmyuaem ¢yHKIIUIO

y(t) =1,
fazt § q(t) =1,
q(0) = 0.

Bec dpyukmun fo3 paBen 1. Huarpamma Mypa u npuBemeHHas IuarpaMmma,
n300paxeHsl Ha puc. 4.46.

10(1) 00(1) 00(1)

% 00(1),01(1) ™S 010) *y¢ 010)
0 100)111) 1 O\ 100)
11(1) 11(1)
Puc. 4.44 Puc. 4.45
001) 00(1)
x oo011) /1) ./ 01(1)
0" 10(),111) 1 \J0( 0\ 100)
11(1) 1101)
Puc. 4.46

[Ipumep 6. IlocTpouTh KAHOHWYECKWE YPABHEHUS W OUATPAMMBI
Mypa nms 0.-n. GYHKIIWH, TOTYYaIIMXCcs U3 GYHKITIN
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yi(t) =gt —1),
£ L) =5i0)-at - 1),
( ) =z1(t)- q(t — 1) V 22(t),
q@)—O
BBeeHNEeM OOPATHON CBSI3M IO HapaM MepeMeHHBIX (X1, y1), (T2, Y1)
u (2, y2). HaliTu Beca mosydeHHbIX QYyHKIUI.

Pemenue. Brogum o6paTHYIO CBSA3b MO NMEPEMEHHBIM 1 1 Y. s
TIOJTYUYEeHNS] KAHOHUUECKUX YPABHEHUUW Pe3yIbTUPYIOEN (GYHKIIUU HAJO

0(0) 0(0)
Q
0 0(0)

Puc. 4.47 Puc. 4.48

BMecTO z1(t) B ypaBueHusx ys(t) = z1(t)-q(t —1) um q(t) = z1(¢)- q(t —
—1) V 22(t) moncTaBuTh IpaByl0 YacTb cooTHomeHus yp(t) =gt —1).

ITonmy4gaem
y2(t) =0,
Sz § a(t) = 22(8),
q(0) = 0.

Huarpamma Mypa 1 npuBeneHHas TUATPAMMA 3TON QYHKITUN N300DPaKEHBI
Ha puc. 4.47. Bec pyukmnuu f11 paseHn 1.
BBoms oOpaTHYIO CBSI3b IO IEPEMEHHBIM X9 U Y1, TOIydaeM (DYHKIIUIO

y2(t) = z1(t)- q(t — 1),
for: R qt) =z1(t)-qt =) VGt —1) =z, (t) VGt — 1),
q(0) = 0.
Ee mmarpamma Mypa mpencrasiena Ha puc. 4.48. Bec ¢pyukuuu fo; pa-

BEH 2.
BBons o6paTHYIO CBSI3b MO MMEPEMEHHBIM Zo U Y2, MMEEM

y1(t) =q(t — 1),
fa2: 4 q(t) = z1(t)- q(t — 1),
q(0) = 0.

Huarpamma Mypa u npuBemenHas nuarpaMma GQYHKIAU foo M300paKeHbI

0(1) 0()
Gy o
0
1(1) 1(1)
Puc. 4.49

Ha puc. 4.49. Bec dyukiuu pasen 1. Ora GyHKIMUsS aBTOHOMHAS (IIOPOXK-
NIEHHAs. KOHCTAHTOM 1).
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[Mpumep 7. Hua cynepnosunuu fi(fz) MO HmepeMEHHBIM Yo — X1

0.-II. GyHKIIUN
y1(t) =To(t)- qu(t — 1) vV z1(2),
fio § @(t) = zo(t) VEL(H) VT, (2 - 1),

q(0) =1,
Y2(t) = z2(t) ® q2(t — 1),
f2r  @2(t) =T2(t) Vo (t — 1),
QQ(O) 0

IOCTPOUTH KAHOHUYECKVWE ypaBHeHUs u nuarpammy Mypa. Haiitu Bec
STOU CyHEePIO3UIIUN.

Pemenwne. Kanounueckue ypapuenus miis cynepnosutuu f = fi(fo)
0 YKa3aHHBIM II€PDEMEHHBLIM IOJIYYAIOTCS IOACTAHOBKOW IIPABOM YaCTH
cooTHoIeHus: Ys(t) = x2(t) ® q2(t — 1) BMecTO mepemenHon x1(t) B KaHO-
HUYIECKUX YPABHEHUSX M QYHKIUU f1 ¥ 1OOABIEHUEM K ITOJIY YMBIITAMCS
BBIDAXKEHUSIM ypaBHeHUs (o2(t) = T2(t) V G5(t — 1) m HaYaIBLHOrO yCIIO-
Bust ¢2(0) = 0. Umeem

y1(t) =Zo(t)- qi(t — 1) V (z2() & q2(t — 1)),
q1(t) = zo(t) Va2 (t) ® q2(t — 1) Vg (¢t — 1),
g2(t) =T2(1) Vo (t — 1),

q1(0) =1, ¢2(0) =0.

Orciona cienyer, uto Bec Gyukimu f He Gonbire 4 (Tak Kak Kaxmast

00(1), 10(0)
1)

TIepEMEHHAS 1, @2 TPUHUMAET IBa 3HAUE-
must, a umenao 0 u 1). Ucxons u3 sTux
YPABHEHUI U HAUAJBHBIX YCJIOBUU CTPO-
uMm guarpammy Mypa (puc. 4.50). Ipu-
BelleHHAsI QUArpaMMa, COOTBETCTBYOIIAS
oJTyYyeHHOU nuarpamme Mypa, conepxxuTt
Bepmmabl 01, 10 u 11. CmenoBarTenbHO,
Bec cymepno3uiiuu f paBeH 3.

2.8. Husa cynepnosuruu  f = fi(f2)

Puc. 4.50 o0.-n. dyskuuit fi u fo m3 P oy mOCT-
PONTL KAHOHMYECKME YPABHEHMS U IPUBCOCHHYIO mnuarpammy Mypa:
(y1(8) = 21(8) = qu(t — 1), y2(t) = z2(t) V g2(t — 1),
1) fi: § a1(t) =7Z1(2), f2r § @2(t) = z2(t) L Go(t — 1),
(¢1(0) =1, q2(0) = 0;
(y1(t) =7, (¢ — 1), y2(t) = g2(t — 1),
2) fu at) =a(t—1) = z1(t), for { @(t) = T (1),
L 7:1(0) =0, g2(0) = 1;
(y1(t) =T1(2), ya2(t) = ot — 1),
3) fidm@®)=q.(t—1), for qq?)=72() ¢t 1),
L q1(0) =1, g2(0) = 0;
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yi(t) = z1(t) it — 1),
4) fi: {ql(t) =q;(t—1),
q1(0) =0,
o {yZ(l) =1,
y2(t) = z2(t) ®y2(t — 1), ¢ > 2;
. y1(1> =0,
B {yl(t) =zi(t—-1) =yt -1), t>2
y2(t) = @2(t — 1) = z2(2),
f21 € q2(t) = z2(2),
g2(0) = 1;
6) dyukiusa f; 3amaerca muarpammonn Mypa, uM300paXkeHHON Ha,
puc. 4.51,
y2(t) = z2(8) | 2(t — 1),
for § @2(t) = z2(t) = Gt — 1),
q2(0) = 1;
7) dyukuu fi u fo 3amatorcs guarpammavu Mypa, n306pakeHHBIMEI
o) w0 W w1
QO w0 & O o
0 z 1(1) 00), 1(1)
1(0) a 7]
Puc. 4.51 Puc. 4.52

Ha puc. 4.52,a, 6 COOTBETCTBEHHO;
o fie {100 =02 =0
yit) =n(t—1) = nt-2), t >3,
o (D=0 1) =1
y2(t) = z2(t) = y2(t —2), t > 3.
2.9. IlocTpouTh KAHOHUYECKNE YPABHEHUsS W MPUBEIEHHYIO TUATPAM-

My Mypa o.-n. dyskiuu, nomgydaromieics u3 ¢Gyukiuu f BBemeHueM o0-
PATHOU CBA3U IIO IIEPEMEHHBIM T;, U;:

() = 21 () = qlt — 1),
CJ y2(t) = 21(t) 22(t) @ q(t — 1), 9 i_ 1.
DY g) = @) v aa()-ge—1),  THI=E
\Q(O) =0,
(y1(t) = T1(t) Vz2(t)- q(t — 1),
) =) @t - 1), L
DIy o) = o) mt) vt —1), I
\Q(O) =0,
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(y1(t) = 21(t) = q(t — 1),
) y(t) =T(l)-q(t — 1) @ z2(7) -
955 4fo) = axlt) > 6 - ), “IEh
(q(0) =1,
y1(t) = z1(t)-q(t — 1) V z2(t)
y2(t) = z2(t) _ _
VI at) = @) > mt) vae—1), ThITE
(¢(0) =0
(y1(t) = q(t — 1),
) y2(t) = 21(F) @ (z2(8) Vgt — 1)),
DI o) = at = 1) = 21 (1) 22 0),
\Q(O):Ov
a)i=j7=1; 6)1=2, j=1;
(y1(t) = (z2(t) = z1(t)) = ¢t — 1),
y2(t) = z2(t)- q(t — 1),
6) f: < y3(t) =7Z1(t) (z2(t) — q(t — 1)), i=1, j=2;
q(t) = z1(t)-q(t — 1),
L ¢(0) =1,
(y1(t) = 21(2),
y2(t) = z2(t) ® q(t — 1),
7) [ S ys(t) = z2(t) Vgt — 1),
q(t) = z1(t) V z2(2),
L 4(0) =0,
a)i=2,j=1, 6)i=1,j=2; B)i=1, j=3;
(y1(t) =z1(t) D @r(t — 1) g2t — 1),
y2(t) = z2(t) = q2(t — 1),
8) f1q ai(t) = qu(t —1) ®ga(t — 1),
g2(t) =z1(t) @ qu(t — 1),
| ¢1(0) = ¢2(0) =0,
a)i=1,7=2; 6)i=2, j=

2.10. Haiitu Bec 0.-o. QyHKINM, TOIYyYAIOIIEHACS U3 O.-a. GyHKIn f
BBEICHNEM OODATHOU CBA3M IIO IEPEMEHHBIM I;, ¥;:

(y1(t) = 21(t)- z2(t) = q(t — 1),
y2(t) = z2(t) Va(t — 1),

q(t) = z1(t) = z2(2),

9(0) =1,

1) f: 4
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2.11. Haiitu Bec 0.-m. QyHKIINM, MIOJIYYAIOIIENCS U3 O.-O. QyHKIna f
C HMOMOIIBIO OIEPAIU OTOXKIECTBIICHUA BXONHBIX INEPEMEHHBIX I; U T
(omeparms Oy ):

’

y(t) = z1(t) = z2(t)- u (t = 1),
1 4 q1(t) = z2(t) = T3(2) (¢ — 1),
) 2(8) =21 (1) T2(t) VG (E - 1),
\ql(O) :(J2(O) =0,
a)i=1, j=2 6)i=2, j=3
(y(t) = 21(t) VT(t)- qu(t — 1),
) at)=gt-1) =g -1),
2 T2\ alt) = () VT3 () V (£ — 1),
L ¢1(0) = ¢2(0) =0,
a)i=1, j=2; 6)i=2, j=3;
(y1(t) = 21(t) - T2(t) = q(t — 1),
) y2(t) = 21(t) - 23(t) = 22(2),
DI o) = st v - 1),
L ¢(0) =1,

y1(t) = z1(t) — (z2(t) VT3(t))-q(t — 1),
4 f: 4 y2(t) = q(t — 1) = 71(t)- z2(2),
q(t) =q(t — 1) V z2(t)- 73(2),
L ¢(0) =0,
a)i=1j=2 6)i=1 j=3 B i=2 j=3

(41(t) =T () Var(t — 1), ya(t) = 2 (1) Tt — 1),
D fir Q@) =z(t) Vg (t = 1), far  q2(t) =T2(8) g2(t — 1),
| 1(0) =0, ¢2(0) = 1;
(yi(t) =7, (t - 1), y2(t) = g2(t — 1),
2) fr g a(t) =z(t)- @t —1), f2: § @(t) = 22(8) VG (¢t — 1),
| :(0) =1, q2(0) = 0;
(y1(t) = w1 (t) = qu(t — 1),

3) fir  u(t) =G, (¢ - 1),
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dyukuus fo 3amaercsa muarpammon Mypa, m3obpaxkeruoun Ha puc. 4.53;

0(0) o1 1()
g 0 oy
@ O(O) o a 6

Puc. 4.53 Puc. 4.54
0Q)
00 10 o1
1* 0@) 10 0(1)
10) T [0 Qﬁ%@
K 0@ v 1)
1350, 10); ) ]
Puc. 4.55

4) dyuxuuu f; u fo 3amatorcs nuarpammamu Mypa, n300paKeHHBIME
Ha, puc. 4.54, a, 6 COOTBETCTBEHHO;

5) dyukiuu fi u fo 3amatorcs guarpammavu Mypa, n306pakeHHBIMI
Ha puc. 4.55, a, 6 COOTBETCTBEHHO.

3. Peanmu3anus orpaHnmYeHHO-e TEPMUHNPOBAHHBIX PYHKIIHINA
cxemaMu. [lousaTue cxeMbl, peaqu3yomen o.-11. GYHKIINIO, U OIpeneeHre
COOTBETCTBYIOIINX OMEPAINil HAII CXeMaM# HaHBI B 1. 2. B HacTosAmeMm
IIyHKTE MPENCTABIIEHBI HEKOTOPHIE 3334, OTHOCSIIIIAECS K CXeMaM, Pea-

JU3YIOIM O.-I. GYHKINN 13 MHOXCECTBA 5 oy .
[Tpumep 8. IlocTpouTh cxeMy, peajiu3yIoIyo O.-A. GyHKIu [ u3

Ps on, Hal MHOXECTBOM, COCTOSILINUM U3 3JICMEHTAa COMHUYHOHN 33JCPXKKU
1 QYHKIIUN, TOPOXKIEHHBIX NU3BIOHKIINEN, KOHBIOHKIINEN I OTPUIIAHUEM:

(y1(t) = 21(8) Tu(t — 1) V z2(t)- T3 (),
y2(t) = q2(t — 1) = z1(t) V z3(t),
Fea@) =alt-1)&el-1),
@2(t) = z1(t)- 22(8)- Q1 (¢ — 1),
[ 41(0) = ¢2(0) = 0.
Pemenue. CHauama CTPOMM CXeMy U3 (DYHKIMOHAIBLHBIX 3JIEMCHTOB

HaJ, MHOXECTBOM, COCTOAIIVM W3 NU3BIOHKIINY, KOHBIOHKIVA ¥ OTPULA-
HUS, I CIIEAYIOIIEeN COBOKYITHOCTH OYyIeBBIX (PYyHKITNN:

Y1 =T1-q, VT2 - T3,
Yo =¢qo V21V I3,
G =q G VT g,

! —
o = T1 -T2 (-

(%)
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(Ilpu BeIMUCBIBAaHWEA 3TUX (QYHKIUNA MBI BOCIOJIb30BAJIACH SKBUBAJIEHT-
HLIMU COOTHOIICHUAMY IS (QYHKIUA aJreOphl JIOTUKU: £ — §y =T V
uxrdy=zyVTy.)

Cxema 13 HYHKIIMOHAIBHEBIX DJIEMEHTOB, PEAJIN3YIOIIAs CUCTEMY (QyHK-
muit (%), UMeeT MATHh BXOMHLIX KAHAJOB (MO MEPEeMEHHBIM Z1, T2, 3, 1

Y1
Puc. 4.56

U (2) U 9ETHIPE BLIXOMHBLIX (IO TIEPEMEHHBIM Y1, Yo, 1 U G5). O60o3HAUUM
Ty cxemy uepe3 X*. Oua mpemcTaBieHa Ha puc. 4.56.

CBeTabIMI KPYXOUYKAMHU HA HEll O0003HAYEHBI BXOMHBIE W BBIXOMHBIE
IIOJTIOCA, & TEMHBIMHU KPYXKOUYKAMU — BHY TPEHHUE MTOJII0Ca,. DYHKITMOHAIb-
HbIe (JIOMUYECKUE) HIIEMEHTHI, PEAIu3yoIue Mu3bIOHKINI0, KOHBIOHKIINIO
U OTPUIAHUE, N300PAKEHBI B BULIE TPEYTOILHUKOB C IBYMSI (ITsI MU3BIOHK-
UM U KOH'BIOHKIIAN) VIIA OMHUM (11 OTPUIAHUS) BXOMHBIMU KAHAJIAMU.
Y kaxmoro GpyHKIMOHAIHLHOTO 3JIEMEHTa, ONWH BLIXOMHOUW Kanail. (OKOIo
BBIXOMHBIX IIOJIFOCOB DJIEMEHTOB YKa3aHbl OyjeBbI (GQYHKIIUU, pPeaIn3ye-
MbI€ TAKUMU TOMCXEMAMM CXE€MbI X*, yV KOTOPBIX BXONBLI COBIIQOAIOT C
BXOMAMM CXEMBI X, a BBIXOHAMU SIBISIOTCS MNAHHLIE BBIXOMLI DJIEMEH-
TOB. B TpeyronmpHmKax, COOTBETCTBYIOIIUX 3JIEMEHTAM, PEAITU3YIOIINM
KOHBIOHKITIO, N300PaKeH 3HAK & ; DIIEMEHTHI, PeaIu3yoIue OTPUIAHNTE,
IIOMEYEHEI 3HAKOM 1.

Insa mostydeHns CXeMBl X ¢, peaju3ylolen o.-I. dyHKIUIO f, DocTa-
TOYHO K BBIXOHAM () U (5 CXEMBI %* IPUCOEOWHUTDH IOCIIENOBATEIHHO
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SIIEMEHTHI EIUHUYHON 330€PKKHU (OMeparus CyIepIo3uIu) 1 3aTEM BBEC-
T OODATHYIO CBS3b II0 [IapaM KAHAJIOB ¢ —q1 U ¢4 — g2, TOE q; —
BBIXOOHOU KaHAJ 5JIEMEHTa eIUWHWYHON 3aIePXKKU, MONCOCOUMHEHHOIO K
BBIXOLY ¢, CXeMBI X*.

Cxema Y ¢ npuBenena Ha puc. 4.57. (Hymu oxono sneMenTOB enuHIY-
HOW 33JI€PKKM, IOCTABIIEHLI HAMU ISl TOrO, YTOOLI JIMIITHUI Pa3 HAIIOM-

z1(t) T2(t) z3(1) ~
g (t — 1) a(t=1)
0 0
Xy o 3 3
l L a3 ¥ a(t)
yl(t) yz(t)
Puc. 4.57

HUTh, YTO B MOMEHT BpeMeHu ¢ = 1 BBIXOMHBIE CUMBOJIBI STUX SJIEMEHTOB
paeusI 0.)

pumep 9. o cxeme Xy, peamusyromen ¢pyukumo f (puc. 4.58),
IOCTPOUTH KAHOHUYECKUE YPaBHEHU, 3a0al0II1e 3Ty DYHKITIIO.

11 I". II. T"'aBpuoB, A. A. CamoxeHKO
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Pemenue. Ynanas us CxeMbl X 3aJ0CPXKKY, IOIYyIAEM X fr — CXEMY
3 QYHKIMOHAJIBHBLIX 3JIEMEHTOB, M300paxkeHHyio Ha puc. 4.59, ¢ momon-
HUTEIBHBIMI BBIXONHBIME (G W @5) ¥ BXOOHBIME (g1 M (o) IOJIOCAMU.

VA& :
VY V| VY \?

!
Oq1

,’L‘Q(t)

!
2

o g1 42

N/ \/
\/ \/
; \Y

y1(t)

E/f:

a2 (t)

Puc. 4.59

BrmucreiBas ®YHKHHH IIpOBOOMMOCTHI OJIdA KaXKIOOI'O0 BBIXOOHOI'O ITOJIIOCA,

uMeeM _
Y1 =21 -2 Dqq,

Yo = q1 - (T2 V qs),
@ =21 DTV Gy =21 D T2 Qo,
@ = (1 - 22®G) 22 = (1 ~ q1) - T2.

Tenepsb miig momyvYeHnss KAHOHUYECKUX YPABHEHUN, OMACHLIBAIONTAX PAbOTy
CXEMBI Y ¢, Hy>HO y4eCTh BpeMs 1 HaYaJIbHBIC yCIIOBH:

( yi(t) = 21(t) 22(f) @7 (¢ - 1),
y2(t) = i (t — 1)- (T2(t) VG (t — 1)),
q1(t) = z1(t) ® z2(t)- g2(t — 1),
g2(t) = (z1(t) ~ q1(t — 1))~ z2(2),

\ Q1(0) :CI2(O) = 0.

[Ipumep 10. Bemmmcarhs KaHOHWYECKWE YPABHEHUS MIIA (DYHKIIWN,
peanusyemMbIx cxeMamu, u3obpaxenubivu Ha puc. 4.60. (Cxemsr, n3o6pa-
XeHHble Ha puc. 4.60, a— %, COOTBETCTBYIOT MII. a)—K) PEIeHNs. )

Pemenue. a) Cxema peanusyer dyuximuio fi(z) = fz(p;(z)), roe
fz(z) — o.-m. dyukimsa, nopoxnenHas yukimein T uz P». Ha «s3bike

7\

N—r
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z(t) o z(t) éx(t) o =(t)

Puc. 4.60

HOCJIEOBATENbHOCTEN> QYHKIWA f1(Z) ONUCHIBAETCS CIEAYIOIIAM COOT-
HorenueM: f1(z%) = 1Z(1)Z(2)... T(t) ... Ucxons us Hero moxem cpasy
HAINCATH KAHOHUYECKIE YDABHEHUS:

y(t) =

q(t)
q(0

(t - 1)7
(1),
0

S

11*
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IIpuBenmem eitie OmHO pellleHNE 3TOU 3amaun. JICHO, YTO HAHHASI CXEMa,
SBISETCS CYMEPIIO3UINEN MBYX CXEeM, OIHA M3 KOTOPBIX PEAJU3YeT enu-

HUTIHYIO 33I€PXKKY @;(z), a apyras — ¢yukmuio fz(z). Kanonnueckue
YyPaBHEHUS 3TUX PYHKIUN MOXKHO 3alUCATh B Clenyoomen Gopme:
Y (t) = q1 (t - 1)7 y2(t) = E(t)7
p;(7):  qu(t) = =(b), fe(2): < q2(t) =0,
¢1(0) = 0. q2(0) = 0.

3HauUNT, KAHOHWYIECKVE ypaBHeHus cynepnosunun fi(z) = fz(p;(x)) ume-

o y(t) =3 (t — 1),
) @a@) = (),
fil@): g2(t) = 0,
QQ(O) = QQ(O) = 0.
Bec ¢oyukuumu fi(r) paBen 2 (mepeMeHHasl ¢o SIBISIETCSI «(QUKTUBHOLS),
1 TIO3TOMY «IIPUBEICHHBIE> KAHOHNUECKNE YPABHEHUS I HEE BBITJIANAT

y(t) =7, (t - 1),
fulz): & o) = z(0),
aq1 (O) = 0.

(OTu ypaBHEHUS C TOYHOCTBIO NO ODO3HAUEHUsS MEPEMEHHBLIX TaKUE XKe,
KaK ¥ BHITUCAHHBIE BHIIIIE. )

6) OueBumHO, UTO nmaHHAs CcxXeMa peanusyeT GyHKIUO fo(r) =
= fi(fz(x)), roe fi(x) — o.-m. dyukuus u3 npumepa a). CrenoBarTeib-

HO, fo(T%) =1Z% — «emuHWYHAS 3aMEPKKA C HAYAIHHBIM BBIXOIOM,
PABHBIM 1>, u y(8) =3t — 1),
f2 (113) Q(t) = f(t)a
q(0) = 0.

B) Cxema peamusyer ¢yukuuio f3(z) = ¢;(fi(x)). Suauur, fol(r¥) =
=017Z(1)Z(2)... Z(t)... Hanee, Tak kax GyHKUUM @; U fi; 330a00TCA
CIIEAYIOIINMY KAHOHMYIECKUMU Y PABHCHUSIME:

y1(t) = q1(t — 1), y2(t) =g, (t — 1),
@;(71): § @) = 21(P), Ji(zz): ¢ @(t) = z2(0),
1(0) =0, ¢2(0) = 0,

TO IMeeM

Ja®) =7
(Pa(fl(m)>° g (
41(0) = ga2(0) =0,
F) Hanxuas cxema peajim3yeT O.-1I. GYHKIIIIO
o (@) = p5(py - (@) )

n pa3s
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— 3aepXKKy Ha 1 TakToB. OUeBUIHO, ITO cpgn) (z¥) =00 ... 0z*. Kano-

HU4YEeCKUEe YPABHEHUSA 5TOU q)YHKHI/II/I BBITJIAOAT TakK: t pas
(y(t) = q1(t — 1),
@ (t) = g2t — 1)
(n) I EEREERETEERERRE R

n) ObosHauuM HYHKINIO, peatu3yeMyo 9Toi cxeMoit, yepes fy(z). OT
TIEPEMEHHON T OHA 3aBUCHUT HECYIIIECTBEHHBIM oOpa3oM. [lima mosyueHums
ee KAHOHMYECKUX YPABHEHUN BO3bBMEM EOUHUYHYIO 3aHEPXKKY C OBYMS
BBIXOIAMU, § W Y1, U BBemeM OOPATHYIO CBI3b IO MEPEMEHHBIM & U 7.
Kanonnueckne ypaBHEHUS €MWHWUYHOW 33J€PXKKW C MBYMS BBIXONAMU Y
7 41 BBITVISOAT TaK: y() = gt — 1),

y1(t) = q(t = 1),
q(t) = z(t),
¢(0) = 0.

Beonsg o6paTHYIO CBS3b MO KAHAJIAM T U 11, IMEEM

y(t) =q(t—1),
f4($): ( ) = (t - 1)>
q(0) = 0.

Takum obpasom, fi(x) = f=o(z) (3mechb f=¢(x) — 0.-m. GYHKIWS, TOPOK-
NEHHAs TOXIECTBEHHBIM HyJieM), T.e. fa(z%) = 0¢.

e) Oyuxnuio, peaquzyemyio 5TOH cxeMmou, o6o3HaumMm uepes f5(x)
(mepemennast ¢ GukTuBHAsA). I TOMyYeHUs KAHOHUYECKUX yPABHEHUI
byukuuu f5(r) DOCTATOUYHO B3ATH CXEMY U3 MPUMEDPA a), PA3BETBUTH €€
BLIXOI Ha NIBA (Y U Y1) U BBECTU OOPATHYIO CBA3b MO MEPEMEHHBIM I U Y.

&

“II

Hcon y(t) =q(t — 1),
y1(t) =q(t — 1),
q(t) = z(1),
q(0) =0,
fs(x): € q(t) =q(t - 1),
q(0) =

Ha «s3bike mOCIienoBaTennbHOCTE> QyHKIMS f5() ONMCBIBAETCS COOTHO-
menneM f5(z) = [10]“.

x) Dysxuio, peanusyeMyro MaHHOU CXeMol, 060o3HaunM uepes fq(x)
(mepemennas x ¢ukTuBHAas). s HAXOXKIEHUS €€ KAHOHUYECKUX YPaB-
HEHUZ MOXHO B35ITh KQHOHWUECKNE ypaBHeHus Myt ¢yHkumu ¢;(fz(z)),
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Pa3BETBUTH €€ BBIXON HA 1Ba (Y U Y1) U BBECTU OOPATHYIO CBS3b IIO
TIEPEMEHHBIM T U ¥1. BBIIOIHUM 5T IIATH:

y(t) = q(t — 1),
o, (fz(z)): { a(t) =T(1),
q(0) =0,
y(t) = q(t - 1),
(5 (t) — Q(t - 1)7
q(t) = z(t),
q(0) =0,
y(t) - q(t - 1>a
fe(z): < qt) =gt - 1),
q(0) =

Ha «s13pike mocsenoBaTenbHOCTE» nmeeM fg () = [01]v.

3) Kanounueckue ypaBuenust Gyukiuu f7(z), peagusyeMoi 5TOl cxe-
MO, TOJIyYaeM U3 KAHOHUYECKUX ypaBHeHunl dyHkumu fo(x) (cM. mpu-
Mep 6)), IPUMEHss OIepaluy Pa3BETBICHUSA U OOPATHON CBA3M (KaK B
npumepe x)). Umeem B

y(t) =q(—1),

q(t) = =(t),
q(0) =0,
fr(z): € q(t) = q(t - 1),
q(0) =0,

T.e. fr(z) = fe1(z) wm f7(3¥)=1% (mepemenHas z (UKTUBHA).

u) O603HauUMM O.-I. (QYHKIUIO, Peau3yeMyl MNAHHOW CXEeMOW, de-
pes fs(z) (r dukTuBHAs mepemenHas). IledcTBys Tak Xe, KaK B IIPU-
Mepe 3), HO HUCHOIb3ysl mpu 5ToM dyukuuio f3(x) (u3 mpumepa B)),

OJIy9aeM
y(t) = @t —1),

Q2(t) = z(1),
qi (0) = QZ(O) =0,
y(t) — Q1(t - 1))
. Q1(t) ZGZ(t_ 1)7
5@ o) = a1 (6 - 1),
q1(0) = ¢2(0) =0,

T.e. fs(3¥) = [0110]“.
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k) s mocTpoeHns KAaHOHUYECKUX ypaBHeHu GyHKuuu fo(x), peaiu-
3yeMOU MaHHOU CXEMOU, MOXHO MOCTYNUTH TaK: HANUIIEM KAHOHUUIECKUE
ypaBHeHus mns cymepnosunuu  fovy (fz(x), ¢;(21)), tme fovy(z, y) —
0.-I. GYHKINA, MOPOXKICHHAA OU3BLIOHKINEH; 3aTEM PAa3sBETBUM BBLIXOI
Ha nmBa (Y ¥ Y1), & MOTOM TPUMEHUM ONEPAIMI0O OOPATHON CBI3U MO
[IEPEeMEHHBIM L1 U Y. BBIIOIHUM 5TH IIAru:

y(t) ==(t) Vet - 1),

q(0) =0,

y(t) ==(t) Vgt — 1),
y1(t) =7Z(t) Vgt — 1),

q t) =TI (t)a

q(0) =0,
y(t) ==(t) Vaq(t—1),
fo(x): < q(t) =Z(t) Vgt —1),
q(0) =0,

T.¢€.

y(1) =7(1), y(2) =FA)VEQ2),...,yt) =T VEQR)V...VT(?)...

2.13. Onsa dysxuunm f u3 Ps on DOCTPOUTH CXEMY HaJI MHOXKECTBOM,
COCTOSIITUM U3 3JIEMEHTA eNUHUYHON 33IePXKKI U QYHKITUN, TTOPOXK IEHHBIX
NU3BIOHKINEN, KOHBIOHKITUEN U OTPUIIAHUEM:

y(t) = =(t) Vq(t - 1), y(t) = z(t) ® q(t — 1),
D f:qt)=z@)-qt—1), 2) f: < q(t) = 2(t) | q(t — 1),
q(0) =1, q(0) = 0;

3) dyukums f 3amaercs xkaHoHmueckon Tabmurenn (tabm. 4.7) u Ha-
yabHbIM ycsoBueM ¢(0) = 1;

Tabnuma 4.7 Tabnuuma 4.8
z(t) | q¢—-1) | y@ | a(®) z(t) | qt—-1) || y® | a(®)

0 0 0 1 0 0 1 1

0 1 0 1 0 1 0 1

1 0 0 1 1 0 0 0

1 1 1 0 1 1 1 0

4) pyuxkuuss f 3amaercs KaHOHWUYecKoun Tabmurein (tabin. 4.8) u
q(0) = 0;

5) byukuus [ 3amaercs mumarpammoin Mypa, u300paXKeHHOU Ha,
puc. 4.61, a;

6) dyukuus f samaerca nmarpammoirn Mypa, u300paxkeHHON HAa,
puc. 4.61, 6;

7) dyukmusa [ samaercs mumarpammonn Mypa, u300paXKeHHON Ha,

puc. 4.61, s;
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Puc. 4.61

8) dyukuusa [ samaerca mmarpammoin Mypa, u306pakeHHON

puc. 4.61, 2;

9) dyuxuusa [ samaerca muarpaMmmoin Mypa, u306pakeHHON

puc. 4.61, 0,
10) pyukmus f samaercs mmarpammoir Mypa,
puc. 4.61, e;

y2(t) = ma(t) = 22 (t — 1), t > 2.

1300paKeHHON

Ha,

Ha

Ha

2.14. Ilo cxeme, peammsyromeii dynkmmuio f u3 P o, DOCTPOUTH
KAHOHWYECKWNE YPABHEHUS, KAHOHUIECKYIO Tadmuiy u nuarpammy Mypa:

1) puc. 4.62,a; 2) puc. 4.62,6;  3) puc. 4.62, ;

5) puc. 4.63,a; 6) puc. 4.63,6; 7) puc. 4.63,6; 8) puc. 4.63, e.

4) puc. 4.62, 2;
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z(t)

x1(t) x2(t)
ki
o ‘

y2(t)

Puc. 4.63
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z(t) y z(t)

Puc. 4.64

Puc. 4.65

Puc. 4.66
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2.15. IlocTpouTh cxemMy, peau3yIonIyio Ty XK€ O.-O. QYHKIIUIO, UTO
71 33JaHHAs CXeMa, HO CONEPKAIIYI0 MEHBIE 3JIEMEHTOB eOMUHUYIHON 3a-
nepxku. Cxema MOMXKHA CTPOUTBHCI HAM MHOXECTBOM, COCTOSIITUM U3
3JIEMEHTa E€OWHUYHON 33a[€PXKKU W (PYHKINAN, TOPOXKIEHHBIX MU3BIOHK-
1el, KOHBbIOHKITEN 1 OTPUIlAHUEM:

1) puc. 4.64,a; 2) puc. 4.64,6; 3) puc. 4.65,a; 4) puc. 4.65, 6;
5) puc. 4.66, a; 6) puc. 4.66, 6.

2.16. B cxeme, peanusyomieir GyHKIN0 f 13 MHOXECTBA P£ glﬂ (n >
> 1), comepxurcs p (p > 0) eIUHUYIHBEIX 3aOEPKEK ;.
1) MokasaTe, uro Bec pyukuum f He Gombime 2P.

2) IlpuBecTu MpUMEpHI CXEM C P ENVHUYHBIMU 330EDKKAMU, DeaJiu-
syommx GyHKIUY BECa, I, TIe:
a)r=1,p>1 6)r=2° p>1, B)r=1,2,3,4u p=2.

4. 3aMKHYTBbI€ KJIacChbl M IMOJIHOTA B MHOXECTBaX JeTepMu-
HUPOBAHHLIX 1 OrPaHNYEHHO-IETEPMUHNPOBAHHBLIX (QYyHKIIWA.
[Iycte M — mexkoTOpoe MHOXECTBO n. (i o.-m.) yukmuin m O —
KaKas-aub0 COBOKYITHOCTDH OIEPAllWil, HE BBIBOMSIINX 33 IPENENTbl MHO-
XKecTBa Bcex n. (mmm o.-n.) yuknmit. MubimMm crnoBamu, ecaum o € O,
TO, TPUMEHSASI O K IPOM3BOJILHBIM (WM MOMYCTUMBIM) m. (Wid O.-1.)
GYHKIMSIM, MBI TIOJIy9aeM CHOBA M. (Wi O.-1.) GYHKIIUN.

Samvikanuem [M]g MHOXecTBA M OTHOCUTENHHO COBOKYITHOCTH OIE-
panuit 0 HA3LIBAETCS MHOXKECTBO, COCTOSAINEE U3 MHOXeCTBAa M u Takumx
n. (wii 0.-m.) GYHKIUN, KOTOPbIE MOTYT OBITH MOJIyYEHBI U3 (HYHKIIWI
MHOXeCTBa M ¢ momorrpio omepanuit u3 O, mpuueM omeparuum MOXKHO
IPUMEHATH JTII000€ KOHEeUHOe uncyio pas. Omeparus Moy YeHnss MHOXKECT-
Ba [M]g u3s M HaseiBaeTcs onepayuet 3amvikanud. MuoxecTBo M Ha3bI-
BAETCA PYHKUUOHAALHO 3AMKNYMbIM (AU, KOPOUE, 3AMKHYMbIM) KITACCOM
OTHOCUTEIILHO COBOKymHOCTH onepauuit G, ecnmu [M]g = M. Illycte M —
3aMKHY THIIl OTHOCUTEIILHO COBOKYTHOCTH onepanuii O knacc a. (uimm o.-1.)
dyukmui. [lomvuoxkectBo A u3 M HaA3BBAETCA PYHKUUOHAALHO NOAHOTU
(umu, kopoue, noanoti) cucteMonn B M OTHOCUTENBHO COBOKYIHOCTH OIIe-
pamuit 0, ecnu [A]lg = M. MuoxectBo A n. (unm o0.-m.) GyHKIWMA Ha-
3BIBAETCS HENPUB0JUMOT CUCTEMON OTHOCUTEIHLHO COBOKYITHOCTU OIEpa-
muii 0, ecnu, kakoBo ObI HM OBLIO COOCTBEHHOE IIOAMHOXKECTBO B u3 A,
BBHIMIOJIHsIETCsE cTporoe Bkiodenue [Blg C [A]g. Baszucom 3aMKHYTOrO
Kjtacca M OTHOCUTENBLHO COBOKYITHOCTH onepaluii O Ha3bIBaeTCs BCAKAS
MIOJTHAs U HempuBomuMas cuctema u3 M. MuoxecTBo A, comepxkalieecs B
3aMKHYTOM Kitacce M, Ha3LIBAETCSI npednoanbim Kaaccom 6 M, eciu OHO
He SIBJISIETCSI TIOJTHOM cucTeMmoit B M, HO misa Besakon dyukmuu f uz M\ A
BuINONHsIETCsI paBeHcTBO [AU {f}]g = M.

Kak yxe ykas3wslBajoch B M. 2 (mepen mpuMepoM 5) BCSKOE MHOXKEC-

TBO O.-I. QYHKIUM u3 Py oy, COCTOsAINEE U3 3JIEMEHTA ENUHUYHON 3a-
NEepXKKA U (PYHKIUN, NOPOXKIEHHBIX (QYHKIUIMU U3 HEKOTOPOU MHOJTHOU

B P} cuctemsl, obpa3yeT NmOnHYIO B D} on CHCTEMy OTHOCUTEIBHO CO-
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BokynHOocTu onepauuit {01, Oz, O3, O4, S}. B wactHoCTH, B ]32,();: I0J1-
Ha CUCTEMa, {ff(x)7 fa:\/y(wa y)7 fw&y(xa y)7 ()Oﬁ(x)}7 rne ff(m)7 fﬂi\/y($7 y)
u fr&y(%, y) — 0.-O. QYHKIMU, TOPOKIEHHBIE COOTBETCTBEHHO OTPUIA-
HIEM, NU3BIOHKIINEN U KOHBIOHKIIEN.

B muO)ecTBE P o7 CYIIECTBYIOT 6A3UCH OTHOCUTEIHLHO COBOKYITHOCTH
onepaunuu {01, O, O3z, O4, S}, cocrosime u3 onuont dhyukiuu. [ITpumep
Takoro 6asuca naer MuHOXecTBO {fo(z1, T2, 3, p;(4))}, ToE p; — dite-

MEHT COVHUIHON 3a0ePXKKU u3 Py on, a dyHKIUSA fo €cTh 0.-n. yHKUHS,
nopoxaeHHas GyHkiumein max (r1- 4 + 2(1 — x4), z3) + 1 (3mech cymma,
pPa3sHOCTDb U mpousBenenune Gepyrcesa mo mod k).

[TonHOTA KOHKPETHBIX cUCTeM B Py o; HOKa3BIBaeTCS OOBIYHO METO-
IIOM CBEIEHWsI K 3aBEIOMO IOJIHBIM CUCTeMaM (B YACTHOCTH, CTPOSITCS
5JIEMEHT €IUHWYHON 330€DKKU U QYHKINN, IOPOKICHHBIE (DYHKIMSIMY U3
HEKOTOPOH IOHOR B Pj, CUCTEMEL).

Ipumep 11. Hoxazars nonuoTy cucteMsl byukuuii {f1, fa} B P ox
OTHOCUTELHO COBOKymHOCTH onepanuit {0, Oz, O3, O4, S}, econ

fiiy(®) =T1(t) z2(t), t > 1;

y1(t) = z1(¢) Vgt — 1),
) (L) =21 (8)- q(t — 1) Vs (t),
2 alt) = (t) 7 (1),
q(0) = 0.

Pemenue. IoneTaeMcsa mOCTPOUTEL €OMHUUHYIO 330€PXKKY U DYHK-
o f=1(x) — QYHKIMIO, TOPOKIECHHYIO TOXKIECTBEHHON eMUHUIIEH. DTO-
ro miisi 06G0CHOBAaHUS MOJHOTHL cucTeMsl { f1, fo} 6ymer mocraTouso, Tak
Kak cucrema {T -y, 1} monua B Ps.

OroxmecTBisas nepementubie B dyukuuu f; (omeparusa 01), momyda-
eM O.-f. QYHKINIO, TMOPOXKIEHHYIO TOXIECTBEHHBIM HyJem: fi1(z, x) =
= f=o(x). 3arem, ynansas BEIXONHYIO IEPEMEHHYIO Yo ¥ GyHKIUU fo (Ome-
pamus O2) u Geps cymeprosummio  f3(z) = fo(f=zo(2), f=zo(z)), mmeem

yi(t) =q(t —1),
f3(x): Q(t) = 07
q(0) =0,
T.e. f3(x) = f=1(z). Hamee cTpouM QyHKIUIO, MOPOKIEHHYIO OTPUIA-
aueM: fq(z) = f1(z, fz1(x)) = f.(x) (ucmonbsoBana omeparus S); moToOM
NOACTABAEM B GYHKIUIO fo BMECTO MEPEMEHHON T GyHKIUIO fz(zs)

(omepanust S) W TOpUMEHsieM Omepanuio OOPATHOW CBSA3UM K (DYHK-
un fo (21, fz(z2)) mo nepemenubIM T2 u Y. [lonyuaem byHKIUIO

(yo(t) = 21(t)-qt =) Vo, () VGt —1) =
=z1(t)-qt — 1) VZ1(t)- gt — 1) = q(t — 1),

fs(m1): <
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Takum obpasom, cucrema ¢yukumit {fi, fo} mopoxmaer mnommHy

B P on cuctemy {fi, f=1(z), ¢;(z)}. CrenoBarensro, cucrema {fi, fo}

IOJTHASL. R
Ipumep 12. Hokazarb, uro cucrema {fi, fo} He momma B Ps op

oTHOCUTENBHO coBOKymnHOCTU onepauuit 6 = {071, Oy, O3, O4, S}, ecin

frry(t) = 21(t) - T2(t), t 2> 1;
y(t) = 21(t) Vq(t — 1),

for ¢ a(t) = 1 (t)- 22(t),
q(0) = 0.

Pemenue. [lokaxeMm, uro B 3aMbikanuu cuctemsr { fi, fo} oTHOCH-
TeLHO COBOKyMHOCTH O comepkaTcs TOMBKO Takue GyHKIINU, KOTOPLIE B
MOMEHT BpeMeH:u t = 1 mpum momave Ha BXOOLI HYJIEW BBIOAIOT HA, JIFOOOM
Beixome (. OueBMImHO, UTO 5TO TakK MJs UCXOMHBIX (QyHKIWmA f1 u fo.

[Tpennonoxwum, 4T0 cHOPMYIMPOBAHHOE YTBEPXKACHAE BEPHO MJIsI BCEX
Tex QYHKIWIA U3 3aMBIKAHUS (HA30BEM UX JONYCMUMBIMU ), KOTOPBIE MOTY T
OBITH MOJTyueHbl U3 QyHKIUA f1 1 fo ¢ ucnonb3oBanueM omneparuii u3 0 B
CYMMapHOM KOJIMUECTBE, He mpeBocxomsieM uucia | (I > 0), u mokaxem
€ro CIpPaBeMINBOCTD I GYHKIUN, TPEOYIOIINX Mg CBOETO MOCTPOEHUS
(u3 byukuumit fi u fo ¢ TOMOIIBIO COBOKymHOCTHU omeparuii 0) camoe ma-
noe [+ 1 (cymmapHOro) umcsia omepaunuii. PaccMOTpUM TATH CIIydaes.

1) ®yukiusa f moyyaeTcs u3 HEKOTOPOHW momyctumon dyukiun f’

¢ nomorpio oneparuu Op. IlycTs y; — mpom3BOnbHBIA BEIXOH (DyHK-
mn f' u ff = f'(x1, ..., z,) (n > 2). [Ipenmonoxum, uro pyukmms f
crpouTcsa u3 GyHKImM [’ IOCPENCTBOM OTOXIECTBIICHUS IE€PEMEH-
HBIX Tj, =...=%;, =% (p>2), T.e.
f(.fl?, L1y ovey Lig—1s Lig41s -+ vy Lip—1y Lip41y -+« an) =
_pl
= f (ZEl, cees Lig—15 Ly Tjy41y - - -5 Lipy—15 Ly Lip+15 - - -5 $n)
Tak xax f'(0af, ..., Oay;) = 0b% (mna Besxoro j), To
~wW ~Ww ~w ~wW ~w ~wW _
f(0a”,0a7, ..., O0a; _1, 0a; v, ..., 0a; 1,007 1q, ..., Oa;) =
_ ~w ~w o (aw ~w ~w
= f'(0ay, ..., 0a;,_y, 0a®, 0ay 4, ..., 0a; _y, 0a”, Oag 4q, ...
~wW _ ~UJ
, Oa,;) = 0b.

3HaunT, yTBEPKIECHNE CIPABENINBO U st GyHKIAMA f.

2) Oyuknust f mosyueHa U3 HEKOTOPOR momycTumon yukiuum f'
momotibio oneparuu (OJo. B sToM cityuae yTBepXOeHUE OUYEBUOHO, TaK
KaK <«QYHKIIMOHUPOBAHMUES JTFOOOTO HEBBLIOPOIIIEHHOTO BBIXOMA OCTAJIOCH
HEU3MEHHBIM.

3) ®yukuus f momyuena u3 momycTumoin ¢yHkuum f' ¢ HOMOIIBIO
omneparuu obpaTHoit csa3u (omepanust Oz). [Ipenmonoxum, uTo o6paTHAs
CBsA3b OBLIIA BBEOCHA IO BXOOHOM NEPEMEHHOU Z;, U BBIXOOHOU IEPEMCH-
HOM ¥ j,, ¥ PACCMOTPUM IIPOM3BOJIBHEIN BLIXOX Y; (J # jo) y dyHKIMnZ f.
Ecnu B KAaHOHMYECKNX yPABHCHUAX, 330AI0IMX GyHKINL |,

Yio (1) = Fjo(x1(t), ..., 2ig—1(t), Tig41(2), ..., 2n(t), a(t — 1))
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u y;i(t) = F;(x(t), q(t — 1)), j # jo, TO QYHKIMOHUPOBAHUE BBIXOLA Y;
OMUCHLIBAETCSI COOTHOIIIEHUEM

yj(].) = Fj (a:l(t), ceey $i0_1<t), Fj (xl(t), NP mio_l(t), $i0_|_1<t), .

o on(t), At — 1)), ig41(8), - .., z(t), a(t — 1)).
[TosTomy

y;(t) = F;(0,...,0, Fj(0,...,0,0,...,0,q(0)),0,...0,q(0) =
= F;(0,...,0,0,0,...,0,q(0)) =0.

CirenoBaTeNbHO, YTBEPKICHNE CIIPABEIIINBO U Mt QyHKIUA f.

4) Oyuxusa f nomyuena us monycrumbix ysakuui f' u f ¢ momorbio
oneparuu obbenuuenus (omeparus (y). Y TBEpPXKIEHUE B HTOM CIIyUae
OYEBUIHO, TaK KaK (YHKIMOHUPOBAHUE KaXKIOrO BhIxoma (y mroboil u3
dyukmit f' u ') ocraercsa HemsMeHHBIM.

5) @yukiusa f ects cymeprnosunusa f'(f") momyctumbix dyuximin f’
n f" mo mepemenEBIM T} — Y7, ..., T, — Y,, TI€ T; — BXOMHBIC TIEPEMEH-
HBle Gynkimy f'; a y — BrIXOnHbIE epemennble Gynknuu f". OuesnnHo,
9TO (YHKIMOHMPOBAHME KAaXkIOTO BBIXONa Y GyHKuMu f, ABIIONIEroCs

BoixonoMm ¢yukimu f" (T.e. mns j # 1, ..., p), OCTAETCI HEU3MEHHBIM.
PaccmoTpum pousBosbHEL BEIXON Y; dynkiun f. Eciu B xanonmec-

KUX ypaBHEHUSX s QyHKIUM f' BBIXON Y OMUCHIBAJICA COOTHOMICHUEM
y;(t) = Fi(z1(t), -, 2, (), 2pia (), -5 73, (1), 4'(t — 1)), TO B KaHOHE-
yeckux ypaBHenusax cyneprnosuruu f'(f'') emy oTBeuaer cooTHoleHUE
y;(t) = F;(Fl”(x"(t), q'(t-1)), ..., F)&"(), q"(t - 1)),

33;)_'_1(75), SR ZE‘;“ (t)a q/(t o 1))

[Mosromy mpm x"(1) =0 m z,,,(1) = ... =z;, (1) =0 mmeem

y; (1) = F;(F{'(x"(1), 4"(0)), - ..
o B (1), q"(0), 2y (1), - 2, (1), 4/(0)) =
= Fi(F/'(0, q"(0)), ..., F}'(0,9"(0)), 0, ..., 0, q'(0)) =
= F;(0,...,0,0,...,0,q(0) =0.

3HaunT, yTBEpKIACHNE CIPABEIIINBO U it QyHKImu f.
Wrak, menomuora cucrembl {fi, fo} (OTHOCHTEIBHO COBOKYNHOCTU
oneparuu 0) ycraHoBIeHA.

2.17. Hokasate nomHOTy cucTeMbl {fi, fo} B Pson OTHOCUTEIHHO
coBokymHocTu onepatuit {O1, O, Oz, O4, S}, ecnn:

1) fooy@®) =71(1) 22(8), t 21,
y(t) = z1(t)- T2(t) V q(t — 1),
fa: < q(t) = z1(t) V z2(1),
q(0) = 0;
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2) fli y(t) = I t) —>T2(t), t> 1,
y(t) = (z1(t) = 22(8))- q(t = 1),
fa: {Q(t) = z1(t))- 22(?),
q(0) = 0;
3) fir y() =71 (t) VE2(t), t 2> 1,
(y(t) = z:1(t) Vgt — 1),
fo: < q(t) = z1(t) © z2(2),
L ¢(0) = 0;
4) fir y(@) ==(), t > 1,
(y(t) = 21(t)- z2(t) V 23(t)- q(t — 1),
fa: { q(t) = 22(t)- 22(2),
| 4(0) = 0;
5) fir y(t) =71 () T2(1) 71 (8) VT3(E) VT2(1) - Ts(8), ¢ 21,
y(t) = q(t — 1),
for {Q(t) = z1(t) ® w2(1),
q(0) = 0;
6) fll y(t) =T t)*il?z(t), t> 1,
y(t) = (z1(t) — z2(t)) Vgt — 1),
fo: {Q(t) = z1(t) = z3(t),
q(0) =1,
7) fi: y(t) =x1(t) > T2(t), t > 1, fo 3amaercsa nuarpammoinn Mypa,
n3obpaxkenHon Ha puc. 4.67, a;
oy B 4 ) 000) 10(0), 11(1)
00)

Puc. 4.67

8) fi: y(t) =71(t)-ZT2(t), t>1, fo samaercs mmarpammoir Mypa,
n300paskeHHoi Ha puc. 4.67, 6;
9) fi: y(t) =T1(t) VZ2(t), t > 1, fo samaerca mumarpammoir Mypa,
1300pakeHHon Ha puc. 4.67, 6;
].0) fli y(t) = ZCl(t) — mg(t), t > ].,
y1(t) = z1(8)- z2(t) V q(t — 1),
) y2(t) =m2()- q(t - 1),
29 at) = 220),
q(0) = 0;
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11) fi: y@) =7(), t > 1,
y1(t) = z1(t)-T2(t) @ z3(t) ® q(t — 1),
Iy {yz(t) =z1(t) ®q(t — 1),
2] q(t) =T (t),
q(0) = 0;
12) fli y(t) :Tl(t)'l‘g(t), t > 1,
y1(t) = 21()- 72(t) V ¢t — 1),
Iy {yz(t) =71(t) Vgt - 1),
> ) q(t) = z1(2),
q(0) = 0;
13) fir y(t) =71(t)-72(t), t > 1,
(y(t) =T1(t) qu(t — 1) Vaa(t) g2(t — 1),
f 4 q1(t) = z1(8)- 1 (¢t — 1) V 22(2),
) @2t) =21()- Gy (t = 1)V ga(t — 1),
L q1(0) = ¢2(0) = 0;
(y(t) = q(t — 1), y(t) =71(t) VT2(t) VT3(t) q(t — 1),
14) f1: < q(t) = =(t), f {Q(t) =T1(t) V z3(1),
(4(0) =0, q(0) = 0;
y(t) =q(t — 1), y(t) =T1(t) VT2(t)- q(t — 1),
15) f1: {(J(t) =z1(t) ®22(t),  fo {Q(t) =q(t—1),
q(0) =0, q(0) =1

2.18. Iokazark, uro dyuknus [ sBuserca meddepoBoit B FPs on
oTHOCUTENbHO MHOXecTBa oneparnuit O = {01, Oz, O3, O4, S}:

(y(t) =T1(t) VT2(t) VE3(t) - q(t — 1),
1) f: < q(t) = T3(t) Ta(t),

| ¢(0) = 0;

(y(t) =T1(t)- 22(t) VT3(t)- q(t — 1),
2) f: 4 4(t) = z1(t) = (22(F) = 23(2)),

L ¢(0) = 1;

(y(t) = T1(8)- T2(8)- T5(¢) V q(t — 1),
3) f: < q(t) = z1(1) Z2(t),

L ¢(0) = 0;

(y(t) =T1() T2(t) Var(t — 1) g2t — 1),

) @(t) = z2(t)- 5(t),

DI @) =220 F(0) var (0 - 1),

1 ¢(0) =0, ¢(0)=1
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(y1(t) =71(t) gy (t — 1),

y2(t) = z1(t)-q (¢ — 1) VZ2(t)- G (t — 1),
5) f: < qu(t) = z1(t)- T3(t),

g@(t) =q(-1),

L 71(0) = ¢2(0) = 0.

2.19. U3 cucremer A, nomHoit B P» ,; OTHOCUTEIBHO MHOXKECTBA
omeparuit {01, O2, O3, Oy, S}, BBIIEIUTH COOCTBEHHYIO MOACUCTEMY,
HOIHYI0 B P» o; OTHOCATENBHO TeX XXe Omeparuii (1 COCTOMAIIYI0 U3
BO3MOXKHO MEHBIIIErO YnCia, (hyHKIINN):

1) A={f=0(2), f=1(2), foy(z, y), froya:(z, Y, 2), ¢;(2)};
2) A={f=0 (90) f:ch(fﬂ Y)s famsy(T, ¥), (ff(x))}

3) A={f=1(2), foey(®, ¥); fovy(®, 9), @5 (fory(z, 1)) };

4) A = {fE (m> ( ) fiE ZI(aj? y)a fa:vy( 5(%‘), f?(y))}S

5) A= {fE (z), fag(z, ¥), fomy(z, ©5(¥)), T(‘Pa(fy(y)))}

2.20. Beisicauts, comepxutrcs ju dyukiusa f (u3 P ’;n) B 3aMKHY-

2
tom knacce A (3mece O = {01, O2, O3, O4, S}, O1 = {01, Oz, O4, S}):

1) f = f=o(2), A= [fa(z), 0;(f5(%)] o

2) f — fEl(x)a A= [ff(m)a (Pg(m)]o;

3) [ = fzlz), A= [f:v—>y(x> Y), 903(:5)}(95

4) f = f=1(2), A= [fovy(, 9), 0, (f2(2)), f2(;(9))] o
5)f_{y(t):O, ecit t=4s+1 wm t =4s+2, s> 0,

y(t) =1 B uHOM CiIyuae,

a) A= [fa:|y(x7 y)? 903(33)] 0’ 6) A= [‘Pé(x% wa(ff(y))]o

2.21. BoiacHUTB, MOXHO /I PACIIAPUTL MHOXKECTBO A MO TOJTHOI

cucteMbl B P» o, oTHocuTenbHO MHOXecTBa omepaunuit {0Oi, Oz, Os,
Oy, S}, moGaBiisis TONBLKO OMHY GYHKIIUIO U3 MHOXeCTBa, B:

1) A= {fz(ﬂ]), fw@y@z(xv Y, Z), ?3 (.’E)},
B = {f— ( fa:@y(x: y): fm(:c,y7z)($7 Y, Z)}a

);
2) A={f=1(x), fony(®; y), @3 (f2(2))},
B = {f=0(), foy(@, y), ;(x)};

(
) = {foy(z, y) fevy (T, 0;(y))},
= {f=0(2), f=1(), fasy(m, 0;(¥))};
) - {fﬂﬁ y(x7 y)7 f:v@y(xa y)7 fl’y(aj7 wﬁ(y))h
= {f=1(2), fony(z, 0;(y)), v3(2)};
5) A= {fw\/y(x; y)7 fa:-y(ﬂ?a y)a fm(x,y,z)(xa Y, ¥; (Z))}7
B = {feay(z, y), fz(0;(W)), v;(z)}.

12 I". II. T"'aBpuoB, A. A. CamoxeHKO



I'maBa V
OJIEMEHTBHBI TEOPAU AJITOPATMOB

§ 1. Mammuael ThlopuHra u onepanum HAL HIMNA.
DYyHKIUN, BEIYNCINMbBIE HA MaIllmnHaxX ThIOpHHra

1. IIpocrenmmue cBommcTBa MammH TwiopumHra. Mawuna Toio-
pur2a TPencTaBiaseT cobou abCTPaKTHOE YCTPOUCTBO, COCTOSIEE U3
JIEHTHI, CYUTHIBAIOIIEN (M [E€YATAIONIE) TOJIOBKM U YIPABIISIOIIErO
yCTPOUCTBA.

JlenTa pas3buta Ha guelku (xaemxu). Bo Besxon sueiike B KaxXIblil
MUCKPETHLII MOMEHT BPEMEHWM HAXOMWTCS B TOYHOCTHU ONWH CUMBOJI U3
BrewHero andasura A = {ag, a1, ..., an—1} (n >2). Andasur A co-
IEPXKUT CUMBOJI, HA3BIBAEMBIN NYycmbviM, a JI00as dueiika, ComepXKalras B
MAHHBI MOMEHT IIyCTOW CHMBOJI, HA3LIBAETCS NYycmot guelixot (B 5TOT
MoMeHT). B kadecTBe mycroro cumBona O6bIYHO mCHOnb3yoT 0 (Hy:b).
JlenTa mpenmnonaraeTcs MOTEHIIMAILHO HEOTPAHUUEHHON B 00€ CTOPOHHI.
OTO clenyer MOHMMATL TaK: B KAXKILIM MOMEHT BPEMEHN JIEHTA KOHEUHA,
(T.e. COmEPXKUT KOHEUHOE UUCIIO SYEEK), HO «PA3ZMEPHI» JIEHTHI (UUCIIO
AUeeK Ha Hell) Ipu HeOOXOMUMOCTU MOXKHO YBEINYNBATD.

YupaBisiolliee YCTPOUCTBO B KaXIBII MOMEHT BPEMEHU HAXOMOUTCS B
HEKOTOPOM COCTOSIHUM ¢;, IPUHAMJIeKAIeM MHOXecTBY Q) = {qo, q1, - - .

o @r—1} (r = 1). MuOXeCTBO () HA3BIBAETCS 6HYMPEHHUM AAPABUMOM
(ummu mroHcecmeom enympennur cocmognut). Muorma us () BHLOEIISIIOTCSE
HEIIePECEKAIONTNecss MOAMHOXeCTBa ()1 m (o HAYAIBHBIX W 3aKIIIOUU-
TEeNbHBIX COCTOSHUN COOTBETCTBEHHO.

SaMeuanue. B mambmeiirieMm, eciu He OTOBAPUBAETCS MPOTUBHOE,
cunTaeM, 4To Q| > 2, m B KauecTBe HAYAILHOTO GEpeM TOJIBKO OIHO
COCTOSIHIE (1. JAKIIOUUTENIBHBIM, KaK IPAaBUJIO, OymeT COCTOSHUE (.

CunrbiBaromnias (1 MeYATAIONAsI) TOJIOBKA, EPEMEIASTCS BIOJIb JIEH-
THI TaK, YTO B KAaXIBII MOMEHT BPEMEHU OHa 0003DEBAET POBHO OMHY
STIENKY JeHTHI. ['0JI0BKa CUMTBIBAET COmepKMMOe 0003peBaeMON STUCHKH
U 3AIMCHIBAET B Hee (IeUaTaeT B Hell) BMECTO 0003PEBAEMOIO CUMBOJIA
HEKOTOPBLI CUMBOJI U3 BHEITHETO ajihaBUTA. «3ACBLIAEMBIN> B SUECHKY
CUMBOJI MOXET, B YACTHOCTHU, COBIIAIATEL C T€M, KOTOPHI 0603peBaJics (B
IAHHBIA MOMEHT).
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B mporecce paboThI ympaBisiolniee yCTPOUCTBO B 3aBUCAMOCTH OT
COCTOSIHUSI, B KOTOPOM OHO HAaXOMWTCS, W CHMBOJIa, 0003PEBAEMOTO TO-
JIOBKOW, U3MEHSIET CBOE BHYTPEHHEE COCTOSHUE MM OCTAETCSI B ITPEXKHEM
COCTOSIHUY, BBIIAET TOJIOBKE MPUKA3 HAIleYaTaTh B 0003DEBAEMON sTIeHKe
OTIpEeNeNeHHBIN CUMBOJI M3 BHEIITHETO AJIPABUTA U KITPUKA3ZBIBAETS TOJIOBKE
b0 OCTATBhCS Ha MecTe, MO0 CABUHYTHLCSA HA, ONHY SUYENKY BJIEBO, JIMOO
COBUHYTBHCS HA OOHY SUEHKY BIIPABO.

Pabora ympaBagioiiero yCcTpoucTBa XapaKTepPU3yeTcs TpeMs DyHK-

TN G: QxA—Q,
F: QxA— A,
D: QxA—{S, L, R}.

Oyuxuus G HaswviBaeTCa Pynwkyuet neperodos, pyukuus F — Pymnk-
yuet evixodos u D — dynkyueti dsuxncenus (2oaoexu). Cumpomsr S, L
u R 0603Ha4IaI0T COOTBETCTBEHHO OTCYTCTBUE NBUXKEHUS TOJIOBKHU, CIBUT
TOJIOBKM HA, OHY SYEHKY BJIEBO U CABUT HA, SUYEUKY BIPABO.

Oyuxknuu G, F' u D MOXHO 331aTh CIIUCKOM TISITEPOK BUIA,

gia; G(q;, a;) F(qi, aj) D(g;, aj), (1)
WM, KOPOUe, §;0;¢;;Qi;jd;;. DTU MATEPKA HA3BIBAIOTCI KoMaHIaMU. DYyHK-
muu G, F' u D aBisioTcs, BOOOIIE TOBOPsI, YACTUYHBIME (HE BCIOLY OIMpe-
OeJTeHHBIMM). JTO 3HAYUT, UTO He IJIS BCAKOW Maphl (g;, a;) OmpemeseHa,
COOTBETCTBYyMOIIAS MsITepKa, Buna (1). CIucok Bcex MsATEpOK, OMPeNestsio-
mmx paboTy MATIAHBL TbI(ZpI/IHFa, Ha- TaGumma 5.1
3LIBACTCS NPOPAMMOT DTOU MAIIUHLI.
[IporpaMmy MaIIIIHBI MOXKHO 331aBATH B qo -+ Qi -+ Qr—1
Bune Tabnuusl (Tabm. 5.1).

Ecnu B mporpaMMe MallIMHBI OIS -
peI (¢;, a;) msaTepka Buna (1) orcyTcrBy-
eT, TO B TaOJIUIEe HA MMEPEeCeYeHnr CTPO-
KM aj W CTONOLa ¢; CTABUTCSA IPOYEPK. a; |G i dij

Pab6ory mamunasl TheOpuHra ONuUCHI-
BAIOT TaKXKe Ha, «A3LIKE KOHDUT'Y DALIIIL>.

[Iycte B MOMEHT BpemMeHU t caMas | Gn-1
nmeBass Hemycras sdyeiika (i JIEHTBI CO-
IOEePXKUT CHMBOJ Gj,, & caMas Ipasas Hemycras sueiika Cs (s > 2) —
cumBonl a;, (Mexny sueiikamu C; um (g HaxomutTcs s —2 sdeek). B
5TOM CIIy4ae TOBOPAT, UTO 6 MOMEHM © Ha JIEHTE 3aNnucano ca080 P =
= a; aj,...q;, ...a;, TO€ aj, — CAMBOJI, CONEPXKAIIWNCA B MOMEHT t B
suaeiike Cp (1 <p<s). llpp s =1, T.e. KOrma Ha J€HTE TOIBKO ONUH
HemycTol cumBoi, P = aj,. IlycTs B 9TOT MOMEHT BpeMeHU yIIDaBIISIO-
I1lee YCTPOMCTBO HAXOMUTCS B COCTOSHUU (;, U TOJIOBKA 0003DEBAET CHM-
Boi aj; cnoBa P (I > 2). Torma cmoso

Ay - --Q5,_14iQj; -« . Aj, (2)
HA3BIBAECTCA KonPuaypayuet mawunbt (B manusii moment t). Ilpu [ =1
KOHQUTypalus UMeeT BUL (iQj, ...Gj,. Ecin B MOMeHT ¢ rojoBka 0060-

12*

ao
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3peBaeT MyCTYI0 A4YeilKy, HAXONAIIYIoCs CjeBa (cmpasa) oT ciioBa P, u
MEXy 5TON SYEedKOH U MEPBON (COOTBETCTBEHHO IOCIIENHEH) sSIeiKOon
cioBa P pacnonoxeno v > () MyCcTHIX sUeek, TO KonPuaypayueli mauumnbl
6 MOMEHM T HA3BIBACTCS CIIOBO

AN...Aa;, ... q; 3
q; . , U Js (3)
v+1 pas
(COOTBETCTBEHHO CJIOBO @y, ... a;, A ... Ag;A), roe uepes A obo3nauen
S——
v pa3s

nycToil cumBoil andasura A. Eciau B MomenT ¢ jeHTa mycra, T.e. Ha,
HEWl 3aIUCAHO NYcmoe Ca060, COCTOSIIEE TOIBKO U3 MYyCTHIX CUMBOJIOB
BHEIITHETO aJipaBUTa, TO KOHPUTYpaIlMeill MAaIIMHBI B MOMEHT ¢ OymeT
cioBo g;A.

[IycTb B MOMEHT ¢ KOHGUTYpAIUs MAIIWHLI UMeeT Bun (2) u B mpor-
paMMe MAIIWHBI CONEPXKUTCA KOMAHIIA

qij, Qi iy i, -
Torna npu d;;, = L B cnenyomuil MOMEHT BpeMeHU KOHQUrypauuen
MAaIlMHBI OyIeT CIIOBO:

a) Qijq Aaijlaj2 ... Qj,, €CIN l=1;
6) Qijo Gj, QijpQjs - - - Qj,, €CINA [ =2;
B) Qj; .- Gj_,ij) aj,_, Qi Qg - - Gj,, ecaa [ > 2.

Cnygan, korna d;j, = R nmm d;;, = S, unn korna mmbo KOHGUTypa-
ST MAIIWHBI COOTBETCTBYET OJIOBKE, HAXOMSIIENCs BHE ciioBa P (kak B
cioBax (3) u (3')), mubo cioBo P mycToe, OMUCHIBAIOTCS AHAJIOTUYIHO.

Ecnu B mporpaMme Mamunsbl HeT nsaTepku Buna (1) mst napst (gi, a;)
UM «HOBOE®> COCTOSIHHE (;j, SABISIETCS 3QKAOUUMEAbHbIM, TO MAIITHA
IIpeKpaIiaeT paboTy, a «Pe3yIbTUPYIONIas> KOHPUTYypalus HA3BIBACTCS
3axaouumesvroti. Koupurypanms, COOTBETCTBYIOMIAS HAUAIY PaOOTHI
MAIIIIHBI, HA3BIBAETCSI HAUAAbHOU.

IIycTh B HEKOTOPBI MOMEHT BpPEMEHU KOHGUTYPALuUs MAIIUHBI ObI-
na K, a B cmenymommit MomeHT OHa, ecThb K'. Torma komburypanums K'
HA3LIBAETCS Henocpedecmeenno evisodumoti uz K (obosuauenne K = K').
Ecnu K, — wHauajgbHas KOHGUTYypaIus, TO IOCICIOBATEILHOCTL K1,
Ko, ..., Ky, tne K;FE K;y; mpm 1<4<m—1, HasbIBaeTCI Mbio-
PUH208bIM BbluuCAeHUEM. IIpu >TOM TOBOpPSAT, UTO KOoHuUrypanus K,
svisoduma u3 xkoudurypanuu Ki, u mumyr K; |— K,,. Eciun K, saBis-
eTCs K TOMY XK€ 3aKIIIOUNTEIbLHON KOHPUrypaluei, To ToBopaT, uTo K,
2axaouumesvro evieoduma uz Ky, n mmmyr K |- Kp,.

[Iycts mamuua Toropunra T HauumHaeT paboTaTh B HEKOTOPHIN (Ha-
YaJILHBIN) MOMEHT Bpemenu. CJI0BO, 3aMMCAHHOE B 5TOT MOMEHT Ha, JIEHTE,
HA3BIBAETCS UCTOOHbIM WA HAUAAbHbIM. TTOOBI MaIrinHa T medCTBATEIb-
HO Hadajia paboTaTh, HEOOXOOWMO IIOMECTUTH CUNTHIBAIOIIYI) TOJIOBKY
NIPOTUB KAKOU-INOO SUEVKM Ha JIEHTE M YKa3aTb, B KAKOM COCTOSHUU
MalrHa 1 HaXOOUTCS B HAYAJILHBIA MOMEHT,

FEcmu P, — wmcxomuoe cjioBO, TO MalnuHa 1, HauaB pabOTy «HA CJIO-
Bey» P, nubo OCTaHOBUTCS uepe3 OMpeNesIeHHOE UMCIO IIaroB, Jubo HU-
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KOT'Ja, He OCTAHOBUTCs. B mepBoM ciiydyae rOBOpST, YTO MalluHa 1 npu-
MEHUME K ca06y P; u pesynmbTaToM npuMeHeHUs MammHbl 1’ K cjioBy P
SBISETCS CIIOBO P, COOTBETCTBYyIOIIEE 3aKITIOUNTEIHHON KOHDUTYpaLnn
(o6osuauernune P = T(P;)). Bo BTopoMm ciiyyae roBopsT, 4To MaiuHa 1’
He npumenuma x caosy Pi.

B pmanpreiiinem MBI OymeM TIpennojiaraTh, €CJIX HE OTOBAPUBAETCH
IPOTUBHOE, YTO: 1) MCXOMHOE CJIOBO HEMYCTOE, 2) B HAYAJIBLHBIA MOMEHT
FOJIOBKA HAXOOUTCS HNPOTUB CAMOU JIEBOM HEMYCTOU SUYEUKU HA JICHTE U
3) MaluHa HAUUHAET PabOTY, HAXOMACH B COCTOSHUM (] .

3onoti pabomur Mamwmusl T (Ha ciioBe P;) Ha3BLIBAETCS MHOXECTBO
BCEX sdUeeK, KOTOpHIe 33 BpeMs PabOTHI MaIMHBI XOTS OBl ONWH pPa3
0003pEeBAIOTCS TOJIOBKOM.

Yacto Oymer wucnomb3oBaThcs obo3Hauenwe [P]™ nmus ciaoB Bu-
na PP...P (m pa3), tme m > 0; npu m =0 cumraem, uro [P]" —
yCTOE CIIOBO; ecyii P = a — cjioBo miiuHbl 1, TO BMECTO ad . . . a (m pas)
u [a]™ 6ymeM nucats a'.

Yepes W Oymem 0603HaYATHL TPOU3BOIILHOE KOHETHOE CIIOBO BO BHEIII-
HeM ajidaBuTe MAIUHLL TbIOPUHTA (B YACTHOCTH, IIyCTOE, T. €. COCTOSIIIIEE
U3 IMYCTHIX CUMBOJIOB BHEIIIHETO aj(paBuUTa).

[Ipu onmucanum pabOTH MAIIWHBI TBIOPUHTA «HA SI3BIKE KOHOUTYpPa-
> O6yOyT MUCIOIB30BATHCS BHIPAXKEHUS, AHAJOTUIHBIE TAKOMY:

¢ 1°01Y0W |- 1Y0goW,

x> 1 u y > 1. llpuBeneHHOE BBIpaXKeHUE HAMO MOHMMATHL TAaK: MAIITUHA,
«CTUpaeT» cloBo 1% u ocTaHaBIMBaeTCs Ha mepBoit OykBe cioBa W ecin
xe W — mycToe CiloBO, TO «OCTAHOB® mpoucxonuT Ha BTopoM 0 (Hyse)
rocyie ¢joBa 1Y.

Marnuser Teiopunra 17 u Th HA3BIBAIOTCA IK6UEAALEHMHLIMY (B aiida-
BuTe A), ecau mis Beskoro BxomHOro ciosa P (B andaBute A) BBIIONHSI-
ercs coorHomenue Ti(P) ~ To(P), o3Hadaroliee CIeayroee: pe3yibTa-
o1 11 (P) u T>(P) oupeneneHsl WM He OIpeNeNieHbl OTHOBPEMEHHO (T. e.
MammuHebl 17 u Ts nmubo ob6e mpuMeHUMBI, 060 00e He TPUMEHUMBI K CJI0-
By P) u, ecnu 5Tu pesynbrars onpenenensl, 11 (P) = To(P). Cumson ~
HA3BLIBAETCS 3HAKOM YCAOBHO20 PABEHCTMEA.

IIpumep 1. BeiscHuTh, npuMeHNMa JI MallmHa 1wniopunra 1', 3a-
naBaemas nporpammon II, x cnoBy P. Ecimu mpumenHuMa, TO BBIMUCATH
pesysbTaT npuMeHeHus MarHbl 1 K ¢ioBy P (cumraercs, 9To g1 — Ha-
JaJbHOE COCTOSIHUE U B HAYAJIBHBIN MOMEHT T'OJIOBKA MAIIMHBI 0003pEBaeT
CaMyIO JIEBYIO €IUHUILY HA JIEHTE):

((10¢g21R
q11g10L
II: < (]20(]31R
q21g30L
Lq30q:10R

a) P =10%1; 6) P = [10]21.
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Pemenne. a) Ucxons us xoudurypaunuu ¢;10%1 momyuaem mocie-
noBaTeIRHO Takme KoHburypammm: ¢10°1, 1¢20%1, 12¢3031, 120¢;071,
1201¢201, 12012¢31. Tak xax KoMmaHAH BuAa g3lg;aD B mporpamme II
HET, TO ocyenusasa Konpurypanus (T.e. 1201%2¢31) saxmounTensuas. Cre-
noBaTenbHO, Mamuua, T’ k cioBy P = 1031 npumenuma, u T'(P) = 12013,

6) BomuceiBas komdurypanmu, umeem g¢p[10]21, ¢;0%101, 1¢202101,
12¢5[01]%, 12041101, 12¢10%1, 1%¢20%1, 1%¢501, 1*0¢1 1, 1*a;10, 1°¢20, 1°¢50,
160¢;0, 1801450, 16012450, 160120450, 1501201¢50, 1012012450 1 . 11. Sc-
HO, YTO 5TOT IIPOIECC MPONOIIKACTCA HEOTPAHUICHHO. SHAUNT, MaIIHa, T’
x copy P = [10]?1 me npumenuwma.

Ipumep 2. Hocrpoutrs B ambpapure {0, 1} mamumuy Teroopunra,
KOTOpas OpuUMeHwMa K cjoBaM Buma 127T10127°T1 (m >0 u n > 0)
u 127012" (m > 1 u n > 1) HO He IpUMeHMMA K clloBaM Buma 12701271
u 12771012 (m > 1 u n > 1). (K cnoBaM MHOTO BUAA MAIIMHA MOXKET
OLITH KaK MIPUMEHUMA, TAK U HE TPUMEHUMA. )

Pemenue. Ilpenmnonaraem, 9To ¢ — HAYaJIBHOE COCTOSHUE, o —
3aKJTIIOUUTEIILHOE COCTOSIHUE U B HAUAIILHBIL MOMEHT TOJIOBKA MAITAHBI
0003peBaeT CaMyIo JIEBYIO eNMHUITY Ha jeHTe. [lonbiTaeMcs peaim3oBaTh B
«KOHCTPYUPYEMOI> MAIIIMHE CHENYIOIIYI0 UACI0: MAIINHA, «3aIIOMUHAET>,
YeTHBIM WM HEUETHBLIM SBIISETCS UUCIO €NVHUI B MEPBOM €IUHUIHOM
MaCCUBE CJIOBA, U 3aTE€M «CPABHUBAET» 3Ty XapPAaKTEPUCTUKY C TAKOU Ke
XapaKTEePUCTUKON BTOPOTO EAMHATHOTO MACCUBA.

[Tapa xomannm q11g21R n g21g1 1 R TO3BONSET «BBISCHUTE® UETHOCTH-
HEYETHOCTDH YUCJIA €IUHUII B IEPBOM €IUHUTHOM MACCUBE: €CJIN Ha KIIPO-
MEXYTOUYHOM» HYJIE T'OJIOBKA OKA3BIBAETCS B COCTOSHUU (1, TO HUUCIO
eOUHUI] B IIEPBOM EINHUYHOM MACCHUBE YE€THOE, & €CIIA OHA OKA3LIBAETCS
B COCTOSHUU (2, TO YUCIIO €NWHUII B 3>TOM MaccuBe HedeTHoe. [Ipoxoms
IPOMEXYTOUYHBIA HYJIb, HYKHO «3aIIOMHUTH», Y€THOE WJIIN HEUYETHOE YUCIIO
enuHuI] OBIJIO B IEPBOM MAaCCHUBE, YTOOBI TOCIE MPOXOXKAEHUS BTOPOTrO
eIMHUYIHOTO MACCUBA B CIIyUae COBNAMECHUS «UE€THOCTENS> UNCIA, €OUHAI] B
IIBYX MaCCHABAX MAIIINHA OCTAHOBUIACH, & B MHOM CJIyUae HE OCTAHOBUJIIACH.

I[TosTomMy ob6a COCTOSHUS @1 U (2 «CMEHUM». PACCMOTPUM KOMAaH-
nel ¢10g30R u ¢20q40R.

Bropoin enuHWYHBIE MacCUB OyImeM <«IIPOCMATPUBATBE® C ITOMOIIIBIO
cocTosTHUY q3 1 q4: q31qs1 R, q41q31 R. Ecnu nepBbIl eMUHUYHBIA MaCCUB
«YETHBIA», TO TPOCMOTP BTOPOTO €OUHUYIHOTO MACCUBa OymeT HAJYAT B
COCTOSHUY 3. B ciydae, KOorzia BTOPOA MACCUB TOXE UETHLIN, HA, IIEPBLIN
HYJIb 33 5TUM MAaCCUBOM T'OJIOBKA «BBIAOET» B COCTOSHUU (3, U MAIIUHA,
TOJIXKHA OCTAHOBUTHCS.

3HauuT, MOXHO B3aTh KOoMauny suna qsOgoaD (a € {0,1} u D €
€ {S, L, R}) nu60 He BKIIIOYATH B IPOTPAMMY HU ONHON KOMAHIbI, HAUN-
HAIOIIENCS ¢ CUMBOJIOB g3 1 0.

Ecnu xe nepBuIl eIMHUYHBIA MACCUB Y€THBIN, 8, BTOPOU HEUETHHIN, TO
Ha TIEPBHIN HYIIb ITOCJIE BTOPOTO MACCUBA, T'OJIOBKA BEIMMIET B COCTOSHUU (4,
U MAIlHA He MOJIXKHA, OCTAaHOBUTLCA. [loaTomy 6epem komauny q40q40S.
AHajIornuHO paccMaTpUBaETCs CIYYall C HEYETHHIM IE€PBLIM €INHNYIHBIM
MaCCUBOM.
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[Tomxomsiitiast MAIIHA, 3a0a€TCs ITPOTPAMMONT
q11¢21R  g3lqulR
@l 1R qalgslR
q10g30R  q40g405
¢20q40R
1.1. BoigcuuTh, mpuMenumMa ju Maruua Toiopunra 1, 3amaBaeMas
nporpammont II, x cimoBy P. Ecnu mpumeHmMMa, TO BHIMUCATH PE3YIIBTAT
npuMeHeHus MaimHbl 1' kK cioBy P. Ilpenmonaraercs, 4To ¢ — HaYallb-

HOE COCTOAHUE, o —— 3aKJIIIOUNTEJIIEHOE COCTOAHUE I B HaYAJIbHLIM MOMEHT
T'OJIOBKAd MAIIIMHBI 0603peBaeT CaMVIO JIECBYIO COAMHUIY Ha JICHTE:

(101 0R
q11¢20R
q21q:10R
( 20g0 15

((q10g21L

2) II: < q11g21R a) P =120%1; 6) P =15 ) P =12013;
( ¢21q11R

((10g21R

q11g21L

3) II: { q20g31R a) P =1301%; 6) P=1% B) P =12[01]%
q21g30R

\g3lqi 1R

(101 1R
q11g20R
4)1I: < ¢20¢11R a) P =[10]%1; 6) P =10%1%; B) P =10%1;
q21g31L
\ ¢30¢11L

(¢10g21R
q11g21R
q20g30R
q21g10L
q30¢215
[ 931g00L

1) II: < a) P=1301; 6) P=120%1; B) P =15

a) P=12; 6) P =120%1; B) P = 10%1.

1.2. ITocTpouts B andasute {0, 1} mammuy Trropunra, 061anam0uyo
CITEMYIOIIUMK CBOUCTBAMHU (IIPEATONATaeTCs, YTO B HAYAIBHBLIA MOMEHT
rOJIOBKA, 0003PEBACT CAMBII JICBLI CUMBOJI CJIOBA, M B KAUYECTBE IIyCTOrO
cumBosa Gepercs 0):

1) MamuHa WUMEeT OMHO COCTOSIHWE, ONHY KOMAHIYy U NPUMEHHMA K
nrobomy cnoBy B andasure {0, 1};
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2) MaIlMHA UMeeT NBE KOMAHILI, HE IPUMEHUMA, H K KAKOMY CJIOBY B
andasure {0, 1} u 30Ha pabOTHI HA KAXKIOM CJIOBE OECKOHEUHAS;

3) MaIMHa UMeeT NBé KOMAHIbLI, HE MPUMEHNMa HU K KAKOMY CIIOBY
B andasute {0, 1} u 30Ha paboTH HA JIIO6OM CIIOBE OFPAHUYEHA, ONHUM 1
TEeM XK€ YKUCIIOM J9eeK, HE 3aBUCAIIIM OT BBIOPAHHOTO CIIOBA;

4) MalMHa UMeeT TPU KOMaHMALI, NpuMeHnMa K ciosam 102"1 (n > 1)
u He IpuMeHuMa, K ciosaM 102711 (n > 0);

5) MaIMHA UMeeT MAThH KOMAHI, TpuMeHuMa K cyopaM 137 (n > 1) n
He mpuMeHMMa, K cioBaM 1377 (o =1,2 u n > 0);

6) mamuua npuMenuMa K ciioam 1"01", roe n > 1, u He TpUMeHUMA,
Kk coam 101", tme m#n, m>1u n > 1.

1.3. Ilo 3amamsoun mammuae Trwiopunra 1 m HavYaJbHOW KOHDUTYpa-
K1 HAlTK 3aKITIOYATENBHYI0 KOHOUTYpaIuio (o — 3aKIIIOUATEILHOE
COCTOSIHUE):

((10¢21R
q11g20L
q20qo1S
L 21q11L

(¢10g11L
q11g21R
21¢:10R
[ 420g00L

((¢10g20L
@11¢:10R
q20¢21L
( 421g00R

((¢10g01S
q11¢20R
q20g10R

21211

(410008
@1lg:1R
q20qo1L
q21g30R
q30g11L
L 31q10R

1.4. IToctpouts B andasute {0, 1} mamumuy Trropunra, nepeBomsIyo
koHpurypanuu K; B koupurypanuu Ky:

1) Ky =q1", Ko =qo1"01" (n > 1);

2) K1 = ¢10"1", Ko = q[01]" (n >1);

1) T: <

a) K1 = 1201¢;1%; 6) K; = 101,012,

a) K1 = 1¢1013; 6) K; = 1¢;1%;

a) K1 =103¢:01; 6) K1 = 12¢;1%01;

a) K1 = 1°¢11°01; 6) Ky = 1q11%;

5) T < a) Kl = 1(]115, 6) Kl = Q11301, B) Kl = 10(]114
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3) Kl = 1”(]10, KO = q012n (n 2 1),
4) Ky = 1"q,01™, Ko =17"g01" (m>1, n>1).

1.5. 1) TTokazars, 9TO i BCAKON MaIMHBI THIOPUHTA CYIIECTBYET
SKBUBAJIEHTHAS €Ml MAallliHA, B IpOTrpaMMe KOTOPOU OTCYTCTBYET CUM-
BOJI S.

2) MokazaThb, 4TO MO BCAKOM MaiiuHe THIOPUHINa MOXKHO MOCTPOUTH
SKBUBAJIEHTHYIO €l MAaIllMHYy, B IIPOrpaMMe KOTOPON HE COMEPKUTCS 3a-
KITIOUUTENBbHBIX COCTOSTHUM.

1.6. IlokazaThb, uTO miIa BCAKONM MaluHbl Thlopunra 1T B andaBu-
Te A CyIIeCTByeT CUYeTHO-OECKOHEUHOE MHOXKECTBO SKBUBAJIEHTHBIX €I
mvatve 11, Ts, ..., Ty, ... B TOM Xe ajipaBuTe A, OTINYAIOIINXCI OPYT
OT ZIPYTa CBOUMU MIPOTPAMMAMU.

1.7. CkonbKO CyIecTByeT HEIKBUBAJIEHTHBIX MAaIllMH THIOPUHTA B
andasute {0, 1}, mporpaMMbl KOTOPBIX COMEPKAT TOJIBKO IO OMHON KO-
Maumne?

1.8. Ilo cioBecHOMY ONMMCAHWIO MAIIWMHBI [BIOPUHTA MOCTPOUTL €€
nporpammy (B andasute {0, 1}).

1) Hauas paboTy ¢ mociienHell equHUITBEI MACCUBA, U3 €IUHUI], MAIII-
HA <CIOBUTAET» €ro Ha ONHY SYEWKy BIJIEBO, HE M3MEHSS <«OCTaJILHOI'O
COMEPXKMMOTO®» JIEHTHI. [ 0JIOBKA OCTAHABJIWBAETCS HA, TEPBON E€MUHUIIE
«TIEPEHECEHHOTO» MACCUBA.

2) HauaB mBurarbCst BOPaBO OT KAKON-TO «HAYAILHOI® SUENKM, TO-
JIOBKA, «HAXOMUT» MEPBYIO IIPU TAKOM MEPEMEIEHUN SYeNKy C eNUHUIEn
(ecimu Takas sSUYENKA «BCTPETUTCA HA IMYTU>) W, CHEIIAB ONUH IIIars
BIIPABO, OCTAHABIMBAETCS Ha cocemHen sderike. Kcnmm B «HavaIbLHOI»
gueliKe 3aIMCaHa €OWHUIA, TO TOJIOBKA OCTAHABIMUBAETCS HA COCEMHEN
cupaBa suerike. ComepKuMoe JIEHTBI HE MEHSETCS.

3) Mammna HaurHaeT paboTy C CaMOU JIEBOM HEMYCTON SYEAKU U
OTBHICKUBAET €NUHUITY, IPUMBIKAIOIIYIO C JIEBOM CTOPOHBI K IEPBOMY CJIEBA,
MaCCUBY U3 TPEX HyJel («OKaMIIEHHOMY>» equHuiiaMu). ['0ioBka ocTana-
BIIMBAETCS HA HAMMEHHON enuHuIle (eciau Takas ecThb). Comep)uMoe JIeHTHI
HE MeHseTCs.

4) Ilpu 3amansoM [ > 1 TONOBKA MAIUMHBI, HAYAB PAbOTy C MpPOU3-
BOJILHOU STYENKU, CONEPKAILEN €NWHUIY, NBUTAETCSI BIPABO 0 TEX IOP,
moka He mnpoiner nompsan [+ 1 mynein. ['omoBka ocTaHaBIuMBaeTCS Ha,
mepBoOu suerike 33 stumu | + 1 mymnamu, Hamedatas B Herr 1. OcraibHOe
COMEPKMMOE JIEHTHI HE MEHSIETCS.

5) Ilpu 3amannom [ > 1 rosioOBKa MAIIMHBLI, HAYAB PAbOTy C KAKOU-TO
SITIEWKY ¥ IBUTASCH BIIPABO, CTABUT MOAPAN 2] €MUHUIT 1 OCTAHABINBAETCS
Ha TOCHEeNHEN U3 HUX.

6) [Ipu 3amanroM [ > 1 roJioBKa MAIlIMHBL, [BUTAsSCh BIPABO OT KAKOI-
OO MyCTON TUEUKN, HAXOOUT MEPBBLIM IPU TAKOM MEPEMEIEHNN MACCUB,
COmepXalluii He MeHee | eOWHUIl, CTUPAET B HEM IMepBbLIe | eOUHUIl U
OCTAHABIIMBAETCS HA CAMOU IIPABOM M3 SUY€eK, B KOTOPHIX OBLIIM CTEPTHIE
enuaUIBL. OcTaabHOE COOEPKUMOE JIEHTHI HE MEHSIETCS.
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2. Onepamnmum Han MammHaaMu TeopuHra. Ilycts mamuasr 1
u T5 nMeiroT cooTBeTCTBeHHO mporpaMMmbl [I; u Il,. IIpemmonoxum, uTo
BHyTpeHHUE ajIhaBATHI STUX MAIINH HE [IE€PECEKAIOTCS M UTO () — He-
KOTOPOE 3aKIIIOUUTEIBHOE COCTOsSHUEe Mammuel 17, a ¢ — kakoe-imubo
HAYAJILHOE COCTOsiHUME Marmmebl 1. 3aMeHuM Bciomy B mporpamme Il
COCTOSIHUE (¢(, HA COCTOSIHUE ¢ ¥ IOJYyYEeHHYI0 NPOrpaMMy OOBENVHUIM
¢ mporpammont Ils. HoBas mporpamma Il ompenenser marmmuny 7', Ha3bI-
BaeMyo komnosuyuet mawurw Ty uw T» (mo mape cocrosauit (g, q7)) n
oboszuagaemyto uepes Ty o Ty umu T1T5 (6onee monpobuo: T = T (11, Ts,
(g6, q))). Buemmuit andasut komnosuuu 1175 sBiseTcs o6benuHEHTEM
BHEMTHUX aJihaBuTOB MaruH 17 u Ts.

[Iycts ¢' — HEKOTOpOE 3aKIIUNTENLHOE COCTOSHMUE MAIIUHLL 1, a
q"" — kaxoe-mmbo cocTOAHME MAIIUHLL 1, HE ABIIAIOLICECS 3aKIIYNTEIIb-
HBIM. 3ameHuM Bciomy B mporpamme Il mamwmuer T cumson ¢' ma ¢
[Mosmyuum nporpammy II', ompenmensrouryro mammuy 17(q', ¢"). Mamu-
ua T' naswiBaeTcs umepayuet mawunbt T (o mape cocrosuuin (¢', ¢'')).

I[Mycte mamunasr Toiopunra 11, To u T3 3amarorcsa nporpammamm I,
IT5 u II3 coorBeTcTBeHHO. CunTaeM, YTO BHY TPEHHNE aJI(aBUTEHL STUX Ma-
IIVH IIONAPHO He nepecekaroTcs. IlycTs ¢ u g — xaxue-mmb0 pasmuaHbie
3aKJIIOUNTEILHBIE COCTOSHUS MAaIlluHbl 17. 3aMEHUM BCIOAY B IPOrpPaM-
me II; cocTosiHue ¢ HEKOTOPHIM HAYAJIBHBIM COCTOSHUEM ¢ MAIINHEL 1o,
a COCTOSIHWE ¢ HEKOTODPBIM HAYAIBHBIM COCTOSHZUEM ¢ MammHbel T5.
3aTeMm HOBYIO IporpamMmy obbenuuuM ¢ nporpammamu Ils u II3. Iomyunm
nporpammy Il samaromyro mammuy Twropunra T = T(T1, (¢, ¢1), 1o,
(40, q1), T3). Ora mammwua Ha3bIBaeTCs pazsemsaeruem mawurw To u Ts,
ynpasagemvim mowurnot T;.

[Ipy 3amaHuM CIIOXHBIX MaIuH TBIOPUHTa YACTO MPUMEHSIOT TaK
HA3BLIBAEMYIO OTMEPAMOPHYI 3ANUCL GA20PUMMA, KOTOPAsS IPENCTABIIAET
cOOOU CTPOKY, COCTOSIIIYIO U3 CUMBOJIOB, OO0O3HAUAIOIINX MAIIWHBI, CUM-

BOJIOB IIEPEXOMa (Bnna g uq" |) TaKXe CUMBOJIOB (X W W, CIIyXa-

k k
mnmx OJid 0003HaUEeHNs COOTBETCTBEHHO HAYaJa U OKOHUYAHUS pa60T131

aropuTMa. B omepaTopHO# 3amucu (HEKOTOPOTO aJfOPUTMA,) BBIPAKE-
e T;|qio T ... Tmgni| Ty obo3uauaer pasBerBienue mammu 1; u T,

k k
yIpaBaseMoe MAIuHON T;, mpuyeM 3aKITIOUYUTEIEHOE COCTOSHUE ;9 Ma-

HEL 1; 3aMEHSIeTCs HAUaJIbHBIM COCTOSHUEM ¢,1 MAaIlWHBL T),, a BCIKOE
IPYTOe 3aKIIIOUNTEILHOE COCTOSHAE MAIIWHLL 1; 3aMeHsIeTCs HauaJbHbIM
cocrosiuneM Mammuel 1 (omHuM m TeM xke). Ecnm mammna T; nmeer
OIHO 3AaKJIIOUUTENILHOE COCTOSIHUE, TO CAMBOJBL |Gio U Q1| CilyXkaT mis
0603HaueHrsT 6e3yCIOBHOTO Hepexona. TaM, rie He MOIYT BO3HUKHYTH
HeOPa3yMeHUs, CUMBOJIBL @0 U Gy OIMYCKAIOTCS.

[Ipumep 3. OnmepaTopHas cxema

|_|ThaT? [g20 Ts |gso Taw

2 1 1 2

ONUCHIBAET CIIENYIOIINN «IPOIecC BuIumciieHus>. HauwmnaeT paboty ma-
mHa 5. Ecau oHa 3akanumBaeT pabOTY B COCTOSHUU (o, TO HAUMHAET
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paboTaTh MaImHa 17, a 10 OKOHYAHUU PAOOTHI MAIIUHLL 1] BHOBb «BbI-
noJTHsIeT padboTy» Mamuaa Ts. Ecnu xe mamuaa 75 OCTaHABIMBAETCS B
HEKOTOPOM 3aKJIIOUUTEILHOM COCTOSHUU, OTIIMYHOM OT (23, TO «PabOTy
IpOAOIXKaeT» MaluHa 13. Eciou Ts nmpuxonuT B 3aKIIIOUUTEIBLHOE COCTO-
SHUE (30, TO HaUMHAET paboTy mammua 17; ecnu xe T3 3aKaHIUBAET Pa-
00Ty B HEKOTOPOM 3aKJIIOUUTEIBHOM COCTOSHUU, OTJIUYHOM OT (39, TO
«paboty mpomoixkaeTy» MarmuHa 1y. Ecou mamuna Ty korma-nmubo ocrta-
HOBUTCS, TO IIPOIIECC BBIYUCJICHUSI HA DTOM 3aKAHUUBAETCS.

1.9. ITocrpouts xkomnosuriuio 71 T mammuna Triopunra 17 u Ts mo mape

coCTOsHUI (q10, ¢o1) ¥ HAUTU PE3ybTAT NpuMeHeHus Kommosunuu 1175
K ciioBy P (g2 — 3aKIIIOUMTEILHOE COCTOSHUE MAIIUHBL 15):

q11 qi12 g21 g2

1) Ti: | o q120R | quolL |> Ts: |0 q221R | q211R

1|qi21R | q110R 1| g210L | g201S

a) P =130%1%; 6) P =1%01;

qi1 qi2 qi13 q21 gq22

2) T1: | 0| quoOL | q130R | 110R |» T2t | 0| g221L | q200R

1 q121R q131R q11OR 1 QQzlL QQ10L

a) P = 140213012; 6) P = 12[01]212.

1.10. Hasitu pesynbTaT mpuMeHEHUs WUTEPAIMU MAIWHBL 1’ 1O mape
cocTostHui (qo, ¢;) K COBY P (3aKIIIOUNTENBHBIMU COCTOSHUSMU SIBIISIOT-

Csl go U qp):

qi q2 q3 q4 gs

1)i=1, T: | 0| 0S5 | gs05 | g50S | g41R | gh1L

1| q0R |qg0R | qOR| — —

a) P=1%%; 6) P=13%+1 p) P=13%+2 (k> 1),

q1 q2 qs q4 qs ds

2)i=1, T: | 0| g\OR | ¢40R | ¢10R | g51L | g60L | qoOR

1 Q20R Q30R Q31R Q41R (_Z51L q61L

a) P=12%; 6) P=12*t! (1 >1);
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a1 q2 q3 q4 ge
0| ¢g20L | ¢o1S | qaO0R | g51L | geOL | g20R
1| qi2R | ¢21R | g31R | qs1R | q51L | gs1L
2| — |q@lR| — — — | @lR

P=1%01Y (z>1,y>1).

1.11. Haittu pesynbrar npumenenus mammusl 1 = T(T1, (q1y, g21),
Ts, (q19, 931), T3) k cioBy P (G20 — 3aKIIOUATENLHOE COCTOSHIE MAIIIW-
HBL T5, & @30 — 3AKIIOUUTENLHOE COCTOSIHIE MAIUHBL 13 ):

1) Tli

a) P =1013; 6)

2) Tli

a) P=1%0%1 (z > 1);

q11 q12 ga1 31 32
q120R | ¢ioOR |» T2: | 0| q201S |5 T3: | 0| ¢g321L | g301S
q121R | qio1L 1| ¢a0R 1| ¢g311R | g320L
P = 1301;
q11 q12 q13
q120R | q100L | qio0R |
gulR | qi31R | q131R
a1 g22 31 q32
To: | 0| g220L | q20lR |5 T30 | 0| ¢320 | g301S
1| g211L | q220L 1| ¢311R | ¢g311R

6) P =1%0101%01° (z>1,y>1, 2

> 1).

1.12. Ucnonb3ysa mamuasr 17, 15, T3, Ty u 15, mocTpouTh omnepa-
! /
TOPHYIO cXeMmy ajiropuTma 2 (3mech 1o, 410> 420, 930, 940, 950 1 (59 —

3aKJ/TIOUUNTECIJIBHBIE COCTOAHUA COOTBECTCTBYOIIINX MaIJ_II/IH)Z

Tll

qdi1 q12

0 qi2 OR qio OR

1 inOR qi11 15

R Tg:

gz21 q22 q23
0 Q220R QQ31R d20 15
1 g21 1R QQ21R —
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DA il | @l* (z20); 2) 2% ql*™ = gol* (7> 1);
3) A WOq1*H! |- Wogol?**+! (z > 0).

1.13. Ilo omeparopmoii cxeme ajaropuTMa 2l ¥ ONMCAHUIO MAIIIKH,
BXOOSIINX B Hee, MMOCTPOUTH MPOTPAMMY MaIIuHBI 1, 3aMaBa€MON DTON
CXEMOU, 1 HAaWTU Pe3yJIbTaT MPUMEHEH!S MaIluHLI 1 K cJIoBy P:

1) A = OéTl _‘Tng@ W,
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3. Boruncsmmmbie gpysakmmu. [lycts a = (a1, as, ..., ay) (n > 1) —
IPOM3BOJILHLIA ~ HAOOp IENIBIX  HEeOTpUIaTeabHbBIX  uncen. (CoBo
1ot1@2+1) . 019! masnIBaETCA 0CHOGHbIM MAUUHNLIM KOOOM (U]
npocTo kodom) Habopa a (B andasure {0, 1}) u obosuauaercs k(a). B
JACTHOCTH, CIIOBO 19T gBgeTcsa OCHOBHBIM MAIIMHHBIM KOIOM YHCIIS (.

B manbmeimem paccMaTpUBAIOTCS YACTUYHLIE YUCIOBBIE (DYHKIIAMN.
®Gyukums f(z™) (n > 1) Ha3bIBaeTCs YACTUYHON YKCIIOBOM (yHKIIMEN,
eCJIM TIePEMEHHBIE T; MPUHUMAIOT 3HAUEHUS U3 HATYPAIBLHOIO Psma C
ayaem: N ={0,1,2,...,m, ...}, u B TOM ciydae, Korma Ha HAHO-
pe a”™ = (ay, as, ..., a,) dyskuusa f onpenenena, f(a™) € N.

Yactuunast uuciioBas Gyukuus f(T™) Ha3BIBAETCI BbIMUCAUMOT (N0
Tovropuney), ecnu cymecTByeT MalnHa Tbiopunra 1y, obanaorias ciie-
MYIOIUMUI CBONCTBAMMU:

a) eciu f(a"™) onpeneneno, To Ty(k(a™)) = k(f(a™));

6) ecnim f(a™) me oupeneneno, To mubo Tr(k(a™)) He aBIsETCS KOOOM
HUKAKOrO uncia u3 N, mubo mamwmua Ty He mpuMeHuMa K cioBy k(a”).

Bameuanue. B manpmeimeM mpenmojiaraeM, 4TO B HAYAJILHBIN
MOMEHT TOJIOBKA MAIIMHBEI O0O03PEBAET CAMYIO JIEBYIO EOUHUILY CIIO-
Ba k(a'™). U3BecTHO, UTO 5TO OrpaHUUYEHUE HE CYXKAELT KIIACCA BBIUMC-
JIMMBIX (DyHKITUMN.

Ecmu ¢ynkmma f Beramcnuma no TeiopuHry ¢ moMombio MarmHb 'y,
TO OyzeM TOBOPUTH, UTO Mmawuna Tt eviuucagem pynxyuto f.

IN'oBopsT, uro mammua Twopuara 1T npasuavho sviuucagzem Qynk-
yuro f(x™), ecnn:

a) B ciyuae, korma f(a'™) ompenmeneno, mammuua 1, Hauas paboTy ¢
neBont emuuunsl kona k(a™), ocranasmusaercsa, T(k(a™)) = k(f(a™)) n
IOJIOBKA MAIIMHBI B 3aK/IIOUYATENLHON KOHGUIypanuun 0603peBaeT JIEBYIO
enuuuiy xoma k(f(a™));

6) B ciiyuae, korna f(a”™) He onpeneneno, mamnuua 1', Hagas paboTy ¢
neBoit equHunbl Kona k(a™), HE OCTaHABINBAETC.

CropaBemmuBo ciemyroiliee yTBEPXKIOEHUE: 04d 6CAKOU BbINUCAUMOT
Pynrkyuu cywecmeyem mawuna Tolopunea, NPasUALHO BLIUUCATIOU,GT
amy PYHKYwIO.

Paccmoanue mencdy deymsa auetikamu C u C' jeHTBH paBHO yBe-
JIMYEHHOMY Ha €NWHUIly YUCIy sAJeeK, pacrnosiokeHuoix mexnay C u C'.
B uwacTHOCTH, cOocemHMe SYEHKU JIEHTHI HAXOMATCA OPYT OT OPyra Ha
paccrosauu 1. Ilycts | — nesoe nonoxutenbHoe umciio. IlogMmuox)ecTBO
BCEX TAKUX SYEEK JIGHTHI, KAXKIBIE IBE M3 KOTOPLIX PACIOJIOXKEHLI IPYT
OT OPYTa Ha PACCTOSHUM, KPATHOM [, HA3LIBAETCS pewemxoti ¢ wazom .
JleHTy MOXHO pacCMaTpPUBATBL KAaK OObenuHeHue [ PerieToK ¢ Iarom .
ycts Ry — pemerka ¢ marom [. IlBe A9edKu 9TOM PEIIETKA HA3bI-
BAIOTCA COCEONUMU, €CIIA PACCTOSHUE MEXIY HUMH, PACCMATPUBAEMOE
OTHOCUTEIILHO BCE JIEHTHI, PABHO .

Tosopar, uro cmoBo P = ajas...a, 3anucano wa pewemxe R,
ecyu:

CHMBOJI 1 3aIIMCAH B HEKOTOpOu siuerike (] 9TON PeIeTKH;
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CHMBOJI a5 3ammcaH B guenike Cs, KOoTOpas aBisieTcs cocenuenn Kk C Ha,
pemteTke ;) ¥ PacIonoXkeHa CpaBa OT Hee U T. JI.;

CMBOJI G, 3amucaH B suenike (,, orcrosamieir ot sueniku C; Ha
paccrostaue (m — 1)-1 u pacnosnoxennoir cupasa ot Cf.

Bynmem rosoputb, uro wmawuna Tovropunea Ti modesupyem mawuny
Tvwopunea T na pewemwe Ry (c marom [), ecmu, kakoBo ObI HE OBLIO
cioBo P (B andasure A), BBIIOIHSIETCS CIEOYIOIIEE YCIOBUE: MyCTh HA
pemetke R(;) 3amucano ¢ioBo P ¥ B HaUaJIbHBIA MOMEHT TOJIOBKA MAIIIN-
HBI 17 obo3peBaeT caMyio jieByi0 OykBYy cioBa P; mammua 717 ocTaHaB-
JIMBAETCS TOTMA U TOJLKO TOTMA, KOTOA MAIlWHa 1 MpUMEHuMa, K CJIO-
By P; mpu stom, eciiu T'(P) ompemesneHo, TO MOCie OKOHYAHUS PabOTHI
mammaer 11 Ha pemerke Ry Gymet samucaro cioso 1'(P).

CupaBeniuBo cienymoiree yTBepX)IeHNe: 044 Kaxcdot mawunst Tovio-
punza T u waxcdotl pewemnu Ry ¢ wazom l moxcno nocmpoums mauruny
Tviopunea Ty, modeaupyrowyro mawuny Tviopunea T na pewemne R.

Oycts a”™ = (a1, as, ..., ay) (n > 1) — OIPOU3BONBLHBIN HAGODP Iie-
JIBIX HEOTPUIATENbHBLIX YNCEN; [-Kpamuvim Kodom 3mo20 nabopa Ha3BI-
BaeTcs cioBo B andasure {0, 1}, mmeromee sug 111+l Heet)l
.. 0 Hentl) (1 > 92).

CupaBeniuBo yTBepXKIOeHUE: 044 KaH#cA020 PUKCUPOBANHO20 U4eA020
yucaa n (n > 1) cywecmsyem mawuna Toropunea, npeobpasyowad oc-
HO8HOT K0d At06020 nabopa a™ 6 ez2o l-kpamubvili kK0d, a maxxce cy-
wecmeyem mawuna Toropunea, npeobpaszyrowad l-Kpamuvil kK00 6caK020
nabopa & 6 €20 0cno6enol KOO.

Pewemuamuim xodom nabopa a™ = (a1, as, ..., ay) (n > 1) HA3HI-
BaeTCs C0BO B andasure {0, 1}, sanucamnoe Ha n pemeTkax ¢ Iarom 1,
IpudeM TaX, 9TO Ha IEePBOH PerieTKe 3aImcaHo ciioBo 19171 ma BToOpoit —
cioBo 192! u 1. 1., Ha n-ft — caoBo 1% 11 mawana cnoB Ha perrerkax
IOJIXKHEL OBITH C024GC08aAHbL, T. €. CAMas JIEBAs €OUHUIIA, Ha TIEPBON PeIleT-
K€ HEMOCPEAICTBEHHO MPEIIIECTBYET (Ha BCEH JIEHTE) CAMOIL JIEBOM €MUHUIIE
Ha BTOPOWl peIleTKe, a 5Ta EeNUHUIA HEIOCPEACTBEHHO IIPEIIIeCTBYeT
CaMOU JIEBOU €IVHUIIE HA TPETBhEU pELIeTKE U T. I.

CupaBenyiuBo yTBEPXKIEHUE: 044 6CAK020 PUKCUPOBAHHO20 UEA020
wucaa n (n = 1) mosxcno nocmpoumsv mawuny Toropunza, npeobpasyio-
WY 0cho8HOT K00 4106020 Habopa ™ 6 e2o pewemuamuiil K00, a maxice
MONCHO NOCMPOouUMb mawuny Tvropunea, npeodPa3yOUWYI0O PeULeTNUATNbLT
x0d 6caKo20 nabopa o' 8 €20 0cHOB8NOT KO0O.

Mpumep 4. Husa dyukmun f(z) = 2z — 1 nocrpouts Mamuuy Thio-
PUHTa, BLIYUCIISIOIIYIO €€, a8 TakxXKe MalnHy ThLIopuHra, IpaBuIbHO BLI-
YUCIIAOIIYIO 3Ty QYHKINIO.

Bameuanue. 30eCh U B JAJbLHENIIEM DU «AHAJIUTUICCKOMS 331a-
HUY YUCIOBBIX QYHKIUN UCIOIB3YIOTCS N3BECTHLBIE (M3 MATEMATUIECKOTO
AHAIIN3A) «DJIEMEHTapHbIe> QyHKImu. [[pu 5TOM «aHAIUTUIECKUS> 3aTaH-
Had QYHKIMS CUATAETCS ONPENeJIEHHON TOJILKO Ha TaKUX IEJIOYMCIICH-
HBIX Ha0OpaX 3HAUEHUIT EPEMEHHBIX (IPUHAMIIEKAIINX MHOXECTBY N —
HATYPAIILHOMY PAMLY C HyJIEM), Ha KOTOPBIX OMPENENIeHbl U TPUHUMAKT
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[eJible HEOTPULATEIbHBIE 3HAUCHUSI BCE «SJIEMEHTAPHBIE» QYHKIINN, BXO-
IAIAE B PACCMATPUBAEMOE «POPMYIIBHOE 33 JaHUES> ONpenenseMon pyHK-
2

x

. Hampumep, dyHkmus m omnpenesieHa JINIIbL TOTIa, KOTOa % —
—-Y

I11eJI0€ HEOTPULATEJIbHOEe YUCIO, 3 — % — [eJIoe IOJIOXKUTEIbHOE YUCIIO

,’L’2

3—y/2
Pemenue npumepa 4. Umeem

2¢ — 1 mpu x > 1,
o) ={

He omnpeneieno nipu x = 0.

Hyxm0 nmocTpouTh Takyio Maimuuy TwhiopuHra 7', KOTOpas «Iepepa-
6aTEBacT> m060e cioBo 197! (mpum o > 1) B coso 12¢ u ynosieTBoOpseT
yciosuio: u6o T'(1) ue ompemeneno, mu6o T'(1) He sBISETCS OCHOBHBIM
MAIIIMHHBIM KOMOM HUKAKOTO uucyia u3 V.

[TonbiTaeMcs pealim30BaTh CIEAYIOIIYIO UACI0: CTUPAs CAMYIO JIEBYIO
enuuuiy B ciope 1971 (o> 0) u mpoxoms ocrapmieecs moOmcIoBo 1¢
CIIEBa, HAIIPABO, T'OJIOBKA MPOIYCKAET elle OnHy (MyCTyIo) sueiky («pas-
NENUTENbHBIA HyJIb») U [MeYaTaeT IBE ENUHUIBI TOAPSI; MMOJIyYaeTCs
croBo 19012; 3aTeM rosoBka BO3BPAIIIAETCS K JIEBOM SIUHUIIE TTONCIOBa, 1%
(ecnu Takas eMUHUIIA, €CTh), BLIYEPDKUBAET €€, MPOXOAUT HOBOE MONCIIO-
Bo 197! creBa HampaBo, MOTOM IPOXOANUT «PA3ACIUTEILHEI HYIb> U IBE
paHee HAEYATAHHBIE ENUHUILI (CIPAaBa OT HEro), IevaTaeT eIlle ABe eu-
HUIEL 1 OIATH BO3BPAINACTCS K HAUAIly «OCTATKa® MCXOMHOTO ciioBa, 141!
U T.I.; KOTJa B UCXOOHOM CJIOBE BCE €OUHUIILI OYIyT BBLIUCPKHYTHI, a BO
«BHOBBb (hOPMUPYEMOM> MACCUBE BCE ENUHUIIBI OyIyT HAIEYaTaHBI, TO HA,
JIeHTE€ «OCTAHETCsS» MAaCCUB U3 2 + 2 eOuHUIl; BhIUEPDKHEM B HEM JIBE
HIEPBLIE ENWHUIIBI U IIPOIECC BHIUKUCIIEHUS> 3aKOHUNIM.

ITporpamma mammuubl Thiopunra 1', pealu3yoIeil ONMuCaHHYI0 U0,
BBITJISIIUT TaK:

— IDeJIOE HEOTPpUIATCJIIBPHOEC 9YMCJIO.

¢10q40R  q41¢7;0R
q11g20R  ¢50g60L
q20g30R  g51gs51L
q21g21R  qg0q10R
q30q41R  qgelgslL
q3lgzlR  q71qo0R
q40g51L

Nveem T(1971) =12% npu a > 1 u T(1) = A (mycToe cnoso). 3uaunT,
MarmHa 7' nedCTBATENBHO BBIUKUCIAET 3amaHHyio dyukuuio f(x), HO He
SBIISIETCsT MAIMHON THIOPUHTA, IPABUIBLHO BBIUUACIIAIOIIEN 5Ty (DYHKINIO
(Tak KaK OHA IPUMEHNMA K CIIOBY 1, COOTBEeTCTBYOIIEMY 3HaUeHuO = = 0,
a Ha 5TOM 3HaueHuum aprymenta o¢yukiusa f(z) me onpenmernexa). YUro-
Obl m3 MamumHebl 7' mocTpouTh MammHy 17, IPaBMIILHO BBIUUCIISIOILYIO
dyukuunio f(z), IOCTATOYHO yHAIUTH U3 IPOrPAMMEL MAIIWHLL 1 KOMaH-
ny q71qo0R u nmobaBuTh koMauner q71gs0R u qg0gg0S.
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1.14. Ilocrpouts maminHy TBIOPUHTa, BBEIYUCISIONIYIO (GYHKIUIO f:
D) flo) =5z = {

0, ecitm x =0,

1 2) f(x) =5gx =1-sguw;

, ecmu x > 1;

0, ecmu x =0,

3)f(x):x;1:{

r—1, ecmu = > 1;

1, ecmu z =1,
4) f(x) = [—] =<0, eciu = > 2;

He ompenesieHo, ecimum T = 0;
5) f(z) =3z; 6) f(z) =277
7 f(z)=[x/2]=m, ectu z =2m wim x =2m+1, m > 0;
0, ecmu x < vy,
r—y, ecaua xr > y;

10) fa,y) =a—y; 1) flo,y) =20 +y: 12) f(@,y) = =%,

1.15. IlocTtpouTs Mammuuy THIOPUHTA, TPABUILHO BBIUYUCIISIOIIYIO
dyukmuio f:

8)f(«’17,y)=£6—|—2; 9) f(a?,y)::[;;y:{

D f@) =2 2) f@) =[] 3) @)=
4) fz) =z -5 ) f(z,y) =z +y; 6)f(w,y)=§+y;
M) e y) = 520 8) flo ) = g

1.16. Ilo mporpamme marmuab! Thiopunra 1’ 3amucaTh aHAITUTUIECKOE
BoIpaxkeHnue s Gyukmmin f(x) u f(x, y), Berancisembx Marmuaoin 1 (B
KaueCcTBe HAYAIBLHOTO COCTOSAHUSA OEPETCS (1, & B KAUECTBE 3aKITIOUNTE b
HOTO — (o):

q1 qs q1 q

L)T: | 0| qglL |q0R|: 2)T:|0/|g0R|q0L |;

1| q1R | g21L 1] qilR | goOR

q1 q2 43 q1 q2 qs

3)T: | 0| qlR|q0L|q0R|; 4) T:|0|q0S|qlL|qlL |;

1| q10R | g31L | g31R 1] g21R | q10R | g31R

13 I". II. T"'aBpuoB, A. A. CamoxeHKO
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q1 g2 g3 qa

5) T: |0 q0R | g30R | qo1S | ¢20R |;

1]{g20R | qsOR | q31L | qs1R

q1 g2 g3 qa

6) T: | 0| q0L | gs0L| — |q0R|-

1{qg1R|q1R | qs0L | qsl1L

1.17. Kakue omHOMeCTHBIE PYHKIIWY BBIYKUCIISIIOTCS BCEMU TAKUMU Ma-
mHamMu Thiopunra B ajdasute {0, 1}, mporpaMMbl KOTOPBIX COIEPXKAT
TOJILKO TI0 OMHON KOMAaHIE?!

1.18. Ha pemetke c¢ marom | cMmomenupoBaTh paboTy Maiumubl 1,
BBIYUCIISIONIEH QyHKIUO f:

D fe)=2+4+2,1=2; 2) f(x)=2=2, |=3;
fla) = —

) -|-2
5 flz,y)=2~y, 1=2; 6) f(z,y) =2z -sgy, | =3;
)

N flx,y)=xz+(y—-1), I =2.

3 [=4; 4) f(x) =3—-2z, | =3;

1.19. IlocTpouts marmuay ThIOpPUHTA, TPeOOPA3YIOIIYIO ONUH MAIITIH-
HBI/ KON B OPYTOU.

1) 3amannslil [-kpaTHBIT KoM HaOOpa Mpeobpas3syeTcs B pPeIeTdaThIl
ko (I > 2):

a) 1'0'1% (pyuxnmonrpoBaHUe MAIIMHEL He IOJKHO 3aBHCETh OT 3Ha-
vyeHus 1);

6) 1210'1'0'13 (pyHKIMOEMpPOBAHTE MAIIMHLI HE HOMKHO 3aBUCETH OT
3HaueHus [);

B) 1/0'1'0" ... 0'1! (n maccuBoB emmmmm, n > 1); paccMoTpeTh mBa
CITydas:

(1) n dukcupoBaHO, | MIPOU3BOILHOE;

(2) | dukcupoBaHO, N MPOU3BOIILHOE;

r) 11e+tD 01 (3pecn | duxcupoBansoe, MeHseTCs 0, o 3> 0).

2) PermeTuaTsiil KOO ¢ 3aIaHHON COBOKYITHOCTBIO CJIOB, PaCIIOJIOXKEH-
HBIX HA COOTBETCTBYIOIIUX pemrerkax (1-i1, 2-it u T.1.), mpeobpasyercs B
[-XpaTHBIR KON ¢ YKAa3aHHLIM 3HAUCHUEM [:

a) 1, 1971 (@>0), I=2; 6)1°", 12, 1 (a>0), I =2
B) 19t 19+l 1 (a>0), | =3.
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§ 2. Kitacchbl BBIYMCJIMMBIX U PEKYPCUBHBIX QYHKIIUNT

1. Onepanmuu cyneprio3smiium, IPUMUTUBHONA PEKYPCUM U MU-
HuMB3anuu. yHKIMN, pacCMaTPUBAEMBIE B 3TOM Taparpade, SBIsSTCI
YACTUYHBIMUA YUCIJIOBBIMU (PYHKIUSIMU.

Oyuxmus  F(z1, ..., xzn) = f(g1(x1, -0 Tn)y oy gm(T1, -0, Tp))
Ha3LIBAETCs cynepno3uyuet gywxyud f m g1, ..., ¢ ¥ MHOTOA 0OO3HA-
waercs wepes S(f(M): gin), e gﬁﬁf)), nprdyeM GyHKIUg F - omnpemneieHa,

Ha Habope a” TOrma M TOJLKO TOTHA, KOUIa KaxXmnas QYHKIUA ¢; OIpe-
meyieHa, Ha Habope a'' u, Kpome TOro, GyHKIuUsA f OIpeneiieHa Ha, Ha-

6ope (gi(a™), ..., gm(a™)); B sTOM cayuae F(a")= f(gi(a”),...
b gm(an))
Oycts g(x1, .., Tn-1) 1 h(z1, ..., Tn_1, Tn, Tnt1) — Kakue-aubO

nBe dyukuum, npudem n > 2. Onpemenum Tperbio GyHKImo f(T1, ...
vy Tp—1, Tp) C IOMOIIBIO CIEMYIOIIEH CXEMBI:

f(xy, ..., 2p_1,0) =g(z1, ..., Tn_1),

flxy, ..., en_1,y+ 1) =h(z1, ..., Tpn_1, ¥y, flz1, ... (1)
ey Tpo1,Y)), t=0.

Cxema (1) Ha3BIBAETCSI CTeMOtl NPUMUMUBHOT PeKYpcul 0ad Hynk-
yuu f(z™) no nepemennot T, M 330aeT TPUMUTUBHO PEKYPCUBHOE OIU-
cauue dyukiuu f(z") ¢ nomombio Gyukiuit g u h. ['oBopsT Takxke, 4TO
Pynryug f noayuena uz ynkyuld g u h ¢ nomowb0 ONEPAUUU NPUMUMUB-
HOT peKYPCul No nepemennot T, ; UCIoNb3yoT obosuauyenne f = R(g, h)
U YKA3LIBAIOT OTOCILHO, IO KAKON IIEePEMEHHON BEOeTCA PEeKYPCHUs.

[Ipu 3amaHuy TPUMUTUBHO PEKYPCUBHOTO onucaHus GyHkiuu f(z),
3aBUCSAILIEN OT OTHOUW MEPEMEHHOU, CXeMa NPUMUTUBHOU PEKYPCUU UMEET
BILL

£0)=a,
_ (2)
fly+1)=nly, f(y), y=0,
raoe a — kKoHcTaHTa (umcyo u3 mHOkectBa N = {0, 1,2, ...} — Hary-
PAIILHOTO PsIIa, C HYJIEM).

[Mycts f(x1, ..., Tn_1, Tn) (n >1) — HEKOTOpasl YACTUYHAS UKC-
noBas pyukuus. Onpenenum Gyukumo ¢(Ly, ..., Tn_1, Lp) CICMYIOMIAM
obpasom. Ilyctes o™ = (a1, ..., Qp_1, Q) — IPOU3BOILHBIN HAOOD IIe-
JIBIX HEOTPULIATEJIEHBEIX YNCEJI; PaCCMOTPUM ypaBHeHI/Ie

f(ala "'7an—1ay):an: (3)

a) eciu ypapHenue (3) mmeer pemenue yo € N u mpu Bcex y € N

rakux, uto 0 <y < yo, dyukmusa f(aq, ..., @p_1, Yy) OIpPENENIEHA U ee

3HAUEHUS OTJIMYHBL OT (up, TO ToOJiaraeM g(a™) = yo;

6) eciu ypaBHeHue (3) He UMeeT PEIIeHuN B IEIIbIX HEOTPUIATEIbHBIX
YUCIIaX, TO cCuuTaeM, 4To g(a") He OnpeneseHo;

B) €CJIU Yy — HAUMEHBIIIEE IeJI0e HEOTPUIATEIBLHOE PEIIeHNE YPAaB-
HeHus (3) u mpu HEKOTOpOM Y1 € N u MeHbinem yo 3uHadenue f(ag, ...
.., Qp_1, Y1) HE OIpPENesIeHO, TO HoJjiaraeMm, 4ro g(a™) He OmpemesneHo.

13*
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O ¢yukmuum ¢(r"™), TOCTPOEHHON YKA3aHHBIM CIIOCOOOM u3 (YHK-
ruu f(Z™), TOBOPAT, 9TO OHA noayuera u3 gynwkuyuy f(x1, ..., Tp_1, Tn)
C NOMOWBIO ONEPAYUU MUKUMU3AUUY NO Nepemennoti x, (umm, xKopoue,
C NOMOWDIO MUHUMUGUUL NO Tp). VICTIOIB3YIOTCS ciienyromme 0603Ha-
wemmn: g = Mf mmn g(&") = M,, f(&"), mmn g(&") = pig, (F(&")), mmn
g(fn) = :u‘y(f(xla ceey Tp—1, y) - xn)

Sameuanue. Onepanuum TPUMUATUBHON PEKYPCUUM W MUHUMU3AIIAN
MOXHO TPUMEHSTH IO JIFOOBIM TTePEMEHHBIM, BXOMAIIUM B QYHKIUU f, g
u h, HO Bcerna HYXHO YKa3bIBaTh, IO KAKUM MEPEMEHHBIM 5TU ONEPAIIAN
IIPOBOIISITCSI.

Ilpocmetiwumu 6yneM HA3HLIBATDH B HAJILHEHIIIEM CIICIYIONINE DYHKITAN:

a) s(x) =z + 1 (Pynrxyug caedosanus);

6) o(z) =0 (nyaesan Pynryus);

B) I"(x1, ..., xp) =2y, (1<m<<ny;n=1,2...) (ceaexmopnas
Pynryug unu Gynryug 66160pPa AGPYMEHMA).

Kaace Kyp 6cex npumumuseno pekypcusunx Gywkyut NpencTaBiseT
coOOl MHOXKECTBO BCeX (PDYHKIAHN, KOTOpbIE MOTYT OBITH IIOIyUEHBI U3
NPOCTENIINX PYHKITAN C TOMOIIBIO ONEPAIINY CYNEPIO3NIINYA U TPUMUATUB-
HOU PEKypPCUMN.

Kaaccom Kgp 6cer uwacmuuno pexypcuenuiz Pywrxyull HA3BIBAETCS
MHOXECTBO BCeX (DYHKIUN, KOTOPbBIE MOTYT OBITH IMOJIyUYE€HBI W3 IIPOC-
Teummx (PyHKIIUUA C ODOMOINBIO OHNEPAlNyl CYHEepPHIO3ULINN, TPUMUTUBHON
PEKYPCUU U MUHUMU3AIIAY.

3ameuanue. Illpu onpenenenun knaccoB Ky, n Kop Ipenmonaraet-
Csl, YTO TIPU TTOCTPOEHNY KAXKIOW KOHKPETHON (DYHKIINY COOTBETCTBYIOIITAE
OIepAaIy MIPUMEHSIOTCS He 6ojiee YeM KOHEYHOe YHCIIO pa3 (HEKOTOPBIe
UJIA BCE OMEPAIMK MOTYT BOOOIIE HE IPUMEHSITHC).

Kaace Ko, ecexr obwepexypcusuviz (Pynrxyui NPENCTABIIET COOON
MHOXKECTBO BCEX BCIOAY ONPENESIEHHBIX YaCTUYHO PEKYPCUBHBIX (QYHKITUNA.

Herpynuo mokasats, uto Ko, C Kgp (Bkirouenue ctporoe). Crpa-
BEIJINBO TaKXe U cTporoe BkimoueHne Ko, C Ky, (T.e. cymecTByoT 06-
IIEPEKYPCUBHBIE DYHKIUY, HE SIBIISIOIINECS IPUMUTUBHO PEKYPCUBHBIMU).

Yepes K; Oynem 0003HAYATH KITACC BCEX YACTUIHBIX YMCIIOBBIX QYHK-
1A, 8bIYUCAUMBIE HA MAIIMHAX 1 BHIOPUHTA.

Teopema (0 MpenCTABICHUN BEIYUCIUMBIX (DYHKIWI B CHEIUATBLHON
dopwme, anagor Teopemul C. K. Kiman o HopMaibHOI popMe JACTUIHO Pe-
KyPCUBHBIX GyHKUNR). ag ecaxoti sviuucaumoti gynwkyuy f(z1, ..., Tp)
cywecmsyom maxue npumumueno pexypcuswvie dymkyuu Pr(x, ...
ey Ty Tpg1) U Gp(z1, ooy Ty, Tpg1) , MO

flze, ..., 2n) = Pe(z1, ..oy T,y oy (G, ..oy T, y) = 0)).

Bmecy  py(Gy(z1, ..., Tpn, y) =0) — MUHEUMAILHOE LEJIOE HEOTDHU-
naTelIbHOE pelleHre ypaBHeHus G¢(x1, ..., Tp,y) =0 (mas kaxmoro
HAOOpa 3HAYEHWI MEPEMEHHBIX L7, ..., Ly); €CIU TPU 33TAHHOM HAOO-
pe (29, ..., 22) pemenns met, T0 py(G¢(z), ..., 29, y) = 0) me ompene-
JIEHO.



§ 2. Kaaccol 6b14uUCAUMbIT U PeKYpCcusHunr Pynryud 197

CupaeennuBo yTBepxkaeHue: kaaccvt Koy u Ky cosnadaom.

[Ipumep 1. O60CHOBATL NPUMUTUBHYI PEKYPCUBHOCTL (DYHKIIMK
flx,y) =x+ (2= y), DIOCTPOUB ONMUCHLIBAIOIINE €€ MPUMUTUBHO DPEKYP-
CUBHBEIC CXCMBEI.

Pemenue. 3anumem cxeMy OPUMUTHUBHON PEKypcuuM s (DYHK-
uu f(x, y), Bes PEKypCUIo IO MEPEMEHHOR

F0,y) =2=y =g(y),
fe+ly)=z+1+2=y) =s(f(z,y) =Lz, y, s(f(z, ).
W3 5Tol CXeMBI CITeflyeT, 4TO i omucanus Gyskimy f(z, i) DOCTATOYHO
nmeThs dymrkmmio g(y) =2y u dymkmmio h(z, y, 2) = I3(z, y, s(2)).
OueBnnno, uTo dynkumsa h(z, y, z) IPEACTABAMA B BUOEC CyNEPIO3UIINAN
npocTedmux GyHKImMA. JaauM OPUMUTUBHO PEKYPCUBHOE OMUCAHUE
dbyuknuu g(y). Umeem 4(0) = 2 = s(s(0)),

gly+1) =hi(y, 9(y)) =2=-(y+1)=1+y.
Buaunr, hi(y, z) = I7 (p(y), 2), tme p(y) =1=y.

CremoBaTenbHO, HAMO €I11e TOCTPOUTH MPUMUTUBHO PEKYPCUBHOE OIIN-
cauue QyHKIUN Y (y), KOTOPAsi, KAK HETPYIHO 3aMETUTD, €CTh Sg Y. JIerko

BUAOETH, UTO o(0) = 1 = 5(0),
oy +1)=0.
Urak, f(x, y) crpoutcs u3 mpocTedmmux GYHKIUN C TOMOIIBIO OMEPAIIAi
CYyNEPHO3UINY U MTPUMUTUBHON PEKypCUu. SHAUUT, OHA, IPUMUTUBHO pe-
KypcuBHasI QyHKIIUA.
Mpumep 2. [IpumeHUTH ONEPANNIO MUHUMUA3AIMNN K GYHKITAN

flz) = {3x—|—2, ecnu T # 2,

HE OIpeneyieHO, ecliu T = 2.
Pesynbrupyrornyo GyHKIUIO TPENCTABUTL B «AHAJIUTUIECKON> HopMe.
Pemenune. Hna xaxmoro xg € N wuieM MUHUMAJIBHOE PEIIEHUE
ypaBuenus f(y) = xo. Tak kak MHOXeCTBOM 3HaueHuin GyHkiuu f(x)
ABIIAETC MHOXeCcTBO {3n+2|n #2} ={2,5}U{l11,14,17,..., 3n+
+2, ...}, To ypaBHenue f(y) = 2x¢ HUMeeT peLICHWS IWIIb IPUA Lo =

= 2,5, 11, 14, ...; nngd BCIKOTO TAKOTO T PEIIEHWE eNUHCTBEHHOE (OHO

PaBHO :1303— 2 )

[Tpunumas Bo BHuMaHuUe, 9yTo byHKImsa f(r) mpu x = 2 He ompemne-
JIEHA, 3aKJITIOUaeM: HaWOEeHHbIE PEIIeHns, mpeBocxonsime 2, T.e. 3, 4, ...,
HE SABJIAIOTCS NOIMYCTUMBIMU (CM. II. B) OIPENENICHUs ONEePAINYA MUHUMU-
saruu). Utak, dyukuus ¢(r) = u, f(r) omnpemesnena TONBKO mpu & = 2
mz =5 g(2)=0, g(5) =1

B kauecTBe «aHANMUTUUECKOI» 3amucu GYHKIUK ¢(Z) MOXKHO B3STHb

dbopmyIy wT_2 +sg (6 —z) (ubo pyHKIMA OIIPEHEIICHA TOJIBKO
npu x =2,5,8 11,...,3n+2,..., a pysknus sg(6 — z) — TOIBLKO

nns ¢ < 6, npuuem sg (6 —2) =sg (6 —5) =0).
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2.1. Ucnone3ys B Ka4eCcTBE MCXOMHBIX (QYHKIWHA TOJBKO KOHCTAHTEI
1 OpocTeimume GyHKINU, TOCTPOUTL NPUMUTUBHO PEKYPCUBHBIC CXEME,
OMUCHLIBAIOIINE CIEMAYIONe (yHKIIN:

1)sgz; 2)8gx; 3)x+y; 4)nx, roe n > 2 U HATYPAILHOE;

5)x=1; 6)z~y; T)z-y; 8) % 9) x>+ 2%

1, ecm z =10 x
10) 2! = 4 7 : 11 H
0) @ {1-2-...-:15, ecim x> 1; ) 2]’
12)zdy = 0, ecmt x4y wetnoe, (cymma) mo Momyitio 2)
¥= 1, ecnu T +y HedeTHoE, ¥ ny '

2.2. [Ipumensst oneparuio TPUMUTUBHON peKypcun K GyHKIuIM g(z)
u h(z, y, z) mo mepemennon y, nocrpouth byukuuw f(z, y) = R(g, h),
3aIMICAB €€ B «aHAJMTUIECKOUI»> popMe:

1) g(z) ==, Mz, y,2) =z +2 2)g()=2, hz,y, 2) =2 +y;
3) g($) - 2337 h’(ma Y, z) =27 2 4) g(ﬂ?) - 33: (33, Y, Z) =3Y- 2
'5) g(m) =1, h(xa Y, Z) =T =Y ) (m) =2, h($, Y, Z) =z X

>
7 g(z) = 20, hiz, v, z)z{y’ eciL & 2 Y,

0, ecmu x < y;
8) g(m)zsgac, h,($, Y, Z):ngyﬁ-Z@iL’

2.3. Noka3aTb NIPUMUTUBHYIO PEKYPCUBHOCTD CIEAYIONMX (DyHKINUI,
HCIOJIB3Y S IpocTenmmnue QyHKIUU U QyHKOUM SgT, SET, T+ Y, T =Y,
z -y, £ ®y (cymma mo Momyitio 2; cM. 3amauy 2.1, 12)):

1) |z —yl; 2) min(z, y); 3) max(z,y); 4)2°-y>® 2"
x, ecmu y =0,
5) [f} — { Y

Y 11ejiasg 4acThb OT JeJleHus T Ha y, ecnum y > 1;

6) a®, roe a > 2 u HATYPAJILHOE;

1) foste) = |

a, ecnu T =1, :
a, 1 — Kakue-jmmbo umcia u3 IV;
T B WHOM CITydYae,

a;, ectu r=1,1=0,1,..., m,
8) f(z) =
C B WHOM CIIydYae,
30ECH Ag, G1, - .., Ay, C— Kakume-nubo umcia u3 IV;

9) f() = {

0 mpm x 4eTHOM,
T TIPU X HEYETHOM;

1, ecnu z=1Im,[=0,1,2,...,
10) fula) = {§
B WHOM CITyYae,
> 2 U HAaTYPAaJILHOE;

11) [\/3].
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2.4. 1) Hokasark, uTo eciu GyHKIuUsA ¢(L) IPUMATUBHO PEKYPCUBHA,
TO BCIOAY onpenesnentas Gyukius f (), OTInYaronasacsa ot g(r) TOIbLKO B
KOHCYHOM YHUCJIe TOYCK, ABIILETCA IPUMUTUBHO PEKYPCUBHOM.

2) lycte g1(z) u go(x) — mpuMmuTHBHO pekypcuBHbe dyukimu. lo-
Ka3aTh, 4TO QYHKIVSA

@) ={

rne 0<a<b (a €N, beé N), IpUMUTUBHO PEKYPCUBHA.
3) llokasars, uro ecinu byukuuu g(y), ©1(x), @2(x) u w3(x) npumu-
TUBHO PEKYPCUBHLI, TO (DYHKIUS
p1(z), ecmm g(y) < a,
f(fl?, y) = 902(1:)7 ecnun a < g(y) < b,
p3(x), ecmm g(y) >,

rne 0<a<b (a€N,béeN), OPUMUTUBHO DPEKYPCUBHA. Y CIOBUSI,
HAJIOXKEHHBIE HA GYHKIU ¢(y), HANO MOHUMATH TaK: PACCMATPUBAIOTCS
BCE TAKUE 3HAUECHUS I, TIPU KOTOPHIX QyHKIMA ¢(y) YIOBIETBOPSIET yKa-
3aHHOMY COOTHOIIIEHUIO.

g1(x), ecmm a <z <b,
g2(x) B uHOM ciyuyae,

4) Ilycte g1(x), g2(x) u g3(z, y) — IPUMUTUBHO PEKYDPCUBHLIE (YHK-
muu. Jloka3arh, YTO TOra NPUMUTUBHO peKypcuBHA u dyHkums f(z, y),
OIpenessieMast CIeNyIoIeil CXeMOIL:

[0, y) = g1(y),
f(z+1,0) = g2(z),
flz+1,y+1) = g3z, y)
(3mece x>0 m y > 0).

