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Mabpy3a Nel
INNUNTHK TYPAAIV TOHINaManap. ierapasvMi Macananap

Pexa

1. Coaaa annUNTUK TYpAary TeHrnamanap.
2. Acocui TYLIYHUANap Ba Tabpuihnan.
3. Jlannac TeHrnamacura SydMnraH acocuu uerapasuu

Tasny rywynyanap

Yerapananran cora, raIMONHE IVHEYNG HYSTALA TAMONHE
YHRUNE, [HDHRTTEHHNT HUKH MACANACH, JHDHXTENHHT TAWSH
MACANACH, HEHMANHHNI HUKH MACANACH, HEHMANNHHT TAWSH

Macanacy, apanai macana.
JHI COAAA INNUNTUR TUNAAIN TeHINaManapaau:

1. Jlannac TeHrnamacm:

n @2
Au=0, A =Zax.2’ U =U(X, X, X )

2.MIyacCcoH TeHImamacu:

1)



3. [enbMIonbl TEHINaMacH:

Au+k?u= f(x), k=const.

bus E - »m ynuamnu hasofa INNUNTUR TUNAAIN

v v v

TeHInamanapra SyuMnaavras uerapasu MmacananapHu ypraHamus.
BYHUHT YUYH SyiuAaary GenrmnawinapHu RUpUTamMms:
X,y € E_ BERTODNAaNH
X = (X, Xyyeery X )
Y=Y Yarees ¥a)
Xty=(X Ty, X, tY,,..X £VY),
X-Y=X Y, +X Y, +tX Y

— CKanap KynauTma.

X=y|=J(% =) + (X = Y,) et (X, = Y,

macotha. Maprasu x c E_HYSTapa paguycu 76ynran

o r)ly=x=r, y=o(xr)

cithepa TeHrmamacu. Maprasu x < E_ HySTaga paguycu 7 Gynran

Nlxr/map TeHrnamacu:

K, y):ly—-x<r, yeK(xYy)



D c E, COKa uerapanasran aenMnagm, arap £>0 D — K(O,R)

Gynca, akc Konpa J coka uerapanaHmaraH Gynub, ueKcu3
y3oSnaiiran cO HYSTaHu carmanau. bup Gormamnu énus cupT E

(ha30HM MKKMTA CORara: D' - MUKW, D' TAWIKW CORanapra axparaam.
BY epAaa (o} < D YEKCU3 y3oSnairan HySTanu casnaiam. Arap o

SapanaéTrad D CORAHMHI uerapacu, AbHu oD = o 6ynca, y Konaa
y € o HYSTaAa YTRASUNTAH TALLSY HopMAan BeKTon Aeb

v=W,V, V)

Dcokapan uMSysum

v, =Cos(Y, V)

MYHANTURYBUM KOCUHYCIA 3ra BYynran 6UPNUK BEKTOPHU TYLLYHAMMUS.
Tabhuih 1. Jlannac TeHrnamMacyuHyu SAaHOATNAHTUPYBUM

ueC?(D),Au=0, u=u(x,X,,..,X)

11 N gy A

(hyHRuMAara J- coraga rapMoHUK (hYyHKRUWA Aedunaan.
Tabpv 2. Arap u(x) (YHEUMA E_(ha30 YEKNN HYSTACUHUHI

eTapnM KWUMK atpothuaa rapmoHMER Oymca, YHM Wy HYSTapa
TaDMOHMK Aeavnaan. Arap u(x) MYHRUMA YEKCHU3 J CORAHMHI

i}



KoopavHaTa Gowmpan ueknM macothapa €T1ran MRTHEpPUA X
HYSTacMAa rapMoHUR GYNKG, 6TapnM RaTTa |X| Nap YUYH

u(x)| < % A=const, n=34,...
X

TEHICU3NUK Bamapunca, u(x) YHKUUA YeKcu3 Jcokaaa rapMoHUK

Aeivnagy. Iuay JNannac TeHrmamacu YYyH acocud uerapasui
MacananapHuHr SYUMnuiuM 6UNaH TaHMILAMMKS:
1] BUPWUHUK Yerapasuit Mmacana éxy AUpXNeHVHI UUKH (D+)

Macanacum:
Au=0;u| =f(x), f(x)eC(o), u=u(x,X,,... x,) €C*(D)

2) UKRMHYM uerapaBuii macana éxu HeMaHHMHT MuKM (D)

Au = 0; - _ f(x), f(x)eC'(0),
ov

o

3) AVDMXNGHMHT TaWwsSK (D ) macanach:

Au=0;ul =f(x), f(x)eC(o), u(x)eC?*(D")

6ynue,



X

TEHICU3NUK GaiRapunaan. 7=2RoNAa |x| — co A2 YERNW NMMKTIA
UHTHRAAW.

limu(x) = A

| x| >0

1) HeiimMaH Tawsy (N ) macanacu:

u=0: S—“ = £(x), f(X)eC(o), u(x) eC*(D")NC* (o)
1%

o

n>26ynranaa

Ilmu(X) 0

| x| o0
n=2konpa
||m u(x) = A, A<o

X‘%oo

9] Apanaw macana (yuMHuM uerapanairad macanayj:

Au=0; a(X)u +ﬂ(x)2—lrjl = f(x),u(x)eC*(D)nC*(D),D=Duc

o

by epAa «(x), 5(x) Ba flx/nap - uerapaaa Gepunran Gynaknu



V3NYKCU3 thyHrumanap 6ynuo,
a(x)>20, f(x)20, a+ >0, VXxeo.
Kycycui KocunanapHu Rypud ynsamms:

W a=14=0 u_=f(x)- Aupmne k1 GUPMHYIM uerapasum

2) ¢=0,4=1 ‘2—” = f(x) - HeiMaH EKM MKKMHUM YerapaBmit
n

ez

ou

3 «>0,p5=1 %+a’u =f(x) - YUMHUM TYP uerapaBui

(o2

Ryaau wynpaain uerapasuini macananapim lyaccox

Il
—h

Au

Ba [eNbMIonbl

Au+ku=f

TeHrnamanapu yuyH gam Sapail MyMKMH.
Y6y



Au+k?u=f
E, éKun E, (ha3oAa TEHIMAMAHMHI GUMMM u(x) YEKCU3NUEAA
HYypnaxsvuil NPUHUUNNHN SaHOATNAHTUDUILM KepaK.

u:OGj, a—u+iku:(=)(1j r > E, 13
=\r) or r

E, ha3oAa aca,

Agabuérnap

1.CanofutavHoB M.C., MatremMaTMR M3vKa TeHInmamanapw, T.
ul36erncTonn, 2002.

2BnagumupoB B.C., VpaBHeHMA MaTeMaTMueckoi wuauku, M,
«Haykan, 1981.



3.Tuxosoe AH, Camapckui A.A, VYpaBHEeHMA MATEMaTUUECKOM
thusuru, M, tHaykan, 1977.



Manpy3aNe2
Jlannac TeHInaMacHHWHT (YHAAMBHTAN 6UMMH

Pexa

1. TekMcnuKAa Jlannac TeHrnaMacuHUAHI (hyHAAMEHTan
CUUMM.

2. Yu ynuoenu thasoaa yHAaAMEHTaN eUUM.

3. YMymuit Konpa, AbHU /7-YNUoBnH thasoaa thynaameHTan
eYMM.

Tagny Tyiywyanan

Jlannac TeRInamacHiHKI lYKAIMEHTaN 64HMK, TERHCITHEAA
WIYHAIMEHTaN EYHMHHKI KYTHHHLLIY, (123043 GIVKAIMEHTAN
CYHMHHRI KVIHHHLUY, 11 ITYOBIIH (133043 (IYHAIMENTAI 6YHMHHKI
RVDHHALIH

Tabpuib. Nannac TEHINaMacHHWHI hasat GUTTa r=|x—y|

TeOMETPUK y3rapyBuura G6OrNMME euUMMMIa, YHUHT (YHAAMEHTan
euMMK AeMnnaau K1 ANeMeHTap euumu aednnaan.

[lacTaBBan 7=2KRONHN yDTaHAMU3.
by konpa SyT0 KoopAvHaTanapuaa

X, =Y, +rcosg, X, =Y, +rsing r=|x—y|.

10



Nlannac
o’u  ou
= st =2
oX,~  OX,

Au =0

TeHIMAMACUHWUHT RYDUHVILVHMA TONAMMUS:
byHu TONMIIAAH ONAUH §v|‘imnam OutTa TeopemMa Ba MKKUTA
HATURAHM KenTupuo \"namua (ucbotcusl.
Teopema. Arap
o’'u ou ou
7 T ;T 2 =
oX,~ OX,” OX

2 3

Au

AaH Syuuaary anmawTupUILIHK 6askancas,

X, = (ol(ql’qzvq3)
X, = (Dz(qliqzlqs)
X, = ¢,(0,,0,,0;)

Y konaa Jlannac oneparopy SyMMAar RYypMHMLLAA Gynaau.

1 { o £H2H3 auj o (H1H3 8u] o [HlHZ au j}
AUZ + +
HH,H, (oq\ H, dq,) oq,\ H, dq9,) oq,\ H, oq,

by epaa,

n



Hatxa-1 (Cchepuk KoopAMHATaNaD cucTemacu)
X, =rsin@cosg
X, =rsingsing BYNCA, o, =r, q,=60, 0, =¢
X, =rcosé

H, = /sin® @cos® ¢ +sin@sin® @ + cos’ & = /sin? @ +cos* 4 =1

H, =/r’cos®@cos’ @ + r>cos’ @sin’ g+ r’sin’4 =1

H, = /r’sin*@sin* g+ r’sin’#cos’ 9+ 0 = rsin

1 a(zauj 1 a(. 6uj 1 o4
AU=——|T"— |+———|SINO0— |+ ——; >
rror\ or) r-°sin@of 00) r°sin“6op

Hatvka -2 (lunvuHADME KoopAMHaTanap cucTtemacul

X, = pCcose
X,=psing = H, =1 H,=p, H, =1
X, = X,

( auj 1 6u o
AU = — Yo, + 5t
pop\’ dp) p°op° X

12



KenTupunrad Teopema Ba HaTU:Xanapaan Syuuaarvra ara 6ynamus:

2
-2, 10
ror\ or) r?ogp’

dYHAAMEHTaN eUMMHUHI TabPUKIa acocal u = u(r) GYNraHn yuyH

2—“ = 0. byHAaH thouaananub
@

12(ra—ujzo g(rg—uj:O: ra—u:C1
ror\ or or\_ or or

alJ:E:u:CllnquC2
or r

Arap C, =1, C, =0 Gynca,

1 2 2
u:InF, YZ‘X—Y‘:\/(X1_y1) +(X2_y2)

Q[emag, 7=Zkonpaa thynaameHTan euMm ywoy

E,(x,y)=In

X=Y|

RYDUHUILAA 6ynagu.

13



n=3konAaa, 6u3 Jlannac TeHrMaMmacuHUHI

o’u o0°u du

AU = + +
ox;  ox2 o}

cthepuK KoopAVHaTanapaarm

X, =Y, +rsin@cose,
X, =Y, +rsingsin g,

X, =Y, +rcosd,

3

r=x—y] =04 = ¥,)" + (% = ¥,)? + (% — ¥,)°

RYDUHMLLVMHYA TONAMWU3:

1 0( ,ou 1 o(_. . ou 1 o
AU=——|T"— [+————SInf +—— ~=0.
rer\ or) r°sinfoé 00) r°sin“6op

dYHAAMEHTan GUMMHUHT TabPUIBUIa GUHOAH u = u(r)

GYNranu yuym.
g g
op o6
6ynuo, Nannac TeHrnamacu

14



TONnaMmus.

C,=-1 C,=0 ned TaHNacaK, u = — AbHU

Wynpan Sunubé »#=3 kKonpma Jannac TEHIMAMACWHMHI
(yHAAMEHTan euuMu

&(Xy)=——

X=(X:%,%) » Y=Y, Y, ¥s)

RYDMHULLAA BYnap aKaH.
Jnau Nannac TeHIMAMACMHWMHI (YHAAMEHTan eUYMMMHMU
YMYMUIA Ronaa E_Aaa Tonamus: Yy Nannac

19



TCHINaMaCUHN
u(x) = A(r), X=_(X,X%,,..-, X.),
Y = (Yo Yorees Vo)

r=\><—y\=wlg(xi,yi)2;

6y epaa hasat 7 ra 6o-nusS euUMMHHN TONAMMWU3. BYHUHT YUYH

r=x—y

ou ouou 04 1 OA X —Y
&zgﬁx :ar n 2(X11y1):§ r
1 : PACHD
X — Y,
u_a(eu) @ (azxi—yi)_au(xi_yi)2+f—r(Xi—yi)a,I_
8x?__6Mi _-axi or r ot x? r? or

OX,

_0AM =) ok -y ) 0r A% -y +1(1_ (x —Zyi)zlaﬂ_

or? r? re or or? r? r

o o rt o Jdr | drr?
1dA o n 2dl dzﬁ n—-1dA
+__21_2(Xi _yi) = +

rdri= = dr dr®  r dr

16



lWynaait Sunuo, yuoy
d’A n-1dA
—|— —
dr? r o dr

0

TeHInamanu Kocun Sunamm3. by TEHINaMaHy euamms.

dA d’A dt di n-1
= =, L4120
dr dr®> dr dr r

Inz=@1-n)Inr+InC z=C-r*"

2-n

9 _cp :>/1=er1‘”dr+C1:Cr
dr 2—n
C

(2-n)

+C

1

A(r) = r’'+C,C=2-n, C=0u=r"",

AbHU (NYHAAMEHTaN eunm,

&,(0y)=r""r= 5 (6 -y )’
KYDUHUILAA 6Yynagu.

TonUnrax 3NeMeHTan GUMMNAPHUHT KYDUHULLMAAH MAbAYMKU
x=y napAa ¢ (x,y) (YHAAMEHTan euum E_(hasoAa rapMoHMK

6ynub Kap O6vp fwmKcMpnaHrad x ga y - 6yuvmua gam JNannac
TEHINaMacvuHN SaHOATNAHTUNAAUN, AbHU

Ag,(xy)=A6(xy)=0, x=Y

E. thasoaa
17



52(X1 y): In%

(YHAAMEHTaN euuM YEKCU3NMKAA NOTaPUIDMUK MaKkCYCNUKKA 3ra
Ginaan. c (x,y) — MYHAAMEHTan euMm n =2 Aa E_hasopa x =y

TAPMOHUE thyHKRUMA Gynagu.

Agabnérnap

1.CanokuTavnoB M.C., MaremaTMKk (hM3MKa TeHImamanapu, T,
ul36erncTomn, 2002.

2BnaagumupoB B.C., VYpaBHeHMA MaTeMaTHUECKOM (U3NKKM, M,
«Haykan, 1981.

3.Tuxowoe AH, Camapckuin AA, YpaBHeHMA MaTeMaTUYECKOM
thuauku, M, cHaykan, 1977.

18
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Manpy3a Ned

I'PHUH thopMmynanapu
Poxa
1. Kiyn ynuamnu MHTerpannap yuyx 6ynakna6
WHTEIrpannai thopmynacm.
2. TDUHHMAT 1- hopmynacu.

3. TDMHHUNT 2 - thopMynacu.

Tagny Tyiynyanap
Bynarnab nurerpannaw popmynacs, IDHHHHHI GHIHKYH
aopmynacy, THHEHHI HEKHHYH (POPMYNICH
bu3ra MaTeMaTHK aHanu3 KyncuAaH MabNyYMEM E, thasoaa

D — E, uerapanasraH coka 6ynuo, uerapacu cD = - - Gynaknu
cunnus cuptTaaH uéopart 6YNCUNH. v — o CUPTIA YTKASUNTAH GUDNUK

HOopMAan GYNCUH, AbHM

v, =cos(y,, V)

AW, A, ALY, Y=Y Y Ys)

thyskumanap D = D U o AaY3NyKeu3 6inu6

20



A
d ,(y)’ i=12.3

Jnay3nkcus 6YNcuH, AbHU

A (y) e C(B),% eC(D), j=12,3.

]

V konAaa ywoy

i(ZyAll + 2’;: + Z’;‘jdy :i(Alv1 +AV, +Av,)do

thopmyna ypuunu 6ynaau. by thopmyna D — E_ uerapanaHras coka

6ynuo, uerapacu oD = o - BYynaknu cunnus cupTaan ubopar Gynran
COKa YUyH Kam &3ui MyMEUH. Arap

—\ OA
A(y)ec(D) 5y €COLY=(Yarmay,) J=Ln

]

thyHruManap Gepunrax 6ynuo,

v=(v,V,,...,V,)
— o CUDTIA YTRASUNIaH Gupnuk TalSyU HopMan BexTop 6ynca, AbHU

v, =cos(y,, V).

V konaa laycc - OcTporpaackuid thopmynacu, yuoy
71



I(i%}iy#(i A,-V,-jda, n=1n (1

RYDUHWLLHW ONaAu.
by thopmynaaaH hoAanaH1e Kyn ynuamnu MHTerpannap
YuyH 6Yynaknab uHTerpannai thopmynacvuiy KenTupuo uusanamms.
Syiinparv uKTernannapHu Sapanmms:

j%’i‘/—de:jAijda (2)

]

Gyepaa
A=(A,A,..,A)B=(B,B,,..,B )

y3nyKcus avmhiheneHuuannanyBum thyHxuuanap.
HEEMHUM TOMOHAAH KYynanTManu authdiepesuuannam
somaacura 6uHoaH,

OAB OA oB
——dy=[—Bdy=[A—dy (3]
Loy, @15, BY=1",

i i i

(2) + (3] pan

OA oB
ABv. do =|—Bdy+| A—dy
JABvdo =[5, BYHAL,

J J

22



ibHU
iA%dyziAijda—la—Ade @

J ]

Gynaknat unTerpannai thopmynacura ara 6ynamus.

TDMHHUHT OGMDMEYM thopMynacK

Syiimaary WapTnapHy SaHOATNAHTUDYBYUM UKRUTA u(y), 9(Y)
(yHRUManap.

u(y) eC*(D)nC*(D) 8(y) eC*(D)C(D)

Gepunran 6yncun. Y6y anumargan ioaanaHamus:

n 0 ou n 09 ou
O fgou)_y080u g\ (5)
kzlayk[ aykj oy, oy, T

“ v -

a(lgau]:asau+gazu_
o\ o) oy oy oy

BY TEHINMUEHKN k =1, 2,3,.... 6yiANUa UN-CaR,

23



n 0 ou n 09 ou o, 0°U
k=1 8yk ayk k=1 8yk ayk k=1 ayk
Oy epaa ywby
o2
Au =Y’ g l:
k=1 ayk

Genvnawiaal thoinaanadnb (9 diopmynadu ucbor Sunamus. [9)
AMHUATHUHT UKKaNa TOMOHUHUN J- coka 6YyMMUa MHTeIpannanmMmms:

izniayik(gsy_lijdy —ikzn;a—‘fgy—lidy +[JAudy  (5)

by topmynara (1) faycc - OcTporpaackuv hopMynacuHU

Synnaiumus:
n o9 ou ou
2 dy +[9Aud dy =
D T ikzlay[ aykjy
_iégﬁkvk _jg—da
6y epaa Syumaanu
ou o ou
09 Zay

Hopman WyHanuw OyiMua ONMHIAH Kocuna thopmynacuaaH
24



thoaananauk. Wynaan SUNU6 FPUHHKUHT GUPUHUM hOPMYNACUHK

jg—dc;:j”a—“a—“d +[SAudy (6]
D k=1 ayk
TONAMK.
TDMHHMHE MEKMHUM (HODMYNAcH
Yoy

u(y) ec?*(D)ncD) , 9(y) ec*(D)~C(D)

IIANTHY SAHOATNAHTUNYBUM UKKUTA #Ba ¢ MYHKUMAnan Gepunran
oyncuH. (6] thopmynaaa S HU #1a anMawiTupamus, Y konga

n oU 09 /
IEdG i;aady J.UAde (6"

(6" AaH (6] HM AMMPaAMU3:

25



my%g—sggkazf@AS—&mkw m

ez

TDMHHUHT MEKMHUM thopmynacura ara 6ynamms.
Agaownérnap

1.CanokuTaunoB M.C., MaremaTMK (hM3MKa TeHrmamanapu, T,
u¥36erncTonn, 2002.

2BnaagumupoB B.C., VYpaBHeHMA MaTeMaTHUECKOM (U3NKKM, M,
«Haykan, 1981.

3.Tuxonoe AH, Camapckmi AA, VYpaBHEHMA MaTeMaTUYECKOH
thuauku, M, uHayxan, 1971,

26



MabpysaNed
TapMOHMEK (HYHKLMAHWKT MHTEIPAN TACBUIM
Pexa

1 IDUHHVHT 1- thopMmynacvuaaH rapMoOHME (YHRUVNAHUHT
MHTEIpan TacBUNPHU RenTupuo unsSapuill.

Tagny Tyiywyanan
HHTEIpan TACBHP,CORIAA TADMONHE LIYHKUHARHKI HHTEIPAN
T1acBHin

TDMHHMHT MERMHUM (hopMynacuaaH, AbHu (1) AaH MRTMEDUA
MKKM MapTa y3nyKcu3 AubheneHuMannanyBun myHRUUAanap yuyH
WHTErNan TacBUPHUA KeNnTUPUG YyuSapuil MYMKUH.

Teopema 1. Arap D — E_uerknu coka 6ynuo, uerapacv oD = &

Gynaknu cunnus cupTAaH nbopar 6ynca Ba
u(y) eC*(D)nc*(D)
6ynmB, I(y)=c (x,y) - Jlanmac TeHIMamacuHMu E_ Aamm

dynaameHTan euvmu 6ynub x < D napameTnUR HYSTa GYNcuH. ¥
Ronpa

21



_ 1 u 88n(x,y)j _
1) _(n—z)wni(g“(x’y)av W= e "
1

- (n _ 2)(0 Jl;gn (X’ y)Au(y)dy

MHTerpan Tacsup YpuHnuv 6ynaau.

HcOoT: bepunran

&, y)BAU(Y), X = (X, %%, ) ¥ = (Vs Yoo Vi)

MyHEUManapra tvrpvaan-TirpM TpuH  diopmynacuiyM  Synnaé
GYnNManau, YYHEH

a
= by
LS k)
[ 1]
]
|

1 !
I 1

f"r A

K(x, e
%x 7
i I

y =x e D HYSTaAa s (x, y) thYHKUMA MARCYCNMRKA 3ra. LIYHUHT YuyH

XHYSTaHW MapKa3 SURKUG = paauYCIM K (x, <) - AP UN3aMK3.

ly—X<e, yeK(x,e)cD

J CORaHVHT WaPAAH TaWSapy SUCMMHU D\ K(x,&)=D, - OpSanun

28



Genrunab onamu3.by D_- coka yuyH

u(y),e,(x,y)eC*(D,)nC(D,)

Oynaaw. WYHUHT YUyH u(y),s,(x,y) - YHRUMANADIA D, - cokana

I'pYH hopmynacyuuu SYyNnanMmu3s. BYHUHT YUYH Yoy

o(x,e)|ly—x=¢

cthepanu onamus, y Konga D, - CORAHWHI uerapacy o U o(x, <) AaH

nbopar Gynranu yuyH, yumoby

[umAe,(x,y)—&,(x, y)Au(y) Jdy =

D,

_ i(U(Y)%X'y) —& (X, y)%ujd o, + 2)

+ (u(y)%x’y) —¢ (x, y)%u)day

|y—X|=¢

by epaa agng’ y) . D - CORAHMHT ycouUo(x,c) HYSTara

YTRasunrad Hopman WyHanuwm 6ynua onuHran Kocuna. by kocvna
y=(Y,,¥,,.... Y,) HYSTAHUHI KoOpAWHATANApM Biinua KUcobnanmne,

X=(X,X,,...,x,) MApaMeTPUK HySTanapamp. c (x,y) - (DYHKUMA

Jlannac TeHInaMacuHWHT thyHAaMeHTan euumu GYNraHmn yuyH

29



Ae,(x,y)=0,VyeD, = Ju(y)Aygn(x, y)dy=0 (3]

(2)TEeHrnuEAa = — O Aa NUMUTIA JTUG
u(y)C*(D)nC*(D)
(HYHRLUMA YUYH UHTEIPpan TAacCBUPHU Rocun SUNaMus3.

ABBanNo n > 2 BYNCHUH. 5(x, ) —cthepaaa
r=x—yl=e.
V — HoDMan D_ - cokara Tawisv Gynrannumv cabaénu - paguycra

Sapama - Sapwiy uyHanras. lWyHWHT YyuyH

ov

BUPNME cihepann -, opSany Genrunacak,

do(x,&)=¢&""do,, y—x=0¢

anMalITUPMILEKN Gamkancak, y < o(x,c) 6YNranaa oo, Gynaaw.
llly caba6nu (2] chopmynany Syunaary RypuHMILAA é3M6 onamu3s:



o

IAU(y) dy I{ 1 6U(y)_ u )__(

r N j}6+ 7
oo

Dé'

X+05)}d0l

%’\Q)

l D;l j Au(y) dy = | Aun(_zl) dy.

(4) hopMYNAHUHT YHI TOMOHWAATM BUPUHYM MHTEIPAN < 1a 6ornns

amac
u(y) e C*(D)
OYNraHv yuyH
8” <M, M —const.
8yi
ou| |& au
=|>.—cos(v,y, ) <nM (cos(v,y,)<1).
o = By comly) <M (eos(vy,) <1
bynaaH gapkon

gfa—udal
oV

o1

o,| — GUDNWE CtHeNAHUHT 103K
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-0

Iim[— (n—2)[u(x+ Qg)dal} =—(n-2u(X)|o-

Aemak, (4) TEHINURAAH YLIBY

1 8u(y) o 1 Au(y)
1) = 2)1 H( “(V)arn—zjd“v (-2 w &
(5)

n

(hopmyna kocun Ginaamn. o, | - 2”n
)

Teopema ucbort Gynam.

n=2 eynranpaa (5) dopmyna y3 mMabnHOCMHM MySotagu. by Konpa

&(X, y)=|n1 JKaHNWIMHK  3bTHOODIA  onubG,  aBBanu
r

Kucobnawnapra SauTcas,
ou (y) 0, 1 1 1
u(x) = er( ~ u(y)EInFjday—ZilnFAu(y)dy (6)

thopmynara ara 6ynamu3s. Arap ¥YHYSTa JcoRaaan TawiSapuaa éTra
bynca,
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IAun(zl) dy = J(rnl au_(y)_ u(y )_ nz)d(;y, n> 2

p I o
IAU(Y)d _I( i@u(y)_ ()—In )da n=2

e

thopmynanap kocun 6ynaaw.

IHAUN u(x) thyHruma (5) Ba (6) thyHKUMANAPHW UMSapULLAATH
WapTAaH TawsSapyu J coraaa rapMoHuK 6yncun. ¥V gKonaa Au(y) =0
GYnuG, SyuMaari MHTerpan TacBupnap YypuHnu 6ynaau:

B 1 1 ou(y) J 1
u(x)_(n—z)a)n!,(r“ ~ u(y)avrn_zjday,n>2 1))

NI L0 NN A I
u(x)_2 j(lnr ~ u(y)avlnrjday,n 2 (8]

(e

Agaouérnap

1.CanokutaunoB M.C., MarematMk (u3vka Tenrnamanapu, T,
ul36erncTonn, 2002.

2BnagvmvpoB B.C. YpaBHeHMA MaTemaTMuecko mm3ukn, M,
«Hayran, 1981.

3.TuxonoB AH. Camapckmit AA, VYpaBHeHMA MaTeMaTUUYEGCKOM
thusukru, M, tHaykan, 1971.



Manpy3aNe d
TapMOHUK (MYHKLUMAHWNT XocCanapu

Pexa
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1. Ypta Switmar kasupa.
2. MarcMMyM NPUHLUMIN.
3. HySaTunaauran Makcycnuk Kasuaa.

Tagwy Tyiynyanap
Cdrepa yuyH yira apHaime THE Giopmynaa, LWap Y4y ypra
APHMIMETHE LI0PMYAE,SIHAIN LWANTAA HIYHKUNA CORAHHHT
YerapacHaa MakcCHMYMIA IPHILIAN,

IPUH dopmynanapAad Ba rapMOHUK (IYHEUWUAHUHT UHTEIpan
TacBUPUAAH, YHUHI 0AAUNA XOCCANADVHM KenTUpWG uMsSapamms:
Teopema 1. Arap 7 cokaga rapMoOHME u(x) MIYHELUMA YuyH,

u(x) eC*(Du o) Bynca, y Konaa

14 45— g (m
s OV

oynagu.
HcGot. IpvHHMHT OMpuHUM diopmynacuaa thouAaanaHamMus,
UYHKU TEOpEeMa LapTUIra Kypa

ueC’(D)nC'(Duo),
IWYHWHT YuYH 1- TpUH thopmynacy



ou 0, 0% ou
[9—do =[>———dy+[JAudy
s OV oy, oy D

D k=1 K K

ypuHnu. by epaa 9 =1 aeb onamus, y kKonaa

[Mdo=0+0=0.
ov

o

Teopema 2. Arap u(x) MYHKUMA J cokapa rapmMoHuK bynca, y
ronpa wx/uercus auihhepeHuMannasyBunanD, AbHU

u(x)eC”(D)
Gynaamw.

HcBoT. u(x) thyHRuMA J cokapa rapmoHMK 6yncuu. ¥ Konpa
V3VHUHT uerapacv Gunax Tyna Jcokapa érygun D, CORaHN ONamms3.
D, CORaHW WYHAAA TaHNab ONaMM3KN YHUHI uerapacu oD, =o, -
Gynaknapy cUnnuS cuNTAaH néopart GYNCUH.

u(x)eC?(D,) Oynranm yuyn (1) rapmoHME MYHKUMA YUyH

UHTEINan TacBupAan

u(x) =

(n ]é) J(gn(xa)’)—alg(vy)_U(Y)—agné\)/(’y))do'l (2)
—2)w, 5

topgananamu3s. by epaa



[2) MHTeInan ocTMAAIM YHKUMA XBA ¥i3rapyBUMNanHUKT Y3NYKCH3
MyHRUMA OYAMB  x=(x,x,,..,x ) HYSTAHMHT Gapua x -

]

KoopavHaTanapy Oyiuua Gapua TapTMGnM Kocunmanapra ara.
Mapamerpra Go-MMEK  MHTEIrNanNNapHM  AudibepeHUMannaw
KaSuparm Teopemera acocaH u(x) (MYHKUMA x - ByiHuua Gapua
TapTMGNK Rocunanapra ara.

Teopema 3. Upta Switmar Ka$npa)

Arap u(x) (OYHKUMA K(x, R) - WIAPAA FApMOHUK 6YNKG, K (x,R)
— &nus wapaa ysnykcus Gynca, y konaa

u(x) = (3)

DRy
thopmyna ypunnu Gynaam.
HcOor. Yoy
K(x,R)ly-x <R <R
WaPHM Kapaimus. TAHNaWMMK3Ia Kipa K. — K Ba u(y) e C*(K))

GYNTaHK YUYH, FApMOHMK YHKUMATA UHTEIPan TacBup £3aMM3. K. -
Lan yuyH

B 1 ou(y )_ o€ (x y)
U(X) - (n —Z)Ct)n yJRl(gn (X’ y) Y ( ) j y -
o, ly—x=
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In=—, n=2
1
1
&,(xy),.. ==, n=3=const
1
iw n>2
\Rl

o, ciepara TalkKW v - HOPMANMHWUHI HYHanMLM R, — NaAnyc

A ” A

_i’ n:2

Rl
oz,(xy)  _0&,(xy) :<_i2, n=3=const.
av yeoy 8R1 yeoy Rl

_n;lz’ n>?2

R

bynapiu 3bTHGODIa onuG loSopuAaarM MHTEINaNHU SydnparMua

Rucobnanimms:
1 au(y) (n-2)
= — —’do. + — Ju(y)do, =
(n - 2)a)n R1 ? |y—x|=Ry aV ! (n - Z)wn R1 y—)‘!.:Rl !
1
= — Ju(y)do,;
a)an y‘;([—Rl ’
HBMHH,



u(x) = ; [u(y)do, 3)

Y |y—x|=Ry

u(x) HyHKuMa K(x,R) — wWwapaa y3nykcu3 6YnraHm yuyw Oy
TeHIMUEAA R — R Aa UHTEIPpan ocTHAA NUMUTIA YTHIL MYMKUH.

U=~ Ju(ydo,

Wy, ly-x|=R

- -

27R, n=2
a)n Rn—l — { aeap (3!)

A7R*, acapn =3
thopmynaxu

R = [u(y)do,

@, |y-x=R

RVypMHMWAA é3ub onamu3. by TeHIMMEEM R ByMMYA O<R <R

opanusSAa vHTerpannao,

u(x)=$ Ju(y)dy (3"

h K(x,R)

n

@ R

thopmynara ara 6ynamus. by epaa —K(x,R) LADHWHT RAKMMU.



(3) Ba (3') thopmynanap moc paBumpaa cidiepa Ba wap Gyiuua

rapMOHUK (DYHRUMANAD YUyH YnTa apUMMETHR thopmynanap HoMu
Ounax lopuTMNaaN.

Teopema 4. ImakcumMyM NpUHLUMNUK). Arap u(x) — YHRUMA:

1. Yernu Jcokana rapMoHMK.

2. D=Duoc AaY3NYKCK3.

3. u(x)=const,Bynca,y Konaa u(x) MYHKUMA MAKCUMYM Ba

MMHMMYMIa ZcORaHMHI uerapacyu Jaa apuiaamn.

Hcbotr. u(x) MYHRUMA émuS D=Duoc CORaAa Y3NyKcus
OynranyM YyuyH max u(x) MaB:KyA. TeopemaHnu Teckapupaad thapas

Sunviul yeynuaad thovaananub ucbortnaumus. dapas SUNAMNUE
u(x) (DYHKUMA MaX. ra ZJcoRaHUHI MUMAA X, < D HYSTaAia INUILCHH,

AbHU
Ix,eD = max u(x)=u(x,)=M
6yncun. 7 cokapa KoMmawraH o, :|y—x|=R, >0 cihepa un3unb

onamu3. Y Konpa ypTa SuiAmar kasuaarv Teopema 3 r1a acocan
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1

M =u(x,) =— [u(y)do; |o,| = o, R 4)

o,

u(x)

<M
Xeoy

TGHICU3NUK YDUHANAND.
JHAN u(x) MYHRUMA o, A2 M AaH KUUMK SuiAmar Sabyn Suna

ONIMAcNNIMHK KipcaTamu3: Arap Bupop y, < o, HYSTapa
u(y,)=M-20<M
Ae0 thapas SUncak, y Ronaa u(x) HUHI Y3NUKCU3NUIMAAH
u(y)<M -o,Vyeo, co,, o, =0, \o,
Genrvnanmms, ibHn ¢, = o, Lo,

M ()= 1 fudo’s Jutio |< 2 (- a)er)+ M) -

‘O-o‘ ‘O-O‘

1 ! 14 [
= _(M ‘00‘ +M ‘O-O‘ _5‘0-0‘):

‘0-0‘

= L (M (o )-8l <M —51% < m
= o

[emakg,
1|



M<M

- - - v w
II []

<M

Xeoy

u(x)

GYnap 3kaH. R, - URTHEPUIA BYNraHmn yuyH

u(x) =M yeK(x,R,)|y—x%|<R,

wapaa 6amapunaau. IHAN x, < D HYSTaHU onamm3 Ba U (x,) =M
IKAHNNIMHKN RYDCATaMW3. BYHUHT YUYH X , x, HYSTanapum L < D -
CHHMS uM3u$S OGMnmaH TyTalWTMPaAaMu3 Kamaa / HUHT o, OunaH
KecuuMl HYySTacuuu y, opSanu GemmnaB omamms: u(x) =M

GYyNUILMHK Kypcatamu3s: XKyaav ieSopuaaruaex
u(x)=M, yeK(y,R)|y-y|<R

KUpcaTMil MYMEMH. Arap [ UM3WSHWHT Y3YHAMIM || OPSanu

benrunacak Ba

. 2\
d =inf|x—y|, xeL, y o A6CaK, N ZT

TEHICU3NVUKHM SaHOATMAHTUPYBUM OGYTYH coH OGynca, ¥ Konpa
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paguycnapu % AaH 6ynran A/ta wap /yn3uSHu Sonnainau. by wap
Y=y, < E:K(yN %) Wap x HYSTaHW ¥3 nuura onaau Ba Oy wapaa
Ram u(x) =M Bynaam, abHu u(x,) = M. liynAan SUNK6 JcoRannHT
HWunpam x, < D HySTajaa /maxra apMwiagu perad (hapasumusfan
u(x)=M, Vxe D 3KaHW Kenub uuSaau. by aca TeopemMaHuHr 3 -

wapTdra 3ua. Jlemak rapMoHuUE MyHrRuua tTeopemagarv 1),2)3)
IWapTNapHY SaHoATMaHTMPCAa ¥ MaxJa CORaHMHI yerapacuaa
nuLLIAN IKaH.

Hatuma 1. Arap u(x) thysnkuua Jcoraga rapMoHME D=D U o
Aa y3nykcus 6ynub Ba

=0

Xeoy

u(x)

Gynca,y konpa
u(x)=0,vxeD

oynagu.
HcOot. HaTvaHMHI IIAPTUIA KDa

u_,=u.=0 u_ <u(x)<u_=u(x)=0vxeD.

max min

Hatva 2. Arap u (x), u,(x) (YHRUMANap Jcokaaa rapMOHME,
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D = DU o Aay3nykcus 6ynub

(ul(X) T uz (X)X <0

Xeo

Gynca,y konpa
u,(x)—u,(x)<0, vxe D
Gynagu.
HeBotr. YWBY u(x)=u,(X)—u,(x) (MYHKUMAHK SapauMu3.
HaTviXa WwapTMra Kypa u(x) yHKuma J cokaaa rapmoHuE, D Aa

V3NYKCHU3
u(x) <0, vxe D

6ynuo. /max NPUHLUNKUIA ACOCaH
u(x)<0, vxeD

Kenub yuraau, bynaa aca

(u,(x)—u,(x))<0, xeD.
HaTvxa 3. Arap u (x), u,(x) MYHRUMANap 7 Aa rapmoHuK, D
Aa Yy3nyrcus 6ynue,
u,(X)|, <u,(x)],

Gynca,y konpa

u,(X) <u,(x), VxeD
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oynagu.
HcOor. WapTra Kypa

(U, (0 -u,(x),., <0
—u,(X) <u,(x) <u,(x), vxe D = {(_ 0, () —Uz(X))(Xe(, <0
by epAa u, —u, Ba u, +u, (ZYHRUMANADHWHT 7 A3 TAPMOHUK Ba

D A2 Y3NYKCU3NWIMHN 3LTUOODIA ONCAK, Y RONAAa vVx c D

u, (x) < U, (x)

u, (x) = —Uz(x)} = ‘ul(x)‘ <u,(x),vxeD

Teopema 5. (HySaTunaauran Makcycnvk kasuaa).
Arap u(x) tyHKUMA D*\{x°| cokaAa rapMOHMUK Ba x° HYSTAHMHI

TeLWIMK aTnothuAaa yerapanairan 6ynca, vy konaa u(x) YHKUWAHKA

D" cokaaa rapmoHuk 6ynaaurand SUnu0 aHUKNaLW MyMKUH Gynaamw.
HcGort. Vwoby 2>0 coHHN WYHAAN TAHNAHMU3KM K ;x —x°|<a

— Wap YuyH K_c D' BYNCHH. IHAM K - wapaa u (x) — FAPMOHMK

(MYHEUMAHU SyAUAarMua TaHNanmMmn3:

=a

Au, (x) =0, xe K, u, (X)) =u(x), xeo,:|x—x,

Y6y u, (x) =u(x)—u,(x) (YHKUMA TYSUAKILIMATA Kipa K \{x"}
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AaTapMOHMEK BYNKG u, (x) = 0 6ymapu. RasuSaran Ram

—u(x) =0

Xeo,

= u(x)

uXEO'a - U(X) - ul(x)

Xeo, Xeo, Xeo,

AU, =A(U—-u,)=Au—Au, =0-0=0

Teopema wWapTMra Kipa u(x) K, - WapAa verapanawras,
WYHUHT VUYH JA >0 |u,(x)| <A Vxe K, UHKH u(x), x <K, A2

TADMOHMK (YHRUMAAMD. Jlannac TeHIMaMacUHUHI (hYHAAMEHTan
euMmMpaaH thonpananmb K. - énu$ wapaa mandvin Gynmaran

0< 9 (x) — (YHYUMAHKN Sy AAIMYa TY31G onamus:

9.(X) =

6y epAaa c > 0. PaBWaHku S (x) yHRUMA K_\{x°} - cokapa

TADMOHME. v (x) MYHKUMAHMHT AHMSHaHVMILIKATA KYpa 9 (x)| =0,

UYHRH
. 0 . 0
o, [x=x|=a;xeo,, [x-x’|=a
6ynaau, 6yHAaa aca
[ a
glh=, n=2
a
$ (X)) =1 =0.

a E(E—Ej n=3
a a

Aemar, 3 (x), =u,  =0.3HAN 0< I (X)——7—>o GYNIaHn
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VUWWH 35>0 o, [x—-x’|=5 - cthepaga 9 (x) > A Oinagu.

Wynpan SUNKUG v (x) (YHKUMA x c K \ K, — cthepuk Satnampa

TapMOHMK GYNnG, YHUHT uerapacuaa:

u(), . <8

bynpaaca
u, (X)| < 4.(x), Yxe K, \K,

Kenub uuSaau. ¥ — HU thukcupnab Gy TeHrcusnuKAa « — 0 Aa
NUMUTIA YTCAK 9. (x)—— 0 AAH

lu, (X)] <0 =u,(x) =0 u,(x) =u(x)—u,(x) =0, Vx e K, \ K

Kenub uusaau. Inam x — x° Aa NMMUTIA YTCaR

i, () =) -, () =
=limu(x) =limu, () = u,(x")
flemakr,

U, (X) - U(X)

arap x < K, \¢ {x’} 66, u(x) € H(K,), AbHN #KJ HWHT TADMOHMK
AABOMU u, (X) IKaH.

Teopema 6. Arap 1) 4/ MyHKUMA Q\{x°} A3 TADMOHMK, 2]
a1



WyHAaH (), lima(x) TONMANG

a(X)

‘X_Xonz,n>2

u(x)| <

TEHICU3NUK Oaxkapunca, ¥ Ronga x° nyxma u(x) (IYHKUKAA YUYH
HySaTMRUILIM MYMKWUH GYnrad makcyc HySta 6ynaau, abHu

limu(x) = A

X—>X

Aeo, ywby
90 = {u(x), X # X°

A, X = X°

(hYHKRUMA O A3 rapMoOHUME Gynaau
A3(x)=0, xeR

Agaonérnap

1.CanokuTaunoB M.C., MaremaTMK (hM3MKa TeHImamanapu, T,
u¥36erncToH, 2002.

2BnagumupoB B.C. YpaBHeHMA MaTemMaTUUecKon (U3UEM, M,
«Hayxan, 1981.
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3.Tuxosoe AH, Camapckui A.A, VYpaBHEeHMA MATEMaTUUECKOM
thusuru, M, tHaykan, 1977.
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Mabpyaa Ne 6
Yerapasui Macana euMMMHMHI ATOHANMIM. AMPHXNG
Macajiacy GUMMHHMHI ATOHANNIN

Pexa
1. Avpuxne macanacv GUMMUHUHT ATOHANUIN.

2. dovpa yuyx Aupuxne macanacuHu dypbe YCYynuaa eumill.
3. MlyaccoH MHTerNanu.

Teopema. Arap
ueC?*(D')nC(D"), f(x)eC(o)

6ynca, y konga ywby Aupuxne

Au(x)=0 , xeD";
u()|_, =)

MacanacuHUHI CUUMU ATOHA.

HcGort. dapa3 Sunannur nuku Aupuxne MacanacuHUHI UKKUTA
u,(x),u,(x) euMMnapu mas:xya 6yncun.Y konpaa

u(x) =u,(x)—u,(x), Au=Au, —Au, =0
Gynuo,
u()| =u| —u,| =fx)-f(x)=0
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fibHK u(x) =0 . MaKCHMYM NPUHLMAMIA ACOCAH

u(x)=0, vxe D"

Gynagun. BYHAAH U, (x) =u,(x), Vxe D’

Jlovpa yuyH upvxne macanacviu dypbe ycynuaa euuil

Vwey D CoRa>{(x,x,)=xeR?* x’+x’<a’} — AOMDAAAH
nbopar 6yncun.Y Konpa

2 2 o
0U,9U_0,ux)eC?(D')ACI (D) M
1 2

AU(X) =

u(x),_ =f(x),xeo:x’+x; =a’ —aiirana, f(x)eC'(c); (2

AvpUANe MAcanacvHUMI u(x,X,) GUMMMHM dypbe yeynupa
TonNI ounau WY YNNAHAMMUS. BYHMHT YUYH
X, =rcosg, x, =rsing;r=x+x2  §y16  KoopauHaTanap
cucTemMacura yTamus:

10, ou. 1 &4
Au(r,p)==—(r—=)+— =
(r.e) rar( 8r) r’ 0¢°

0 (3)

o1



u(r,e)|. . = f(p); f(p+27)=1(p) 4

H3naéTran eumm
u(r,)=u(r,p+2r)
WANTHUA SAHOATNAHTMDAAW, YYHRM GUMM Y3NYKCH3 Ba YGKCU3NMEAA
perynap, aHMSnaHMILIMIa Kypa y uerapanaHian uekcusnuepa. (3) +
(4) MacanaHuHI AaBPVIA uerapananrad euMMUHM yioy

u(r,@) =R(r)-@(¢) (3)
KVPMHWLIAA M3naiimu3. Bynpa
D(p+27) = D() (6)
R(r)| <A (6")
0 ou &

u , _ ' _ D"
E:R(r)-d)((p),%—R(r)@((ﬁ),a ; =R(r)-@"(p).

1 _

AU =

ou, 1 o
a’

ﬁ(r +
ror  or op°

—Eﬁ(r R()-@(p) + 5 RO)-2"(p) =

= (r R'(r)) @(p) + F R(r)-@"(¢) =0
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& LR+ R+ L R®" =0
r r

@ (R”+1R’)+%R(D”:O
r r
(r’R"+rR)®+R®" =0
rZRI! + rR! _ _@" =12
R @D

D(0) =D(27) A= Acos2zA+ Bsin2zA
j—
D'(0) =D'(2x) AB =—-1Asin2z1+ ABcos2zA

(cos2zA—-1)A+Bsin2z4=0
(=Asin2zA)A+ (cos2z1-1)AB =0

D"+ X D=0,D(p+2r1)=D(p) m

rrR"+rR'—=’R=0 (8)

D (@)= AcosAp+ Bsin Ag;
@' =—-AAsin Ap+ ABcos Lo

Ao cos 274 -1 sin 274 _
—Asin2z4  A(cos274 —1)

A(cos27A —1)* + Asin® 274 =0

2A(1—cos27z14) =0

cos2zl =1
2nA =2m, A=n, n=012,..
n=0,AbHN 1 = 0 BYNCUH
D"'=0=>P=A+Byg
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OYHW A3aBDUANUK LWIAPTUIA SYHMCAK,

{AO:A”Z”BO B, =0, A %0,

B, = B,

RN P

[ieMak 1 =0 Xoc SUMMAT, ©(p)= A XOC YHKUUA Gynaaw.
OPTOHODMANNAHIAH XOC (YHRUUACU @ = ,/zi Gynagw.
T

AHMENME YUYH A =1 Aeb Kam onuil MYMKMWH, ¥ Konpaa Xoc
(YHRUMA D(p) =1 Gynaaw. Wynaan SUnuG (6) + [7) macanaHuur Xoc
SuAmaTnapn A =k’, Xoc YHRUMANAPYN sinke Ba COSKy BYNMO,

VHUMHI GUMMHU
@, (p) = A coskep+ B, sinke (7

Rocun Gynaaw.
(8] TEHIMAMAHVHI CUMMMHUN 1 =k =0 OynraH konpaa

R=r",R'=ar", R"=a(a-1r"”
KVDMHMLLAA M3NaHMK3.

rale-1r° +rar“ = 2r“ =0

o4



ala-Dr* +ar* —2r =0 |r*
a’—a+a-V=0a’-21V=0,a’°=2, a=+1, 1=k, a=+k;

RycycHi euumnap
6Ynn6, ymymui eunm aca
R(r)=C.r*+Dr™
6ynaawn. Arap 4 =k =0 Bynca,y konpa (8) Tenrnama Syinaarm
r’R"+rR'=0= R(r)=C,Inr + D,

RYDVUHUWILTA Kenaau.
R(r) <A

uerapanaHraHnMIiMaan C, = 0 kenub uusagn. R (r) = D,. YMYMHIA

eunm
R(r)=C.r*+D,r*, k=0

Ronaa kam ypuunuaup. lemar, k=012, ..
by TonuAran @, () Ba R (r) napnu (9) ra $yimb

u, (r,p)=(A coskg+B,sinkg)C,r* +D,r*), k=0,1,2,..



GUMMHM Tonamu3. Tonunrau u,(r,) GUAM D* A UerapanaHran
GYRMILM YuyH D, = 0 GYNUIUM Kepak.

V konaa [Aivpuxne MacanacHUHI eunmMu [AHUSTIIMK YUYH C, =11

u (r,p)=r*(A coske+ B, sinke).

Cynepnosuuma NDMHLMNMIA ACOCAH iMpUXNe MacanacvHUHI euuMu

u (r,@)=>r"(A coske + B, sinke) (9
k=0
Kypuanwpa 6ynagn. u (r,p) = f(p) — YerapaBui WapTAAH

thonAaananuo,

f(p) =Y a (A coske+ B, sinkp)  (10)

Bu3ra paspuil () MYHRUMA Gepunran GINraHu YuyH VHUHT
dypbe KoIMMMUMEHTNADNHN (o, |, {5, | Genrmnad onamms.

k=0,1,2,... k=0,1,2,...

1 2r 127z 17t .
a,=——[fly)dy, a, == [f(y)coskydy, B, ==[f(w)sinkydy.
27 %o T o T o

bynaa a2, B.—T(p) (DYHKLUNAHUHT dypbe

Ko3hhuumvenTnapy 6ynu6 ynap Manhnym COHNapAamp.



f(p)=3 (e, coske + S sinke) (1

k=0

(10] Ba (1) NapKM TEHTAAWTUPKG A = o,

(04

Cp _ A ==
{aﬁ %) 8 (12)

a'B, = p, B — &

k ak

AaH thonaananuo (9) uy Ywby KYypPUHUMLLAA €310 onaMus:
u(r,p) =3 rk(a—tcos Ko + éEsin kgoj =
k=0 a a

(13)

i(g) (e, coske + B, sinkg)

k=0

by 613 usnaran AMpuxne macanacuHUHI euumu Gynaau.
flyaccoH MHTOIpanu

fovpa yuyn [Aupmxne WURKM MACANacCMHM EGUMMMHUN
nthoaanoBuu thopmynany é3ub onamms:

9l



s

u(r, ) = G) la, coske + B, sinke]

k

fp)=

Il
o

(e, coske + B, sinke)

[Ms

k

Il
o

Gepunrad MyHRUMA. Yoy - - « Genrvnaiing onamus, y Konaa

| =

u(r,p) = itk(ak coske + B, sinkg) = (14)

Gyepaa

2r w

@, =— [ (y)coskydy, p, == 1(y)sinkydy (14)

T o 0
=, + Y t*[e, coske + S, sinke]=
a=1

127z
— | f
27[!
127r

to ! f (y)p, sinkedy sin k(p} =

(w)dy + it{l T f (y)coskydy coske +
k=1 7T o
(15)

o [fw)dy +%zf f (W)[gtk cosk(y —40)}0"//

I1. 3unep thopmynacuaax thonaananuo, Gynranaa

0 ikz —ikr 1

A= itk coskz = t* € +¢ :—i(tke”)k +li(tke‘”)k =
=i =} 2 2ia 2k




<1 Gynranpa

1 te" 1 te™ t ef+et-2t tcosr —t*

21-te” 21-te™ 21-t(e"+e™ )+t 1-2tcosr+t’

bynAaH thovaananune (13) Hu Syuuaarvua éanb onamms:

2 1 2

1 2t cos(p —y ) — 2t°
rho)=— |[fly)dy+—|f 1 dy =
1r.e) 27z£ W) W+27z£ (l/l){ +1—2tcos(go—w)+t2} v

1 2r 1—-2tcos(p -y )+1t* + 2tcos(p —w ) — 2t?
_ L) (o-v) (o-v)

2 1-2tcos(p -y )+t =f
1 2 aZ_rZ
= [f d
 2m £ (W)az —2arcos(p -y )+r’ v

by uHTerpanra fiyaccoH UHTErpanu aeunagu.

Agabnérnap

1.CanokutavHos M.C. MarematMk (M3uKa TeHrmamanapu, T.
«J3GerucTonn, 2002.

2BnaauvMuvpoB B.C. YpaBHEHMA MATEMaTUUECKOM (HU3UKKU, M,
«Hayxan, 1981.

3.Tuxosoe AH, Camapckui A.A, YpaBHEeHMa MATEMATUUECKOM
thusuku, M, tHaykan, 1977.






Manpy3aNel
[Avpuxne macanacHHUHI I'PMH (DYHKEUMACH

Poxa
1 TapMOHUK MYHKUKWA UHTEIDan Tacsupy Ba FMVHHWUHT
2 - thopmynacu opacuaary 6o-naHuiL.
2. I'DVIH (hYHEUMACUHMHT TabDUIW.
3. I'DVH YHRLUACUHVHT X0CCananu.

Cunnus o - cUPT GUNaH yerapanaiian Yernm D — E_CORapa

Gepunran u(y)<C*(D)nC*(D), D=Duo, oc=0D, MYHKUMA
YUYH, yiby

00 = L e, y) By %Yy L (x yyau(y)dy
@, - ov ov D
(1
WHTErpan Taceup YNMHNK. BY epaa o, - £ AarM GUDNVK cHienaHuHT
3. (1] thopmynaana &, (X, y) Nannac TeHIrnaMmacuHVHI

(yHAAMEeHTan euuMmuauD:
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Arap u(y) Jcokana rapMoOHMK, Au =0, y < D (hyHKuua 6jnca,
y konpa (1] thopmyna, ywby

u(x)=wi [ (en(x, y)%(”—m%x’y)jday

n o

RYDMHULLHY onaau. by 3ca rapMoOHMK u(x) (YHKUMAHWHI UHTEIpan

TacBUPUHM Bepaaun. Inauv 6u3 Jcora yuyH Aupuxne

{Au =0 u eCZ(D)mC(B) )

u. =e(x), xeo, p(X)e C(G)

Xeo

MacanacuHM S$apacaK, u(x) xeD TADMOHME (DYHRUUAHWUHI

yerapaparm

u

. =o(X)

Suiimat Gepunran 6YynM6, U(X) HIVHRUMAHMHI Hopman Gyivua

ou

Kocunacu ay|  — uerapana GepUnMaraH, WYHWHT YuUYH (1)

Xeo
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thopmyna épaamuaa (2) Auprxne MacanacMHUHI GYMMHUHKN TONMO
Gynmanan. WA () diopmynaHn Synad RYpUHMILAA @é3Ura
Kaparat SUNamu3. BYHWHT YUyH

cokapa v - iarapyBum Giiua rapmonmk Ginran o(x,y)<C'(D)

(hYyHRUMAHK Sapaimus. Yiuby
9(x,y)Bau(y)eC*(D)nc*(D)

(MYHRUMAnan yuyH FPUHHUHT 2 - thopMYNAacUHMU, AbHU

0% ou
AG—9Au)dy = —=-9—1
[(u u)dy j(u Py av) o

D o

$ynnaimus. by epaa 9= g(x, y) neb oncak,

thopmynara ara 6ynamms. IHAN (2') TEHIMWKHWUHT MKKanNa TapadKun

1 . . . -
— ra kynautupuo (1) hopmyna 6unaH Raanab Sywamms.

n



u(x) = wil((gn(x’ y)+ g(x, y))alg(v)’) —u(y) o(e,(x, yg\'/" g(x, y)))day _

1

- —[(&,(x,y)+g(x, y)Au(y)dy

C()n D

(3]
by epaa, ywoy

G(x,y)=¢,(x,y)+g(x,y) xeD, yeD

Genrvnawny RupuTcar, (3) hopmyna SyuMaan RYPUHUILIHK onaau:

u(x)=wi [ (G(x, y)‘%”—u(y)%)day
e (4)

- [a(x yhu(y)y

Arap 6U3 gx Y/ HYHRUWAHM, yIIGY
G(xy),., =(e.(xy)+gxy)),, =0 (&)

WAPTHW SaHoaTNaHTMpaaural SUnub Tannacak, y Konpga (4) parv

ou

5| —KaARiSanu0 KeTann, HaTMAKanaH YOy

o

oG(x,y)
oV

u(x) =—wi.[u(y) do, —a)ijG(x, y)Au(y)dy (6]
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thopmynara ara Gynamus.

Tabpuh. Yoy &y ydkuma E. o D coka yuyH Jlannac
TeHrnamacura Syumnras fiupuxne macanacuHuHI DMK yeruuacu
AeAunaan, arapy

N G(x,y)=¢(xy)+g(x y),0ynaa g(x,y)e Cl(ﬁ) 6ynné y-
yarapysum 6yinua Jaa ranMoHMK (YHRLMA

2) Yerapapa G(x,y) =0 WapTnapHi SaHOaTNaHTMRCA.

yeo

1-xocca. Ywby Y= x< D nyStanappa &xy/ y - Vsrapysum
OyiiMua Jpa rapMoOHMK (YHKUNA, AbHK A G(x,y)=0, y=xeD.

HcOotr. TapMOHME (yHEUMANAD WMHUHAUCU AHA TADMOHME
(YHEUUA 6Ynagu, abHU

AG(X,y)=A,&,(x y)+A,9(x,y)=0+0=0
2-Xocca. I'NVH thyHKUMAacHHU Sypuul, yby

A,9(x,y) yeD,
g(x, Y)‘yeg =—¢ (X, y){ . xeD

yeo

Avpuxne macanacvuHy eUnILIra KenTupunagm.
3-Xocca. Arap I'pvMH (hyHRUMACU MaBKRYA BYnca, y aroHagup.
Hcbor. dapas Sumainmuk E. oD - coka YyuyH Nannac



Tenrnamacura  Syimnran Au(x)=0, u__=¢(x)  [AupnKne
MACanacUHUHI UKKMTA G, (X, y) Ba G,(x,y) — [DUH MyHKUMANapu
MaB:XyA 6YncuH, y Konaa Tabpudhra Kypa

G,(x,y)=¢&,0xy)+9,(x,y)
G,(x,y)=¢&,(x,y)+9,(x,y)

6ynno
g(x,y)=Gy(x,¥)+G,(x,¥)=9,(x, )~ g,(x,y)
Gynaawn. Yerapana
g(x,y),., =p(x)-p(x)=0

A,g=Ag,—Ag, =0
g(xy),, =0

ArOHANME TEopemMacura acocan

g(x, y)E 0= Gl(xa y)E Gz(x’ y)-

4-Xocca. JcoraHuHI IDUH thyHKRUMACK mycbaT

G(x,y)>0, vx,yeDcCE,.



HcOort. Nlannac TeHrmamacy yHAAMeHTan euuMH &, (X,y) HUHI

aHMSnanMMIa Kypa, Y=X<D HySTAaHUHI TeWMK arTpothuaa

YerapanaHmaraH, AbHUY Yy — X UHTUNTaHAaa
&,(X%, Y) =5 , gLy

(hYHEUMA 3Ca Y3NYKCU3 Ba uerapananranavp. LWIYHUHT YyUyH

36 >0, o5:|y-X =6
cthepana

G(x,y),., =(&(xy)+axy)),_ >0.

yeos

Bepunran D E, coRaHMHr uerapach oD =ocpa G(xy) _ =0

yeos
Gynaau. (Tabpuibra acocas). Makcumym NPUHUMNMIA ACOCAH
G(x,y)>0 Vx,y e D\ B, :B, —wap.0B, = o;.
BYyHAAH 3¢a G(x,y)>0, Vx,ye D ia ReNnub uMkaam.

9-Xocca. Yiby &/xy/-TpvH (hYHKUUACK X V-
V3rapyBuUMnapHUHI CUMMETDUK MYHKUMACUAUD, AbHU

G(x,y)=G(y,x), ¥Vx,yeDcCE,.

McBor. busra E. oD coka Gepunran 6ynmB, y=XxeD
6yncuH. ¥ Konaa mapkasnapu x Ba y HyStanapaa 6ynran s -
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paguwyenu B,(x,5), B,(y,J5) wapnapui unau6 onamus. by wapnap

o,:|&—y|=4 cihepanap GUNaH uerapanaxrax 6yncuu.

[ <

Vwey D, =D\(B,UB,) cokaun S$Sapaitmu3. By CORAHMHI
yerapacM oD, =cUo, Uo, AaH nbopar. D, cokaga G(x,£) Ba

G(y, &) thyHKUMANap rapMoHuK 6inaau kamaa 6y tyHEuMAnapra 2

— 'DUH thopMmynacuuu SynnanMus:



by epaa u =G(x, &)

0=

J

D

D

[(UAI—JAu)dy = i(u

08

ou

Y9
ov

jda
oV

9=G(y,¢) Genrmmnab onubé Zyphura D,

(G(x,£)AG(y,&)-G(y,£)AG(x,&))dy =

aaaaaaa

20

ov

uynku|AG(x,&)=0,AG(y,£) =0, x = y| =

jdc)} +

lmamus.([(G(X, 5)%%6) -G(y,¢)
g
i

G(x.$)

C2)_6(y.¢)

0G(x£)

ov
oG (X,

&)

do

¢

do. =0

S

()
L]

Yoy
G(x,¢),, =0, G(y, ). =0

MyHocabaTnapaan

[0 )™5) (5,00 o, —c

Kenuob uusSaau. Inam, yuoy
o, E—X=0

cthepapa ¢, (X,y) —thyHAAMEHTan eUMMHH TeRIIMPAMM3:



In n=2 (Inl
£-X
(X, &)=+ . =1 4 = A=const_
—, N>2 =
L (xéeo,
LIYHUHT YUyH
G(x,¢)

teo, (&,(x, &)+ g(x’f))geax = A+ g(x’f){geax m

D, CORAHMHI S € o, HYSTaAarn TawSn v - HOpManu o, ctepa
paavycura Sapama - Sapiim 6ynrany yuy

(1 (1
In=, n=2 |=, n=2
0. (%, y) __0]s _Js
N e, oo }_2,n>2 n:_22,n>2
Lo
. e, (X,Y) ) _
bynaaH thoiaananumo o HU RucoBnanmms:
Seoy
os,(x,y) 0 -
oV feo 06 (8n (X’ §)+ g(x, 5))§€0x -
_n-2_g(x¢) ®)
5”‘1 8V teo

10



%x,f) yanykeus, uynrn g(x,<)—D cokapa

Seoy

by epaa

TApMOHMK (hyHRUMAauD. Yoy %y,g)’ G(y, &) myHKuMananp kam

O, cihepana y3nykcuapup (OY YHKUMAHMHT MaKcyc HySTacu
£ = y ). LYHWHT YUyH Yoy

(600, )

(hyHkuMa yanykcusaup. YnTa SUiAMaT kasSuaar Teopemara acocau

J(ote )y, -

e e =

ot oV

byenpaa » 6" —paanycnu cthepa CUDTUHUHT l03acK. Arap

50, o,>X ¢, =X Ad" =0,

LUYHUHT YUYH

n



B e = |

o G(y ), (n-

=2

XVAAN WYHUHTACGR

(Gw{”‘z P (u, g<x,5»aG(y’f)]dax .

. 5n—l av
lim | (10)

60 oy
=G(x,y)o, (n-2)
C)Tenrnueaa © — O aa nMmuTIa yTno, yiby

~G(y,X)o, (n-2)+G(x,¥)o, (n-2)=0 = G(y,x)=G(x,y)

TeHINMUKHU ROcUN SUNaMu3.
HaTvka. &4/x /- TDVH MYHRUWACH YUYH, yuby

AG(x,y)=0 y=X, y,xeD
AG(x,y)=0 y=X, y,xeD

MyHocabaTnap ypuHAUAUD.

12
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Mabpy3aNe 8
AvpuXne MacanacHHHUHT GUMMMHMN FPUH YHKLMACH
épaamuaa Tonui

Pexa

1. EuMMHM T'PUH (DYHELMACKH Epaamuaa nhoaanaill.

MyaccoH TeHrnamacura SyMunran, yuoy

Au=F(x), xeDcE, édD=c )
u(x) = f(x) f(x)eC'(o) ueC*(D)nCD) @

Avpuxne macanacuHuy Sapanmms.
Teopema. Arap (1] + (2) macanaHuHI U(X), XeD eunmmnea

coka yuyn Aupmxne macanacuhmur G(X,Y) TDMH (yHKUMACH

MaBkya 6ynca, y Konaa (1) + (2] yerapaBui MacanaHuHr euMmu
sSyuuaam

[



qiopmyna épaamuaa Tonunaau.

HcBo. E 5D coka yuyH [TpMH  (DYHRUMACHHMHI
MaBHYANNINAAN

1) G(x,y)=¢ (% y)+g(x,y), g(X, y) ranmonns 6jnmo

2) G(x, y]yea =0. A,g(x,y)=0.

9(x, y)=—¢,(xy), . 9(x.y)eC*(D)~C'(D)

gynaam.
(1) + (2) macanaHuHr eunmy U € C*(D) ~ C*(D ) maBiRyA 6inm6, 6y
U((hYHKUNANANIA MHTETNAN TACBUD YDUHNUAKD.

u(0= 21, x) - u() 2 o, L1 ypautyey

a)n D
4
u(x, y).g(x,y)e C*(D)nC*(D)
(MyHKUMAanap YyuyH [DYHHWHT 2 - thopMYNAacyHM SYNNnanMus.

ou og
i(gAu ~UAg)dy = i(g a—u Ejday

D o

L fotcyhutyry = [ )2 8D o

1o



O::z%—i(g(x,y)au(y)-u(y)ag(x’y)jdoy"4£‘f9(X’Y)AU(Y)dy

oV oV @ b
k)
(2] ra (5)HK SYIKHO
(0= e 0 y)+ g )Y )2 G 0+ gl o, -
- Jle 00 y)+ gl y)uly )y =
byepaa

G(x,y)=¢,(x,y)+9(xy)

TDUH (YHRUMACUHUHT MaBRYANUIMAAH honAanaHuG

1 C[(G(x, y)ﬁua(vy) Y (y)aeg\(/’ y)jday - [6(x, y)au(y )y

(6)
Tonamu3: J- cokaHuvHr uerapacuaa cD = o aa

G(x,y),., =0, xeD

Gynrany yuyH (6) chopmyna Syumaarvua éaunaau:

u(x) = ——Uu(y)GG(X’ Vo - [6(xy)uly)dy m

16



(1)+ (2] yerapasuit MacanaHwuHI

Gepunrannapuaad ioaananu6 NMyaccoH TeHrnamacura SYMuUnran
(1] + (2) Aupnxne MacanacuHy UMMUHM TONULL MYMKMH:

0=~ 119) P g0 L yripy @

by thopmynapaH whonpananv6 Jlannac TeHrmamacura (F(x)=0)
Syimnran

Au=0, xeD, u =f(x) xeo (9

Avpuine macanacUHWHI eUMMWUHN KaM TONWIL MYMEMH:

do (10)

Hatvxka: Y6y

yerapasui MacanaHuHI euumm
[}



iopmyna épaamvaa Tonunaau.

Agaonérnap

1.CanokuTavnioB M.C., MaremaTMk (hM3MKa TeHImamanapu, T,
u¥36ermcToHn, 2002.

2BnagumupoB B.C. YpaBHEHMA MaTeMaTUUECKOM (MM3UKN, M,
«Haykan, 1981.

3.Txonoe AH, Camapckmi AA, YpaBHEHMA MaTeMaTUUECKOH
thuaukru, M, tHaykan, 1971.
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Mabpy3aNe9
fipum ha3o yuyH IPUH hyHRUMACHEM SYpUIL

Pexa

1. TPVH MYHELUACUHUN SYypULLL.
2. TPVH (hYHERUMACUAAH HOpMan 6yiMua Rocuna.

F thasopa D :y, >0 apuMm (ha3o YuyH TPUH (DYHKUMACHHY
Kipamm3, Gy epaa D HMHI uerapacu oD =oy,y, (y,=0)
TEKUCIMEAAH nGopat Bimagu. x = (X, X,,X,)e D" HK onub, yHra
cummeTpuk 6ynran % = (x,x,,x,)e D™ (oY, =0 - TeRMcnUKKa

HWCOATaH HYSTaHIM onamu3s). b3 U3NaéTran MK (hYHKUUACUHK

1 A
G , =
)= Ry

RYDMHMLIAA U3NAUMKU3. TDUH MYHKELWACUHUHT - —Yerapaaamm

1 A
G(x, =0 -7
(X y]yea = (‘X - Y‘ i ‘X_ nyeGiyso

9



‘X_ yHy o \/(Xl - y1)2 +(X2 - yz)2 +(X3 - y3)2

y3=0

= =y, ) + 06, =y, )+ X
‘)? o yHy3=0: \/(Xl o y1)2 + (Xz —Y, )2 + (Xs +Y,; )2

\/(Xl o y1)2 +(X2 —Y, )2 + Xj

y3=0

( 1 A j 1
0= - > 2—|—
‘X_ y‘ ‘X y‘ yeo \/(Xl - yl) +(X2 - yz) + X5

A

\/(Xl o y1)2 + (Xz —Y, )2 + Xe?

by TeHrnukAaH A=-7kenn6 unsaau. lynaan SUnub 6U3s 3narau
TDUH thYHELUACH

11
=y k=)

G(x,y)= X,y eD" (11

nbopar 6ynagu. Xyaan WIYHUHIAGK E, AaIM 10S0DU ANUM TeKMCIIMK
x, > 0 YuyH F'PUH thyHKUMACH

G(x,y)=In—— —In—2 12)

x=y [x-y|

X=06,%) £=(%=%) y=(%,¥,) y, >0



Keivnuanue 6usra, ywoy

RocunanM Kucobnaw 3apyp

oG(x,y)
oV

A4

v=D":{y, >0} ra TaS1 Hopman GJNranx yuyH YHWUHT AiHANMLWMN

Oy, ra$apama - Sapwm 6inranmpaan

oG(xy) _ 9G(xy)
8V y3=0 B ayg y3=0
o o S [CRARTCAA SECEA ) L CRA SO

N w

= ) =) 20 -
-2 '(X3 - y3)}

N w

+%((X1 — yl)2 + (X2 — y2)2 +(X3 - y3)2)_

y3=0

Xs_ys

_b«xl AR YA |

_|_

+ X5 tY, 3 _ 3
V0 =y + 06 =9 + 06 -y )') ] -

2X, 2X

. 3
- — 3

\/((Xl - yl)2 + (Xz —Y, )2 + (Xs - Y )2 )3 =0 ‘X B Y‘
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Mabpy3aNe10

Texucnukaa I'ovH (byRKLUMAcKY paamuaa Jlannac
TeHINaMacH YUyl Syiunran fupuxne
MAacanacHHy euMilIa AoMp MMconnap

Pexa

1 HSopy apum TekucnuRaa Gepunran Jlannac
TeHInamacu yuyH Syuunran iupuxne macanacuiu

GUMILLL

2, Hdovpaaa Gepunran flannac TeHINamacy yuyH
RYAMNIaH [iupuxne MacanacuHy GUMLL.

3. Apum Aonpaaa Gepunrax Jlannac TeHrnamacuy yuyH

KYAMNIan ivpuxne MacanacuHy eumiw.

1.bupop D R", (n>2) coka GepunraH 6YNcuH. VHUHT
yerapacunu S Gunan Genrvnainug. Syimaarm macanara

Au=0 XxeD 1)



u

L= 1) v

Jlannac TeHrnamacwu yuyH Syuunras upuxne macanacu aeMunagm.
Tabpuh. Syimaan WapTnapay SaHOATHAHTMDYBUM G(x,Y)

thynkumara (11+(2) macananvur FpyH MYHKUMACK Aevnaan.
1M G(x,y)=E(XYy)+g(x,y), 6V epAaa g(x,y) HYHKuMa D
cokapay 6yinua rapmMoHMK Ba

E(X,y) =+ (3]

21 G(x,y)| , =0.

Teopema. (11+(2) macananuHr IPVH YHRUUACK G(x, y) Bynca,
0y MacanaHvHr eunmu ywby

1 6(x8)
u(x) = (n—2)\81\£ o T©dsS (n>2), w
w0 =X t@ds -2

thyHRUMANAP épAaMuAaa Tonunaam.
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1. [0SopH ApUM TexucNMKAa Gepunran Jlannac TeHInamacu
yuyH Syivnran Aupyioie MacanacvHiu eumil

by konpa (2] verapasui Wapt U| = o(x,) KYDMHMLIAA BYnaan.

RBBano pMH (YHKUMACMHM TY3aMMU3. BYHMHT yuyH IOKopu
APMM TERMCTIMKAA UXTMEDUIA X = (x, X,) BA &= (&, &) HYSTanapHu

ONaMK3. x = (x , x,) HYSTaHN TAHMHNANIaK HYSTa Ae6 xucobnaimu3:

!\

Arap
5 = (51’ 52) €S
Giynca,
E-X=|£-X
oynaau. lyura kypa yw6y
1 1
G(x In =In —
(%)= e e
1

—1In
\/(51 o X_L)2 + (52 + X2)2

thyHKUMA x, >0 coKa yuyH I'PUH thyHRUMACK Bynaaw.
895



Ingn C%%)  uy kmcobnaiimms:
on s
aG(X’ é:) _ _8G(X’ 5) :{l ) 2(52 — Xz) _
on &es aé £=0 2 (51 - X1)2 + (52 - Xz)2
124 +x,) ){ _ 2
2 (‘51_)(1)2—’_(‘52 +X2)2 &=0 (51_X1)2 +X22.
(5) thopmynara acocas
17 X,
u(X1’ Xz) - ;—J;o(gl _ Xl)z + XZZ A (é:l)dgl
Kenuo unsagu.
2. lovpapaa Gepvnra Jlannac TeHInamacH yuyH Syivnran
[MpMXne MacanacHHu euMil

Aeeano IpvH HHYHRUMACMHA TY3aMu3. BYHMHI YuyH Aoupa
Hunaa MXTHEDMA x=(x,x,) Bad &=(&,&,) HYSTanapHu onamus.

X = (X, X,) HYSTAHA TANMHNAHTAH HYSTA 60 Kucobnanumus:



byepaa x Ba x HySTanap S aiinaHara HucGaTan CMMMeTDUR

X2

x=(x7, x3)

E=(&), &

x=(x,,x,)

Gynrad HySTanapavp, AbHU

AbHA

OX" =A0X, (1>0)

\ox*-o_x\zRZ.

2 2._
i= R ox =R9%
\ox* OX]|
. R*x . R*-x,
X +x L X
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Arap & = (&£, &) S Bynca, by

1 R £-x|_R -
S Mg g

TEHINUE YpUHNKY 6ynaaw. bynra kypa

Ih— R ! _
‘ég_x‘ ‘XH?—X*‘ \/(51_)(1)2 +(§2 _X2)2
In *R *

‘X‘ \/(51 - X1)2 + (52 - Xz)2

G(x,&) =In

Gynaaw.
3HAM% HU RMCOGNaiMK3:
es
1
fES, n:E(é’fz)’

(8| _(6(x8) 68 | _

o L.\ ea s ),
234_J;a;—ﬁhg;ma—ﬁ)éﬁ{_zzwf@»+;2@fgn)é

R 72 e "2 e 2o 2 e )

.
N

—ﬁ+é&—§+é&+ﬁ—éﬁ+§—é£}
£-X E-X]

|+

£eS

X

L {§1X1+52X2—R2+?(R2—‘fle—egzxz)}=

=

|+

Arap



X, = pC0SsH, X, =ps8Iing, (0<0<2x, 0<p<R),
& =Rcosy, & =Rsiny, (05w <27)

ACGCaR,
aG(x8) _ 1 R*-p° _
on |.s R R*—2Rp[cosy cosé+sinysind]+ p*
2 2
1 Rop : (15)
R R°—2Rpcos(w —0)+ p
(9) thopmynara acocan
27 RZ_IOZ
U(X,X,)= : f(y)dy. (16)
%)= R aRocostw —8) s o7 VY

4. fipum aoupapna Gepunrax Jlannac TeHINaMacy yuyH
KYAMNTan [iupuvxne Macanacuim euuni



ABBano [PUH MYHRUMACMHM TY3aMHU3. BYHMHI YUYH ADUM
AOUDA MUMAA UXTUEDMHA x = (x., x,) BA & = (&, &,) HYSTANADHN ONIaMM3.

N|

/;=(xi9x2) .
-R 39 O *=(x;5%;) R X

|
()

X = (X, x,) HYSTAHU TAHWHNAHTaH HYSTa Aeb Kucobnaummns:
by epaa x Ba x° HySTamap S anasara Huc6aTaH cMMMeETPUK

Giinran nyStanapamp. OX " = 10X, (1>0) Ba |OX |- OX|=R".
bynaaH
2 2 AV
ﬂ, = i—z ’ OX ) = R—()z)( '
\ox \ox
AbHY
X*_Rz-xl X*_Rz-xz
oxEx? 2ox 4t

Arap & = (&, &) S, Bynca,

1 _ R 1 _ R
S Mg =x e -x W g =X




EeS, Bunca,

E-x=|g-x%, |g-x]=|g-x].

1
X=(X—X,), M:_._

TeHIMUKNap ypuHnu Gynaaun. byxra kypa

(1n

1 R 1
G(X,(f)I In —1In — |— In _—|n — | =
( £ —X \X\'\f—x\j ( & -X \X\'\é—X\j

1 R

1 R

| —|
n\/(‘fl_xl)z—i'(‘fz_xz)z n‘x"\/(él_xj)z"i'(‘fz_xz)z

0G(x, &)

on

HU KUco6nanmms:
£eS

1

1
‘5‘ (51152) _E(§1’§2)

§=(§1,§2)€Sl,ﬁ=
1

S, f
gezn ‘5‘

(01 é:z) - (01_1)

91
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0G(x, &)
on

:(8G(x,§) L 68 j
s, L0605

§esy

21_ _1.2(51_)(1)_'_&.2(51_)(;) _ _E_z(él_xl)_l_l.z(é:l_x;) -§+
R 2 ‘§_A2 2 E—XWZ 2 ‘g_ﬂZ 2 E—XWZ

| LA TX) 1 2AG-%) | |1 2AG-x) 1 2AG-X) ||
2 ‘éf—-i‘z 2 ‘é:—-i* 2 2 ‘éf—-x‘z 2 ‘g._.i*‘z 2

:1. _512+§1X1_§22+§2X2+§12_§1X:+§22_§2X; n
R = g

§esy

n _§12 "’951)(1 __5222 +52)(2 n 512 _§1XI "’éjzzz_‘fzxz
§-x] &=

§e$y

2
1 1 X * *
R e élx1+5zx2—R2+‘R_‘2(R2—5lxl—éxz) +
1 1, M e e
TR | e (R ma an) =
1 1 L R L R
_ . —R2 _ . . 1_ . . 2
R ‘g—X‘Z SiX + &%, +‘X‘ R2 o1 ‘X‘Z R?2 2 ‘X‘Z *
N o 0L R Y R
+ R® =& X +&X — X + =58 —F——& —5 1 =
N T
1 1 2 2 1 1 2 2
= — . —R - R - =
R e TR & D
1 2 2 1 1
2 )[\é—x\z \54\2}
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Arap

X, = pC0sd, 0<p<R & =Rcosy,
0<0<r,

X, = psiné, &, =Rsiny, 0y <«
ACGCaR,
68 _ 1. R — p°
on |., R R*—2Rp[cosy cosé+sinysinf]+ p*
1 RZ_pZ

+_. =
R R?*-2Rp[cosy cos @ —siny sin 0]+ p?
2 2 2
1 Ry i Ry . 120
R R°—2Rpcos(yw —0)+p°~ R R"—=2Rpcos(y +6)+ p

2

68| _[B(E LB | _
on £eS aé 1 a§2 2 &eS,
_ 8G(X,§) _ 1 2(52 X) 1 2(52 )
0 o [ 2 X 2 x|

L Ax) 1 2A5+%)]
2 ‘5—)‘(‘2 2 ‘5_)—(*‘2

&=0



X2 X2 X2 X2

(51 - Xl) + X; (661 - XI) + XSZ (51 - X1) + Xz2 (51 B XI) + XZZ

2X, 2X,
= + - — =
(51_)(1)"')(22 (‘)51_)(1)"')(22
RZ
25X,
2%, X
- 2 T 2
(& =%)+X% RZ ., [R*] ,
(51_72)(1) + 2 X,
X X
_ 2X, 2X, B
— X +X2 2 2 2 2 2 B
(& —X)+X; ‘X‘ . R2° ‘X‘ '(é:l—Rz ) +R2X2
R |x* (R X X
B 2X, 2X, B
T —x)+ X 2 2
(éjl l)+ 2 ‘)(‘2].4(‘)(‘2 -51—R2X1)2 +RZX22
R I X
2 . 2%,R*[X’ (21)
(&, — %)+ X (‘x‘z & —R%%)?+R*
1 . 3G(x &) 1 . 8G(x, &)
Ux)=—— f(&)d.S=—— f(&)d.S -
() 275 on () 27[5[ on (€)d.
2 p2 2 p2
_ L =R =R s
2R AT A
178 X, X°-R? - x,
- — f(&)d
”IR[(§1X2)+X22 (‘X‘Zg—R2X1)2+R4X22 (51) fl
AbHN,
1 T R2_ 2 RZ_ 2
U =-—] = - - - Ty +
2R o\ R —=2pRcos(y —0)+ p° R°—-2pRcos(y +60)+ p
2
1R X X" -R?-x
_J‘ : ' NE H ; 22 1 2 f(gl)dgl
7R (& -%)+X% (X &-R*x)*+R*X;
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Manpy3a Ne 11
<dasofa [pUH hyHEuMAcH Spaamnaa Nlannac
TeHInamacH yuyn $yiunran fiupuxne
MacanacHHy 6uMLIra IOHN MACONIIAp

Pewa

1. fipum tha3so yuyH iupuxne macanacu.
2. Wiap yuyH FPYH (BYHRUMACHK.
3. fipum wap yuyH IPUH thyHRUMACK.

fipum thaso yuyn ivpvxne macanacu
Yoy

D' ={x=(x,X,,%X,)e E,:x, >0}

COKa yuyH Aupuxne macanacu

_0°u  du o

AU —t—t+
OX, OX; OX;

-0, uect(d’)n(d’)




U‘G;y?,:o =u(x, %, X, ) o = f(x)eC(o)

3

6ynub

(0)-0[ 1| e

X
WAPTHA SaHoaTnaHTMpagu. busra MabnymkEd Oy MacanaHuvHI
eUMMHU u/x/um TPUH hYHRUMACK épAamMKuaa

()=——I f(y)° Gx.y)y,, (14

o= ov '
TonMLI MYMEKUH. (13) Aan thoitaananuG (14) Hu SyuuAaarMua ésamms:

GG(X y)

a)3:47z
r=1

u(x)_——j f(y) do

3 ¥3=0

2 I (Y., Y,) : 5 dy,dy, = (19l
(( X — y1)2 + (Xz - y2)2 + (X3 - y3)2)2

% X
J J( : — s dy.dy,
o ((Xl o yl) + (Xz - yz) + (Xs - y3) )2

lWynaain Sunub 613 Syuaarv TeopemMmanu uco6oTnalIMMU3 MYMEWH:

X

Toopema. Arap f(x)=f(x,X,) yHKuUMA xcE,

TeRMCNUKAA uerapananras yanykcus éxu yanykcus Ba
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(1T
f(x)<A VxeE,

Avpine macanacvHMHr euumu (13) dopmyna épaammaa
Tonunaam.

x Ba x HYSTaAA o : x| = a cthepara HUCGATaH CUMMETDUK

yHRuMAanan Gyncun.
xe D" =B(0,a):|x<a

wiapAaa éTcuH, y Xonaa



x'eD ,x' ¢ D".

By CUMMETPUMK HYSTanap YyuyH, yuoy

a
=2 x=& i

1 1

X = (X1’ Xz,x3)’ X' = (Xll’ X Xs) € E3
MyHacabaTnap ypvUHIK, AbHU
\xHxl\za2 2)

AN, M3 vy < o ByNranpa x < D', x' < D- CHMMETPUK HYSTanap

YuyH, Yoy

X -y

= canst (3]
x=y|

MYHacaGaTHUHI Ga:kapUNMILMHKA KYPCaTaMM3



—y =(X-y)=xZ-2xy+y’ =

2 2 2 ?
— X 2az-x~y+y2:a{a - XP = 2XY 4 " y]
X X XU

:XZZX 2(a —2xy+x) az(x —2xy+y) \x y\
=y =al X x| X
\x—y\ ‘\x y, yeo =
‘X —y\ = canst, yeo (3]
x—y \X\
byHAaH thoaananub

E, o D" =B(0,a)

nap yuyH FPUH (hYHRUMACUHM RYUMAAIMYA TY3aMKU3: £+ - Konaa
thyHAaMeHTan eunm, ywby

e(x,y) = x—y]

RYpDMHUILIAA 6ynagu. Yiuby

1
g(x, y)——Mm,

(bYHKUMA y Y3rapyBum 6ijiivua D' = B(0, a)- IIAnAA rapMOHUK
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ﬁv “.I l‘l SUM

xeD

1 a 1
G , — -
(X y)‘yeo- (3’)(‘)( . y‘ ‘X‘ ‘Xl o y‘J

yeo

yeo

IWANTHY SaHoaTNaAHTURAAW. IHAM (4] AaH tholaanaHno

oG(x, y)
ov

v - HopMman 6yiAnua oNnVHIaH KocUnaHu kucobnanmms.

a 1 a 1 a 1 1 1

X [x =y @] H( \ana X J
Wl X2 Y X s Y
a XX a’) (X a

a |
X a

Oynpaan thonaananu6 (4) 'PUH thyHKRUMACUHK SyUMaarMua ésuob
onamMms:

G(x,y)= (5)

x-y|

X
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1
&(x,y)= Xyl
Gynca,
1 a |X
g(x,y)= =¢ —x,‘ ‘y
a_ ¥ X
\x a
ykonaa
a X
6, y)=£(x,y)- (‘X‘ % yj
RYDVUHWILHMY ONaau.

v - HOPMaN BeKTONHUHI HYHANWILK paauvyc HyHanvuM 6unax 6up
XU, LIYHWUHT JUYH

cosa, =%, k=123,.

. 3
a-PaAnYC cosc; - IVHANTUPYBUM KOCUHYCHAN: > cos’ o, =1
k-1

8av[‘xny:(aavqx_ ‘1)def§56,/qx y[ )cosak: 1%Qx y| )

=~

Il Mw

6y epaa

x-y[* —( Qx y| )zj (x - v,) (z—y2)2+(x3—y3)2)i
0 X — yk

oy )= .

Oynpan tlmunanallamua.
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~a’ a’ —xy
0 e X Y Y 1 ixy_iyzzxy a3:_ .
&qx y‘ )_;‘X_yf a a‘x_yf s k 7k k=1 K a‘x_y‘ a‘X—Y‘
3HAU, Yoy
ol 1 J_ofla, M| ¢ ofla, K, Jcowk:
ovila X || aviH" a oy (X a
X=—Y
X a
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Ma

X > a > a a o)l
= DNV =2 Vi | = Zxy—at|=
2| 2o 4 ; 3

ola o [P lem fol ¢ P a ¢ |
a“l—x——y a“l—x——y a—x——y

X a K a X

" —xy

3

a o

aji—x—"—y

K a

TDVH YHRUMAHUHT uerapagary SUAMaTy Hon GYNraHy YUyH, AbHU

:‘x_y

yeo

y

Sy, (( -of & my]jw L

| _X_m
X a X a

oynaawn. bynaad honaanaHno roSopuaari TEeHMWKEHKM SyMuaaniua

é3aMM3: yc o
.
g[gx_m _ \x\—xy]
ovilx a alx—y
Wynaan SUnuG,
GGQJXZG 1 2 :_#—xy+M{ﬂW:_aﬁﬂﬁ
ov. ovipx-y la V\‘ ax—y’ ax-y ax-yf
Xoat])
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Yoy
Au =0,

x e D* = B(0,a)-11ap £; Aa
u = f(x) f(x)eClo), xeo

o

()= C*(B(0,2) ~C(B(0,)

HU TPUH (hyHEUMAcHAaH horaanaHnue Tonamus:

0=~ 1 1(5) W g = L) E g

@, - ov i a‘x—y‘3 ’

1 [ £(y) a’—|x’

— do
4rma | y-a

ax-y

(7 rafllyaccou thopmynacu aevunaam.
Teopema. Arap
f(x)eC(o), o=0D" ={x:|x|=a}
Gynca,y konaa ywoy

=2 1) K o

B %\y\ﬂ a\x — yf ’
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thopmyna opSanu aHuSnanran u(x) MYHKRUMA D = B(0,a)- lWapAa
TaDMOHME, ALHN Au = 0 BYNKG,

limu(x) = f(x'), Xeo

X—X'

UerapaBui LWAPTHU vx < B(0, a) Aa SAHOATNAHTUPAAK, AbHN

oynaam.

fipUM Wwap yuyH FMH HYHRUMACH

X|-|x'|=a’, a-pamwye.

liap yuyH ywoy

TEHINMK MabAYM. JHAN

HU KYpcaTamms:
BYHWHI JuyH
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(X y ( )2 2Xy+y _a2 (X12—|-X2+X2)—2a—22(X1y1+X2y2+X3y3)+az:

TR

(a —2(X,Y, + X, Y, — xy3)+\x\) W(X y)

X —y= 2oy = ETIL S
¥ x=y| X X—y‘
1 a 1 1  a 1
DT [ = }
[DMH (YHKLMACK.

2 2

X=(X1,X2,X3), )_(:(Xl’XZ’XIS)’ Xlz‘a‘z (Xl,XZ,Xa) )_(1:‘ ‘2 (X1’X2'X3)
X X
Y=Y, Y21 ¥s)

G(x, y)(yegl =
3KaARNUITVHY OUNamMmu3.

G(x,y),. =

JKaHNUTMHK RYDNCaTamMu3: (o, : y, =0)

4 2

(x1 - y)2 :(xl)2 —2x'y + =a—(xl2 + X2+ xz)—Za—z(xly1 +X,Y,)+ Y =

X B
(T -2xy+yr=x-y)
X' —y|=|x —y‘
(x—y) =(x-y/,
UYHKM y, =
[emakg,

107



Y, — X, _3 ‘X‘

ey K-y

Y, +% a |X

-y

- 7 lyeoy

108




L Y XY Y XY =Y XY
2 =y

2

V. = (XY + XY, + XY, + Vi + Y

a” ¥
R ) 3 +
X X -y
2 2 2
n Yi X1y1+y2_ X22’2+y3 XY, n
X—y
2 a’ a’ 2 2_
Yi _72()(1y1+xzy2)_7zx3y3_ Y. = Ys
" Ty x |
X X -y
—7 lyeop
_ o2 s
az——ZXy — _a2+7zxy
1l-a’+xy a  |x a’-xy a K _
A [ v T Y U R

2 2
,ai— Xy s—a’+ Xy

—a’+xy a@ﬂj M at-xy apﬂj X
= Tt 3 T = s T = — 3 =
a| x-y [Xla) [x-y| x-y X\ a Xy
e a1 a

al [x—yf ‘i_ys a |[x-y’ |x-y

oG(x, y) :Mﬂaz 11
on o a ‘X_yf ‘)_(_yr

[HEN
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a’ a’
oG(xy)  _ _ya—Xg_gyS X +y3+x3_3y3 X _
R P B T A S )
Y3=0
a2
2—X
|2 a M|
x=y[ X|x -yl
y3=0
2%,
2X3 _a ‘X‘
o=y G-y o] J[ J [ ]
el S e il 2N
X X X
1 oG(x,y) 1 oG(x,y)
= —— f _ _— f — =
0= [ 1) a0, -2 (1) %2,
1 X -a*[ 1 1
=—— | f — = do, -
o o ey o
1 5 ZTJ:(‘X3
X a
N fy = 1 dyldy3
478 |y ()\x—yf’ X/ [x* -y

10
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Mabpyaa Ne12
floTeHUMannap Hasapuacu

Pexa

1. UKRMNaHran SaTnam noTeHuManm.
2. faycc uHTerpanu.
3. 0AAnK SaTnam noTeHuManu.
Taany Tyiynyanap
HKKHITAHIAH SATIIAM NOTENYHANH, [aYCeC HHTEIPAIN,

Arap 7 6ynaknapu cunnus S cupT GUNaH uerapanadrad coka
o6ynuo,
u(x) e C*(D)NC*(D)

CHHIa Tervwnu 6ynca, y konaa #A (yHRUMA YUyH SyiAnpam
MHTEIpan TacBup YDUHIW.

") - AUE) o

(5)—

onr

nz)f

‘J( 1 aU(é)

0 —z>\s 0 —z>\sH

1)

Oy enaa S:— GMPNUE cthena, YHUHT CUDNTU 103U

12



2 2
‘Sl‘: i .

re)

by uHTeIpan MMoAa Maxcyc KYpMHMWIIA 3ra OynraH Ba
MaTeMaTMR (M3MKaZa Dponb VAHAWAWIAH YuTa MHTEIpan
ONepaTopHN KUPUTULLTA MMKOH Gepaau. (1) hopmynaga Au(&),u(é)

ga U
on

o (&) MYHRUMAnap 6Unas anMawTMPamMm3.

(IVHEUMANADHN MOC DABULLAA UXTHEDMIA o (&), (&) Ba

HaTv:kapa x ra napamerp cuthatupa 60-nuk 6ynrat yura

1
n-2 d§S’

u(x)=£"fé?d§, 9(x)=£y(§)§n

r r

000 =[Zds,  rofx-¢

s I

MHTErpanra ara 6ynamms.
MA Raxm noteHumanu &M HbIOTOH mnoOTeHUMAMW, 9(x)

MEKMNAHIaH S$atnam noteHuuManu, o(x) 3ca oAAMA Satnmam
NnoTeHUMANu AeHuMnmagn. po(&), u(¢) Ba o(&) MYHKUMAnap 0y

NOTGHUUANNAPHWHT 3UUNUIA A60 aTanaaun.
1. MKEMNaHraH SaTnam noTeHuHany. Yoy

1
r n-2

900~ ,u(é)% d.S 2)

13



MEKMNAHIAH Satnam NnoTeHuMan1Hmn TeKIupamms.

JleMMa. Arap (&) 3SWUNMKE S A3 VHTEIDannaHyBuu 6ymca, 3(x)

noTeHuuan Sounan yMymuun HySTara ara 6ynmarasl UXTUEPUIA UeRnu
€K1 ueKcu3 coraaa rapMoHUE thyHKUUA 6ynagu.
HeGotr. RaSuSatan Ram, x<S Aa S9(x) Oapua TapTMGAM

Rocunanapra 3ra Ba 06y FRocvunmanmapHM MHTeIpan ocTvAa
Avththepenunannab kucobnaw MymEMH. ByHAaH paapkon x = £ Aa

1
r n-2

TADMOHUKNNIV Kenno uusaau.

FADMOHME  (IVHKUMA GYNraHM YuyH 9(x) HUHT Kam

X HYSTa S CUDNTHMHI TalWISapucuAa éTrad Ronaa 9(x) HUHT YeKCcUs

y30Snalurad HySTaAarv XapakTepyuHy aHuSnanmms.
llly maScapaa $(x) Hu baRonanmus:

[9(x)| <

d.S<(n- Z)Hy(é)\z \cos(n x,)|d.S

n2

Viuby

rl=[x=¢&/=x -], r>‘ X X —&| < rlcos(n, x)| <1

TCHICU3NUENANIa aCoCaH

14



2”‘1n(n 2)

90| < J|#(&)d.S

TEHICU3NIMEHN ROCUN SMNaMM3. (&) SUUIIMR MHTErpannaHyBuu

GYNraHy YYyH oONAWHIVN TEHICU3NWKHWHT YHT TOMOHUAAIW UHTEINan
uerknuaup.
lWynaain SUNUG, MKKUNAKHIad Satnam noTeHuuanu S cupTaaH

-(n-1)

TalsSapu 6apua £" (ha30Aa rapMoOHUK GYNKG, YeKCH3NMKAA |x

Kabu Honmra MHTUNaaW. faycc MHTerpanuaan KynUHaAaUKY, YMyMaH
AUTIaHAA MKKUNAHIaH SaTNnam NoTeHUuuanu YHySTa ScupTHU Kecub
VITaHaa y3ynuiura ara.

Faycc MHTOrpany. UkkMNaHraH $aTnam NoTeHUVMANUHUHI SUMNUTU
GupIa TeHr 6ynrad Konaa, y AbHU

9()I

8nr

MHTErpan faycc MHTErpany gevunaam.
Arap S énus NanyHoB cupTy Gynea,
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o2
—-(n-2)|s|= —M, X HyKTa S HUHTU4uaa €rca
re)
3 (X)=4 0, X HykTa S HHUHI TamKapucuaa Erca 4
_ V2
_(”22)‘31‘:_—(” Zn)” . XeS, n<2

ol
)

— 27, X HYKTa SHUHTU4Maa €rca

jglnlds =10, X Hykta S HUHI TamKapucupa érca (9]

on r
; —7, XeS, n=2

TeHIMUKNap ypuunuy 6ynaau. (4) thopmynaaarm GUPUHUN MERMTA
TEHINWK UXTUEPUIA BYNAKNapK CUNNUS ENKUS SCUPT YUYH Kam TYipK
oynaawn. RaSusaran kam, SWyHAAH CUPT GYNKG, YHYSTA SHUHT
MUKAA ETCHH. by HYSTaHN MapKa3s SUNNO, = PAAUYCIIM SHUHT MUMAA
ETYBUM S _(x) cthepa un3amms.

(=2

S Ba S (x) cuptnap Ouman uverapanaHran cokapa 1

n-2

r
TAPMOHUK (hYHRUWA GYNraHv yuyH
116



0 o 1
!anr s{x)anr

dS =0

a0 1 __ 01| _n-2
anr onr'?

S,

= 0

sﬁnr de =(n _2)

=(n-2)|s,|

Arap ¥ HySTa S CMPTAAH TawSapuaa étrad Gynca,

HUHI MUMAA TAapMOHMK BYnaau, y konaa

1o

s on "

Inau Sénus Nanynos cupty 6ynuG, x < S GYNCUH. YHYSTAHU MapKa3
SUNMG eTapnn RMUMK :, O<c<d, papuycnn S (x) cdhepa

UM3aMK3. S CUDTHUHI S cibepajaH TalwiSapuaa éTraH SUCMUHK

opsany, S, CthepaHuHI SWuMAarM SUCMUHK S' opSanu Genrmnad

onamMmus.
Kocmac MHTerpanHuKr TabpyUtura acocau

LLL



im0 L gs =0 L

= —dS. (6)
“0sonr” sonr"

NHYSTA S Ba Sj cupTnap 6Unax uerapananral coragaH Tamsapuaa

BTTaHAMTM yuyh, Gy cofaja — raDMOMMK (DWHRuMA Ginam. V
r

01
slﬁnl’

. =0.

6nr

flemar, (6] ra acocaH

0 1
sonr"™ g_’o

M

S* GYNMUA ONMHTAH MHTETPANHUKT SUAMATUHU KMCoGnanmMu3. S' pa

61 81| _n-2

on r'? onr'?|_

OYNrany yuyH

1

0 c
. =(-2) —
&

J'_

sonr"?

& GTapnu KMUMK Gynranpa Si CHDT YPUHMA TERMCNUKKA énviuran
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apum cdiepara aSun 6ynaau. Wy caéaénu

1

_18‘ (n-2)
Igllgjanr =(n—- 2)I|m “=(n- 2)Ig|£51 o = S,

X, € S OYNCUH. YHYSTa SHUHT MuKAA ETHO, x, HYSTara UHTUATaHAamm
$(x) HUHT SUMMATUHK S (x,) OPSanW, x¥ HYSTa S AaH TawsSapuaa
étmb, x, HYSTAIa MHTMNIAHAAIM SHAMATMHM 9. (x,) ONSanu
GenmMnanmMmMs. 9(x) HMHI  x, <S HySTaparm SuAmatn Gy
NOTEHUMANHNHI TyrPU SWAMaTH AeHunaagu Ba ¥ S(x ) opSanu

Genrvunasagm.
Teopema. Arap Sénus JianyHoB cupTv 6ynu6, (&) SMMNUK SAa
Yy3NyKcn3 OYnca, MRKMNAHIAH Satnam NoOTeHUMaNM S(x) YUyYH

SyuuAarM nNMMUT MyHocaGaTnap ypUHRMAUD:

3.(%) =—”—‘2\s (%) + 9(x,)
(8)

S(X)— \S\y(x)+19(x) n>2
lgi(xo) =—7Z'/1(XO)+§(XO) 9]
'ge(xo) :”ﬂ(xo)+§(xo)’ n=2

Hehor. $(x) (YHRUMAHU SYMMAATU
19



900 = [[u2) —u(xo)]Q%dgs +
(0]
000 0.5 = 8,00 4405,

KYDMHMLLAA 8316 onamus.
8 (x) MOTGHUWANHUHT x, HYSTAZIa Y3NYKCU3 IKAHUHM KYPCATaMU3.

llly maScappa x, HYSTaHu mapka3 Sunub6 , paauycnu cthepa

uu3amu3. S CUDTHUHI Oy cthepa wumpary SUCMUHM S opSanm,
TawiSapucuaariiu S; opSanv 6enrunab onamus.V konaa

9,00 = [[u) - .8,

+ I[ﬂ(f) (X, )] n“» = G () +97 (%).

(11

<|9(x)|+ FH(x,)| +

(&) (MYHRLUMA Y3NYKCU3 GYNTaHM YUyH ; HU WYHAAN TAHNAUMU3KNY,

& —x,| <7 OUNTAHAA |1(&) — p(x,)| < 3—‘1 Biincuu, 6y epaa




by konaa,vx c E" JUyH

o 1
19109] = [124(8) = %) 1.8, <
. (12)
101 4g <t 01yt
cLonr™ Tt T 3cionr T3
Kycycui konpa
91(x,) <§ (13

9Z(x) NoTEeHUManAa uKTerpan S, 6yvua baxapunaanam, x, HYSTa
aca S, Aa éraau. LYHWHT YuyH Y3NYKCU3, AbHU WYHAAH & >0 COH
MaB:KyA Gynaaukm,

X —X,| < & OGynranpa

92 (x) = I (%,)| = [ (%,) — 91 (%,)

<
3

(11)-(14) myHocaGaTnapra acocan, arap |x— x| < 5 0inca,

() -9 (x,) <& (15)

Ginagn, ALHM x, HYSTa 9 (x) MOTEHUMan y3nykcu3. lynaai aKan

3(x) MOTEHUMANHUHT NUMKT SWAMATNADW Ba Ty M SMAMATH X,
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HYSTaZla ycTMa-yeT TYiaau, AbHU

5,0)=8,0)=5() 08
(4) chopmynara acocaH
50)=—0-2)8), 0)=0, Gx)=—"2)s)|

(100 Ba (16) hopmynamapAaan <(x,) Ba 4(x,) NUMUT

SUAMATNaPHUHT MABRYANUIY Kenub yusaau, wy 6unax 6upra
'9i (Xo) - §1()(0) + /u(xo)lgm (Xo) - §1()(0) - (n - 2)‘81‘/1()(0) (1m

196 (Xo) = gl(xo) + /U(Xo)’~90e (Xo) = §1(XO)'

CyHIpa

5,0) = [u(®) -] A8 = 8(x) +

(n ‘j)‘sl‘ﬂ(xo). [18)

(11 Ba (18) myHocabGaTtnapgan aapkron (8) diopmynanap Kenuo
yusSagm.

3. 0AAui SaTnam NOTOHLMANMN.
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Yoy
o(x) = j@dgs (19)

OAAVMA SaTnam noTeHuManu o(x) 3SHUNME WHTEIpannaHysuu
Gynmranga x<S HySTanapaa rapmMoHME (yHEUMA 6YnMG,

-(n-2)

YERCU3NURAA ‘X Kabu HONra MHTUNMLLMIA XYAAU UKKWNAHIaH

SaTnam noTeHuManura yxwaiu Viuony kocun SUnuiu SUAMH amac.

Jlemma 2. Arap § énuS NanyHoB cuptu 6YNMG, o(x) SWUUNMK
MHTEeIPannaHysBuM Ba uerapanaHran 0ynca, oaAvMK Satnam
noTexHuuanu 6apua £" thasoaa y3nyKkcus Gijnaau.
HcOor

o(x) (YHRUMAHUHT X ¢ S A3 Y3NYKCU3NUIN DABLUAH BYNraHun
VUYH, x<S HYSTAnapAa YHWHI Y3NYKCU3NUIMHN KYpCaTamus.
BYHMHT YuyH (19) WMHTErpanHM S cuPT HYSTanapuaa TeRMc
aSunnawyeun Gynuwmen mcBotnaw kudhoa. Uy maScapma ¥
HYSTanM Mapka3 Sunub, , papguycnum S cihepa uM3amus. §

CHDTHUHI OV cthepa WuMAArM SUCMMHM S' opSanu Genrunab
onamm3. y-E" (Da30HUHI MRTMEDMA HYSTacu GYNCUH. S, Aa &
HYSTaCMHM Mapra3 Swamb £ .&5,....&  KOOpAMHaTanap

CMCTeMacuHM Ty3uG onamms.
J HYSTACMHMHI S ra x HyStaga yTHasunmraH ypuHMa
TeRMCNUKAAIN, AbHN & =0 TeRUCIMEAAIN NDOGRUMACU y' BYNCHH.
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y’  HYSTAHMHT  KoopAvHaTamapM (y,.vy,,..y ,.0) Oynagw.
p2=5(& —y,} Genmnam KAOUTAMM3. o — & BA ¥ HYSTANADHM
k=1

OMPNAITAPYBYA KECMAHUHT & = 0 TEKUCIIMKAAIN NNOEKUNACHUHWHT

V3YHAMIMAND. PaBIWIAHKM, o <|-y. S CUDTHMHI £ =0

TERUCNURAAIA NDOCKUUACHUHN D; ACCaR,

dé,...d&, =cos(v,&,)d.S

thopmynanv anTHOONIAa 0NMKO,

lo(&)|<M =const, cos(v,é&,) =2

TCHICU3NINKNANIa acoCaH

dé,..dé,,

P

<2M
sle—-y[~ J

‘a)l(y)‘ =

TEHICU3NUKHU Rocun SUnamms.
JHAU VHYSTAHU YHYSTArA WYHAAU AKUH KMNUG ONaMU3KM,

X<
=<3

Gyncun.Arap £ < S Bynca,
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3
ps\f—y\:\g—x+x—y\s\f—x\+\x—y\<?77.
bY TEHICU3NMK D; coXaHuur (/+1) ynuoBnu ,0<3777 wapaa Tyna

EéTUILMHKU KYypcaTaau. lemak,

E™ asoAa MapkasM y'  HyStapga Gymran  ctiepuk
KoopAvHaTanapHu kuputammn3. Y konaa
d.,..d, = p"?dpdS,,

Oy epaa dS, opSanu E"' wthasoparu S, GUPNUE cihpepa H3MHUHI

anemeHTn Genrvnanrau. Y konaa (20) TeHICU3NUE

3

@, (y) <2M [dp[dS, =3Mn]|S,|

RYDMHMLIAA é3unaaun. by 6axo YHYSTa SCUPTHUHI Saepuaa éTMunIa
GornuS amac. - >0 Oepunrad COH OYNCWH. ; COHHM WIYHAAN
TaHNAUMU3EN,

_ ¢
3M(8,

n
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oyncun. by Ronpa

y-x<. =
MJs)

bynca,

<& 21

n-2 7 ¢&

‘a)l(x)‘ =

TEHICU3NUK YDMHNU Oynagu. PaBlIAHEM (21) TEHICUSNUR y=X
Gynranaa kam ypuHnu 6ynaau. (21) TeHIcu3nue (19) MHTEIPANHNKT ¥
HYSTala TeRWUC ASHMHNAWYBUMAMIVEM Ounavpagun. Jlemma 2
ucooTNanAN.

Agabnérnap

1.CanokuTavnoB M.C., MaremaTMKk (hM3MKa TeHImamanapu, T,
u¥36erncToHn, 2002,
2BnagumupoB B.C. YpaBHEHMA MaTeMaTMUECKOM MIM3UKN, M,
«Hayran, 1981.
3.Tvxonos AH., Camapckuid AA, VpaBHeHMd MaTeMaTUuecKow
thusuku, M, tHaykan, 1971.
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Mabpy3a Ne 13
Onauit $SaTnam noTeHUMANMHMHT HOPMan KocHnacH

Pexa

1. 0aAnK SaTnam NOTeHUMANVHWHT HOpMan RocUnacH.
2. IVDUXNEHUHT WUKW Macanacw.
3. HeMMaHHMHT TAWISK Macanacu.

Tasany ryiynyanap

0.4.4n4 SATIAM NOTEHUHATTHHHHI KVIHHNLUIK, JHIHKITEHHHT
HYRKH MACANAacH SaHAaNA KVDHHHLAA H3NAHA4H, HeHnMaHHHHT
TALISH MACANACH SAHAIN KYDHHHLLLA H3TTAHILN.

Aeganrvaan S HM énusS NanyHoB cuptu Aeb Kucobnamus.
Xx—E" (HA30HUHI MXTUEPWKA HYSTacK, # aca x¥ HYSTaAaH YTYBUU S
CUDTHUHI TaLLISY HOPMAanK BYNCHH.

Arap x¢S Gynca, ¥y konaa (19) nNoTeHUMaNHWHI # Hopman
HyHanNUIIM 6yiMua KOCUNACUHM Ty PUAAH-TY M UHTEIrnan Genrmcu
ocTuAa AvthihepeHuMannaw 6unax kucobnaw MyMKNH:

ow(X) o 1
= — d.S.
on !G(g) onr"? ¢
o 1 (n=2) or (n-2) o, or
— =— — == cos(n, &).
onr"? rt on rt éa; (<)

ar_é:i_xi_
=t =)
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OYNrany yuyx

910D costr, ) cosn,z) = P cosr,n). 221
onr r i1 r

byHra acocas

ow(X)
on

cos(r,n)
r.n—l

=(n-2)[5(&) d.S. 123)

xeS OyncuH. Arap o(5) SHWUNMK WHTeIDannadHysuM Ba
yerapanaHra,

lo(£)| <M =const
Gynca, (23) vHTEInan ASMHNAWIYBUM GYNMILMHKM UCOOTNAUMU3. S
CHDTHUHI S, n<d cthepa uunpa 6TyBUM S SMCMMHW aKpaTnbd

cos(r,n)

[o(&)—->—=d.S.

st r

n

MHTEeIPANHUHI ASUHNALWYBUM OYNUILMHK KYPCaTUIL ETANNN.
MapKa3u YHySTaaa 6ynrand KoopAMHaTanap CUCTEMaCUHU KMPUTUO,
ORMINIV UHTEIPAJTHM
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cos(r,n)d d

E1MY A
r'*cos(v, &)

[o(&) cos(r,n)

n-1
s r

d.S= jla(f)

KYpUHMIIAA é3u6 onamu3. by MHTErpanm ocTUAarv (MYHKUUAHW
Gakonaumu3s:

cos(r,n)
" cos(v, &)

M icos(r,n)l, p? =3¢
i=1

‘0(5) .

cos(r,n)|<a,r’, r<2p TEGHICU3NUKNADIA AacOCaH, ONAUHIN

TEHICU3NUK SYyHuaarv RYpUHUILAA é3unaum:

2a+1 a2 M
nl-a "

Iy

cos (r,n) \

n-1 S
r-cos (v,&)

a($)

BY TeHICU3NMUE, [23) MHTEIPANHUHT ASUHNALLIYBYAHNUIVHM
eunaupaau.
(23] VMHTEIPDANHUHI x<S HySTacuaark SMMMaTv oaavd Satnam
NnoTeHUUan Hopman ROCUNACUHMHI TV PM SMMMaTU AevMunagu Ba
Z—” opSanu GenrvnaHagu. S CUPTHUHT WUMAAH EKM TalISapcuaan
n

X'—>xeS nBaMm oo HUHT NUMUT SuAMaTnapueyM (arap ynap

on
MaByA 6ynca)l, AbHU

 d0(X)
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- ow(X) ' ow(X)
on. on,

- A

Teopema. Arap S énuS NanyHoB cupTH BYNKG, & (&) SUUNKK §

Aa y3NnyKcu3 (hyHkuua Gynca, oaauit Satnam noteHuuanu S Aa
VHUHT MUMAaH Kam TamSapucuaan kam Tyipy Hopman Kocunanapra
ara 6ynagu Ba 6y Kocunanap Sydupaarv thopmynanap opSanu
nidoaanaHaau:

@

ag_ n>2  [24)
[0
S lo(x) + 2%
S,|o(x) =

(0w n-=2
CE =28 o (X) +
<8ni 2 Slo(x)
80)_ n-—2

on, 2

oo _ 7[0'(X)+8—a)

" " phz2 (25)
ow ow
—=—-n0(X)+—
on on

i
L e

4. AMPMXNeHMHT MUKH Macanacu.
DJcoRkapa rapMoHMR D=DuUS Aa Y3NYRCU3 Ba
limu(x) =p(x,), X% €S, xeD (26)
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Yerapasui LIANTHY SAHOATNAHTUPYBYM u(x) (DYHKUUA TONUIICUH.

Avpuxne macanacvuuu

Las @
MKKMNAaHIaH SaTnam RypUHALLIMAA U3NanMus.
(26) uerapaeuit WapT Ba (8) hopmynara acocaH
limu(x) =" 2)‘8 208 )+ (1)L d.5=p(x)

X—>Xg ‘

0

TEHINWEHKA Rocun Sunamus. by TeHIMUKAA x, YPHWIA x &3u0, yHK

_(n—;Z)\S\ 12 KYyNauTupue, ..(x) HObMaNyM MYHKUUATA HUCOaTaH
yioy
2 o 1 2
H(X) - (n_—z)‘sl‘iﬂ(f) v d,S= _(n——Z)\Sl\(D(X) (28)

MHTEINan TeHInamara ara 6ynamms.
9. HoMaHHMHT TalISH Macanacu.
D, CORaAa rapMOHME, YHUHT Hopman GYAKua onNUHIaH Kocunacy S

A4 aBBangaH Gepunrad SMUMaTnapHu $aéyn SUNCUHN,
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AbHA

Ilmg—u_(p(x) X, €S, xeD, (29)
x=% oN

RamMAaa (MYHKUWAHWHT Y3M YEeKCcU3 y3oSnawmrad HysStaga n>2
Oynrad Konaa HonmAaa, n =2 Aa 3¢a UeKNU NUMUTIA UHTUNAAUIaH
u(x) (YHKLNA TONUNCHH.

u(x) =] ‘if_{)dg,s (30)

oAAWNA SaTNaM RYPUHVILMAA U3NANMKS.
(29) uerapasui WapT Ba (24) hopmynara acocan

" ou(x) _ (- 2)\8 |
X—Xg an

1

G(X)+£G(cf) 7 0.5 =p(x,)

nlg—x,

TEHINMUEHKM Kocun Sunamu3. by TeHIMUKAA x, YPHWIA x @310, YHU

o —22)\5 ‘ ra RYNauTMpuG, o (x) HObManym MYHKUMATa HuchbaTau
yuoy
a 1 2
o(X) - a ~d,S=- (-2)s) w(x) @1
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WHTEIDan TeHrnamara ara 6ynamus.

JnaU  [OUMPMXNCGHWHT WUKM Ba HeMMaHHMHI  TawWSH
Macananapura Moc Kenagurai MHTerpan TeHrnamanap UXTHépun
@(X) Ba w(x) YSNYKCU3 (DYHRUMANAD YUYH AIOHA euMmIa 3ra

OYNUILMHEM KpcaTamms.
llly maScaapaa (31 TeHrnamara moc 6ynras ywby

o 1
——d.5=0 [(32)
(5) 6n rn—2 g 3

2
%)= s, o,

UMD XKMHCAU TEHINMAMAaHU TeKIMPaAMU3.
dapa3 Sunamnug, (32) TeHrnamMaHvuHr Hongad thapSnu 6ynran
V3NYKCU3 o, (x) GUMMM MaBHYA GYyncuH. by euum épaamupa

SyAupaary oaaun SaTnam noTeHUUanuHM Ty3amus:

(%) =gao<§>rn—12d§s

6y noTeHuuan S rawiSapMcuaan Ty-pyu Hopman Kocunara ara Ba oy
(24) chopmynara acocas ywby KYypUHWLLIA 3ra:

60)0()() n_2 (3 1
e :_T\sl\ao(g)ﬂao(é)%ﬁdfs-

Gynpan (32) Tenrnamara acocad, 6y HopMan KOCMNAHWHI HOMra
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TGHINUTU Kenub unsSaau, AbHK

dw, (X) _
on

e

0.

HeiimaH TalISU MacanacHHUHI ATOHANUIAIA ACOCaH
w,(X)=0, xeQ,.
0aaui SaTnam noteHuuany 6apua thasona y3nyxkcu3 6Yynralv yuyn

@,(x)=0, xeS (33)

JHAU, v, (x) KM Q cokaaa TerwmMpamm3. by cokaaa o, (x) rapMOHUK

(hyHEUMA Ba SAa (33) WAPTHW SaHOATNAHTMPRAAMN.

Avpuxne WUKU Macanacy GYUMMWUHUHT ATOHANUIUIA ACOCAH

@,(x)=0, xeQ.
Ammo 0y Konpaa

00,0 _
on.

(24) chopmynara acocaH
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00,00 _00,(x) _ .~ _
- E0 5~ (n-2)5 o, (0 =0

1 e

JIeMaR, o, (x) = 0, AbHM (32) GUP RUHCIU MHTEIPaN TEHINaMa hasar
HOMIa TEHr euMmra 3ra. dpearonbM anbTepHaTUBacUIa Kypa
HeimaH TawiSU MacanacHHWHI MHTEIPan TEHINamMacu MXTUEPWK
V3NYKCU3 1 (x) (MYHKUMA YuyH GupaaH-6up eyumra ara Gynaam.
o 1

2 SuamatTh —
(n-2)s, on r?

lWynpad SUnnG, napamMeTDHUHI 1 =

AAN0 YUYH XapaKTePUCTUK COH aMac. dpeAroNibMHUHI TeopeMacura

acocan 6y con @i% SYlIMa AAN0 YUYH KaM XapaKTepMCTMK COH
vr

oynmainau. bynaan gapkon Aupuxne MUKW MacanacMHWUHT MHTerpan
TGHINAMacK UXTUEDUHA o(x) YSNYKCU3 MYHKLKUA YUYH 4T0HA eUMMIa

312 IRAHNNIU Kenno unsaau.
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Rynoca. Arap S JlanyxoB cupTyi 6ynca, y Ronaa Aiupuxne Wurm
Ba HelimaH TawiSy macananapy 6y cUMpT YUYH UXTUEDUIA Y3NYKCU3
Yerapasvi WapTnapAa euumra ara sa 6y euumnap moc paBuwIAa
MKKMNaHran $atnam Ba oAAud Satnam noTeHuuannapu Gunan
uthoaanaxaaw.
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Mabpy3aNe14
Jlovpa yuyH Jlannac TeHImamacura Syiunran JUp1xne WuxkM
Macajnacviu eumil

D*: u(x)eC?(D), Au=0, u(x)eC(DuUS) (1

limu(x) =¢(x,), X, €S, xeD (2)
X—>Xg

uerapasyi WAPTHY SaHOATNAHTURYBUM AX) MYHKUWA TONUNCUH. by
epaa Jcoka oums aovpa Sannana.

S:x’+x; =R’

Avpuxne macanacuHu
u(x):iy(/f)%m%dﬁ (3)

MKKanaHran Satnam noTteHuUManyu KYPUHWILMAA U3NAUMW3. JHAM
X(x,X%,) B &£(&,E,) HYSTAmap S avnanaaa émranAaa MKKMNaHIaH

SaTnam noTeHUMANVHUHT AANOCUHM RMcoOnanmMmus.

0,1 1lor lor cos(v ,r)
r

EInF:—Fa—écos(v &) oF cos(v ,¢&,) =—
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v — BEKTODHWHI WYHaNUIIM paguMyc BEKTOp MyHanuuM 6yuvua
WiHaNrau
(£ HYSTaiaH unsSyByMml.

(v,r) =5,

r =2Rsin ”_22'8 =2Rcos

byHaaH

Opto_ L. xeS feS

6 Ba » OPSanu, Jyea O & naauyc BEKTOPNAanHK x VS GMnaH Talkun
Sunrax Gypuarnapusn Genrmnanmma. Y konpa d_s = Rdo Gynagw.
1

dgs - (D(Xo)

X—Xg

limu() =~ (x) + [ 4(2) jvln‘

o

1)@ Lintds=-2px) @)
s ov r T

(5] MHTEIpan TEeHInamara Kenamus. HoMabnym 4 (E) HU x, &€ S

Gynrad konaa ronamms.
1 = 1
w(O)+ [ u@)do=-—p(0) (6]
/s T
LT oydo=c m
Zﬂ%ﬂ B
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Aeo,

1(0)+c=—2 p(0) (8)
T

v v

HY Tonamu3. (8) Hm (7] ra SYumo,

1 V3
c=— o [p(w)dw

HU TONAMWU3.
1) =L p(0)~c
T
Ba

1 o, 1 R o, 1 o, 1
u(x)=—|| = c|l—In=d.S=—— —In“dw-c|—In=d.S
%) !L{(p(a))+ }8\/ rs 72_:[(0(60)61/ r @ £8v r¢

IHAM x < D ¥HYSTa aninaHa uuuaal éTcul, y Konaa rayce
MHTEIPANnUHUHI SMMMaTUIA KYDa

Rz o0 1 1 8 1
ux) =2 9 nido—2z=—= 2R % In? -1 |o(w)d
() =="[p(@)In"do-27 2&{ E }D(w) @

0= == {6~ %) 00s(v, &) + (& ~ %,)005(v,&,)] -

ov r
R2 — (51)(1 + gzxz)

1
Rr?

Rr2 [(51 - Xl)‘fl + (52 o Xz)é:z] =
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r=(&-x)+(&—%) =R+ p* = 2(ExX +EX,)

o, 1 R? - p?
ol =X +X, —{ZR——m——qz P

ov r 2

2

1) = Jo(@) Y P do (9)
27 “x r

(9] ra aiinaHa yuyH llyaccoH UHTerpanu Aeunaau.
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